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This study presents and examines a parallel method for the simultaneous approximation of all roots of nonlinear 
equations. With the use of a parallel computing architecture, the algorithm aims to enhance computational 
efficiency. An exhaustive convergence analysis corroborates the finding that the developed scheme converges 
at sixth order. To optimize parameter values and speed up the convergence rate of the proposed parallel 
technique, the concepts of dynamical and parametric planes are employed. The computational efficiency 
percentage demonstrates that the new parallel method is more efficient and involves fewer arithmetic operations 
compared to the current methods. Randomly chosen initial values are employed to demonstrate the engineering 
problems have been subjected to comparative analysis, which shows that the suggested parallel schemes surpass 
traditional methods in residual error, convergence rate, CPU time, memory usage, and computational cost. The 
findings indicate that the approach holds promise as a means of addressing nonlinear equations in scientific and 
engineering contexts.

1. Introduction

In engineering and allied domains, nonlinear equations are of ut
most importance, forming a core element of research activities. The 
field of engineering is complex and dynamic, and real-world problems 
often display nonlinear behaviours. This necessitates the development 
and examination of nonlinear equations to accurately represent and 
comprehend their intricate dynamics. From mechanical vibrations and 
fluid flow patterns to electrical circuits and control systems, nonlinear 
equations capture the inherent complexities that linear models may not 
accurately represent [1]. These nonlinear equations are defined as:

𝑔(𝑥) = 0. (1)

They provide a more realistic representation of the relationships among 
variables, allowing engineers and researchers to address intricate phe
nomena, such as nonlinearity of the material [2,3], structural defor
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mations [4], and chaotic behaviour [5]. Moreover, nonlinear equations 
play a pivotal role in optimization problems, aiding in the design of ef
ficient structures and systems. In engineering and related domains, the 
investigation and solution of nonlinear equations contribute not only to 
theoretical advances but also to practical applications, influencing the 
development of cutting-edge techniques and methodologies. The study 
of nonlinear phenomena is essential for pushing the boundaries of engi
neering knowledge, leading to breakthroughs in various disciplines, and 
paving the way for improved and more accurate engineering solutions 
[6]. In science and engineering, solving nonlinear equations in gen
eral, and polynomial equations in particular, is an ancient problem [7]. 
Abel’s Impossibility Theorem [8] is crucial for highlighting the limita
tions in finding general algebraic solutions for higher-degree polynomial 
equations. This theorem influenced the development of mathematical 
theories, resulted in the development of Galois theory, and has prac
tical implications for numerical approaches in various scientific and 
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engineering disciplines where nonlinear equations or polynomials that 
simulate these nonlinear equations play a significant role [9,10]. Numer
ical iterative approaches are particularly important in these situations 
because exact or analytical methods do not provide a closed-form solu
tion. Consequently, numerical techniques have the following advantages 
over existing or analytical schemes:

• – Iterative techniques are necessary because many nonlinear equa
tions lack closed-form solutions and provide a scientific and flexi
ble way to approximate the problem. This adaptability extends to 
the resolution of systems of equations, allowing iterative methods 
to seamlessly handle multidimensional problems characteristic of 
engineering research.

– The flexibility inherent in iterative approaches is pivotal, en
abling engineers and researchers to address a diverse array of 
non-linearity prevalent in real-world scenarios.

– Numerical stability is crucial in engineering applications, and it
erative methods, with their convergence properties, provide a 
reliable means to navigate uncertainties and numerical errors.

– The computational efficiency of iterative methods is paramount 
in engineering, where large-scale problems and real-time appli
cations demand swift and accurate solutions.

– The global convergence properties of certain iterative techniques 
enhance their robustness, ensuring convergence from diverse ini
tial conditions.

– In the realm of optimization, where nonlinear equations often un
derpin the search for optimal solutions, iterative methods emerge 
as indispensable tools.

The Newton method, originally devised by Isaac Newton and later re
fined by Joseph Raphson, is one of the most well-known and traditional 
iterative techniques. It is still used often because it shows quadratic 
convergence under optimal circumstances, if the initial estimate is suf
ficiently close to the exact root [11]. To improve the performance 
of Newton’s method, higher-order techniques and other modifications 
have been proposed. Jarratt’s technique [12] is a third-order formula 
that adds extra correction terms while maintaining the same number of 
function evaluations in each step. Similarly, King’s technique [13] in
troduces a new set of two-step fourth-order algorithms using weighting 
functions. Using a predictor-corrector structure with minimal computing 
cost, Ostrowski’s method [14], another well-known alternative, achieves 
fourth-order convergence. Other significant advances include the Traub 
strategy [15], the Chebyshev-Halley family [16], the Erfanifar et al. [17] 
scheme, and many others, all of which improve the convergence order 
or resilience by making better use of available derivative information.

Despite these advances, single-root techniques for nonlinear equa
tion solving have intrinsic limitations. One prominent feature is their 
local convergence behaviour, which means that the effectiveness of the 
approach is highly influenced by the original guess. Divergence, cycling, 
and convergence to extraneous roots can result from poor initialisations. 
Furthermore, these single-root finding algorithms have particularly poor 
convergence behaviour in the presence of a cluster of roots or multi
ple roots, whereas Newton’s method returns to linear convergence until 
significantly adjusted (e.g., via multiplicity-based modifications). These 
methods are also less appropriate for applications where higher-order 
derivatives are computationally or analytically intractable, as the Hal
ley and Chebyshev methods require. Computing cost, round-off errors, 
and sensitivity to function behaviour all contribute to the system’s inef
ficiency as it becomes more complicated or nonlinear.

In order to surmount these restrictions, we turn to parallel meth
ods that demonstrate greater stability, consistency, and predictability, 
and that display global convergence behaviour in the task of find
ing all roots of nonlinear equations generally and polynomial equa
tions specifically. The iterative strategy of approximating all roots 
of nonlinear equations—particularly polynomial equations—inspired 
a wide range of parallel iterative methods. The Weierstrass method 

[18]�-rediscovered by Durand [19] in 1960 and Kerner [20] in 1966�-is 
sometimes known in literature as the Weierstrass-Durand-Kerner (WDK) 
method, the prominent parallel scheme for finding all roots of nonlinear 
equations. The Weierstrass technique, while quadratically convergent, 
is not reliable against multiple or close roots or starting guesses. To ac
celerate convergence and stability, Newton corrections and repulsion 
terms of cubic convergence and higher accuracy of root separation are 
added to the Ehrlich–Aberth scheme [21,22]. In 1985, Nourein devised 
a quartic-order technique that enhanced accuracy by employing division 
differences [23]. Other advances include the Nedzhibov inverse Weier
strass approach [24], which converts the original form with reciprocal 
terms to improve performance in ill-conditioned situations. Petković and 
Prodanov [25] developed flexible sixth-order rootfinding methods us
ing correction functions and weight terms. Neta [26] proposed extended 
versions of Ehrlich’s approach to obtain faster convergence at a low 
computing cost. The Herceg–Tričković technique [27], which extends 
the Newton-Weierstrass approach to attain fourth-order accuracy, and 
the Zeng rational approximation method [28], which offers fifth-order 
convergence and quick updates, are two more noteworthy contributions 
in 2005. Yang [29] developed an improved parallel method for cluster 
roots in 2006. In 2010, Iliev introduced a very efficient sixth-order algo
rithm that remains robust even for poorly characterized initial estimates 
[30]. To compute all roots of nonlinear equations in parallel, Proinov et 
al. [31] in 2014 also presented a family of adaptive Halley-Weierstrass 
hybrids with parallel implementation and local convergence. The weight 
function was introduced in 2017 to increase the performance of difficult 
root distributions in the Ehrlich approach [32]. Psihoyios et al. [33] 
presented a predictor-corrector method with high efficiency and bet
ter convergence in 2021; many others see, for example, [34--36] and 
the references therein. Despite significant advances and broad adop
tion of parallel rootfinding techniques for nonlinear equations, there 
are several drawbacks and limitations that affect their performance and 
applicability in general. These are described as follows:

• Most parallel algorithms are extremely sensitive to first estimations, 
requiring the use of complex procedures frequently to choose suit
able initial values.

• These techniques usually exhibit local convergence but can diverge 
or halt on roots that are poorly conditioned or extremely crowded.

• Parallel approaches may present numerical instability and round
off errors when used to polynomials with a high degree or clus
tered/closely spaced roots.

• Despite being simultaneous methods, the total number of arithmetic 
operations in each iteration can be fairly large, especially in the 
inverted and corrected variations.

• Certain classical parallel techniques are specifically developed for 
finding polynomial roots and may not be applicable to other non
linear functions.

• In high-performance computing configurations, correction or 
higher-order approaches can be challenging to expand or apply 
effectively because of their complex formulations.

• Some parallel techniques do not scale well for degree polynomials 
or very large systems, resulting in higher memory or computation 
time requirements.

Our primary goal is to create a set of parallel techniques that are effi
cient, reliable, and stable for the simultaneous determination of all roots 
of nonlinear equations. This objective is driven by the methods men
tioned above and aims to correct the shortcomings of current parallel 
approaches. This research details a new method that improves conver
gence behaviour, numerical stability, and computational efficiency. The 
primary contributions of the research study are outlined below:

• A novel sixth-order parallel iterative approach is developed for ap
proximating all the roots of nonlinear equations simultaneously.
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• The method is assisted by a thorough local convergence analysis, 
which confirms the sixth order of convergence with the least com
putations.

• Dynamical analysis, including the development of stability areas in 
the parametric and dynamical planes, is performed to determine the 
optimal parameter value, which is then used in parallel schemes to 
improve convergence.

• The newly developed technique is also robust to poor starting es
timations, converging even when estimates are far from the exact 
roots and on random initial guess values.

• The overall computational efficiency of the parallel scheme is 
demonstrated in comparison to existing techniques.

• Numerical experiments on a variety of engineering-related test 
problems confirm the recently developed scheme’s advantage in 
terms of accuracy and rate of convergence.

• A comparison with classical methods shows an improvement in the 
context of error reduction, the number of iterations, and the com
puter elapsed time.

• The novel technology opens up new opportunities for parallel com
puting environments in scientific and engineering applications that 
require fast and reliable rootfinding algorithms.

Through this literature review, we confirm that the strategy we pro
pose is one of a kind. This suggests that not much research has been 
conducted on the development and analysis of efficient parallel algo
rithms. Specifically, several methods focus on calculating all roots of 
nonlinear equations simultaneously while achieving higher-order con
vergence.

The following is a breakdown of the structure of the paper. After the 
introduction, in Section 2, we develop and analyze the simultaneous 
method to find all roots of nonlinear equations. Section 3 describes the 
dynamical analysis of the parallel scheme. The computational features 
of the recently created simultaneous methods were compared with the 
existing methods in Section 4. Section 5 includes numerical results, real
world engineering applications, and a comparison of the proposed and 
existing parallel techniques. Section 6 concludes the manuscript.

2. Construction of iterative methods for multiple roots having 
order six

When it is impossible to find a closed-form solution, iterative meth
ods are crucial for determining a single root of a nonlinear equation with 
precision. By approximating nonlinear equations with polynomial rep
resentations through the Taylor series expansion, iterative techniques 
offer systematic and precise rootfinding. The mathematical notations, 
basic concepts, and existing techniques necessary for describing the 
method are introduced at the beginning of this section.

Notations 

𝑥
[𝑘]
𝑖

Approximation of the 𝑖-th root at the 𝑘-th 
iteration in parallel scheme

𝛼𝑗 multiplicity of the root 𝜁𝑗
SM, ZPM, MSP Existing parallel schemes
NDP Newly developed parallel schemes
CPU-time Computational time in seconds
𝜁 Exact root
𝜓 (.) Weight function
𝐸𝐿(.) Computational efficiency index
𝐶𝑟[𝑖] critical points

This method enhances the rates of convergence and precision, particu
larly in proximity to the starting estimate. Such implementations play a 
crucial role in scientific computing, where nonlinear processes are often 
represented by polynomials, defined as:

𝑔(𝑥) = 𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + ...+ 𝑎0 = Π𝑚
𝑗=1(𝑥− 𝜉𝑗 )

𝛼𝑗 =Π𝑚
𝑗=1(𝑥− 𝜉𝑗 )

𝛼𝑗 , (2)

with complex or real coefficients. Let 𝜉1, ..., 𝜉𝑛 be the exact solution of 

(10) with multiplicities 𝛼1, ..., 𝛼𝑛 and 
𝑚 ∑
𝑗=1
𝛼𝑗 = 𝑛. These computer algo

rithms are especially useful when analytical approaches fail to identify 
the exact solution of a nonlinear equation. The basic idea behind iter
ative methods is to start with an initial guess and then use algebraic 
equations to gradually improve the solution until a solution is found 
with a suitable degree of accuracy. This process of approximating the 
solution is repeated until all roots are found.

The iterative technique specifies the classical Newton-Raphson 
method [37] for finding a single root as follows:

𝑥[𝑘+1] = 𝑥[𝑘] − 𝑔(𝑥
[𝑘]) 

𝑔
′ (𝑥[𝑘])

, (𝑘 = 0,1, ...), 𝑔′ (𝑥[𝑘]) ≠ 0. (3)

Method (3) has local quadratic convergence. To develop efficient nu
merical methods, certain modifications are made to (3). For example, 
Chicharro et al. [38] modified (3) by applying the weight functions tech
nique and recover some well-known techniques as:

𝑥[𝑘+1] = 𝑥[𝑘] −𝜓
(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)
, (4)

with 𝜓 (0) = 0, 𝜓 ′ (0) = 1, and 𝜓 ′′ (0) <∞. 

Choosing 𝜓
(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)
=

⎛⎜⎜⎝1 +
𝜙1

(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)
1+

(
𝜙1+𝜙2

)( 𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)⎞⎟⎟⎠
⎛⎜⎜⎝

(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)
1+

(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)
𝜙1

⎞⎟⎟⎠, yields 

the following schemes:

𝑥[𝑘+1] = 𝑥[𝑘] −
⎛⎜⎜⎜⎝1 +

𝜙1

(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)
1 +

(
𝜙1 +𝜙2

)(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)
1 +

(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)
𝜙1

⎞⎟⎟⎟⎠ , (5)

was developed by Kou and Li in [39] and 𝜙1, 𝜙2 ∈ ℝ. Choosing 

𝜓

(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)
=

2
(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)
1+

√
1+4𝜙1

(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)2
, yields the following schemes:

𝑥[𝑘+1] = 𝑥[𝑘] −
2
(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)
1 +

√
1 + 4𝜙1

(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)2
, (6)

was developed by Noor et al. in [40]. Using the weight function tech
nique as mentioned, Shams et al. [41] developed the following quadratic 
convergent scheme (abbreviated as SM):

𝑧[𝑘] = 𝑥[𝑘] −
(
𝑔(𝑥[𝑘]) 
𝑔
′ (𝑥[𝑘])

)⎛⎜⎜⎝ 1 
1 + 𝜙1

𝑔(𝑥[𝑘]) 
1+𝜙2𝑔(𝑥[𝑘])

⎞⎟⎟⎠ , (7)

where 𝜙1, 𝜙2 ∈ℝ. Many one-step and multi-step techniques, like New
ton’s method (see e.g. [42--44], and many others), are available in the 
literature for determining the simple root of nonlinear equations at a 
one time. However, these techniques have several drawbacks, includ
ing sensitivity to the initial guess, potential convergence problems, and 
dependence on derivatives, among many others. Therefore, we use a 
parallel computer numerical scheme to find all distinct as well as mul
tiple solutions of (3) simultaneously.

Compared to single-root finding approaches, simultaneous schemes 
exhibit global convergence behaviour and can also be used for parallel 
computing. Due to their global convergence and parallel computer im
plementation, iterative methods for approximating all roots of (3) have 
gained a lot of popularity in recent years (see, e.g., Bhalla [45], Ivanov 
[46], Cordero [47], Petković [48], Mir [49], Farmer [50], Larbaoui [51], 
Marcheva [52], Cholakov [53] and reference cited therein [54--56]).

Consider the Weierstrass–Dochev’s technique [57] as:

𝑥
[𝑘+1]
𝑖

= 𝑥[𝑘]
𝑖

−𝑤(𝑥[𝑘]
𝑖
), (8)
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where

𝑤(𝑥[𝑘]
𝑖
) =

𝑔(𝑥[𝑘]
𝑖
) 

𝑚 ∏
𝑗=1
𝑗≠𝑖

(𝑥[𝑘]
𝑖

− 𝑥[𝑘]
𝑗
)
, (𝑖, 𝑗 = 1,… ,𝑚),

is the Weierstrass correction.
In [58], Nedzibove et al. proposed an improvement to the classical 

scheme in Eq. (8), given as:

𝑥
[𝑘+1]
𝑖

=

(𝑥[𝑘]
𝑖
)2
𝑚 ∏
𝑗=1
𝑗≠𝑖

(𝑥[𝑘]
𝑖

− 𝑥[𝑘]
𝑗
) 

𝑥
[𝑘]
𝑖

𝑚 ∏
𝑗=1
𝑗≠𝑖

(𝑥[𝑘]
𝑖

− 𝑥[𝑘]
𝑗
) + 𝑔(𝑥[𝑘]

𝑖
)
. (9)

The scheme in Eq. (9) is referred to as the inverse Weierstrass tech
nique, abbreviated as WND. The parallel iterative computer approach 
was used to find all solutions to (3) sequentially. These computer al
gorithms improve an initial guess for the roots by a series of updates, 
taking advantage of the link between polynomial coefficients and the 
corresponding solutions. It is well-known for its reliability and efficiency 
in converging to the adequate solutions when appropriate starting ap
proximations are utilized. This methodology is especially effective in 
computational mathematics to solve complicated problems where tra
ditional techniques fail. Considering

𝑔(𝑥) = Π𝑚
𝑗=1(𝑥− 𝜉𝑗 )

𝛼𝑗 =Π𝑚
𝑗=1(𝑥− 𝜉𝑗 )

𝛼𝑗 . (10)

As 𝑔(𝑥[𝑘]) = Π𝑚
𝑗=1(𝑥

[𝑘] − 𝜉𝑗 )𝛼𝑗 and 𝑔(𝑥[𝑘]) =
∑𝑚
𝑗=1

𝑚 
Π
𝑗=1 
𝑗≠𝑖

(𝑥[𝑘] − 𝑥[𝑘]
𝑗
)𝛼𝑗 . Thus 

𝜗
[𝑘]
𝑖

= 𝑔(𝑥
[𝑘]
𝑖

)

𝑔(́𝑥[𝑘]
𝑖

)
(Newtons Corrections) further rewritten as:

1 
𝜗
[𝑘]
𝑖

=
𝑔(́𝑥[𝑘]
𝑖
)

𝑔(𝑥[𝑘]
𝑖
)
=
𝑚 ∑
𝑗≠𝑖
𝑗=1

𝛼𝑗

𝑥
[𝑘]
𝑖

− 𝜉𝑗
. (11)

This gives

1 
𝜗
[𝑘]
𝑖

=
𝑔(́𝑥[𝑘]
𝑖
)

𝑔(𝑥[𝑘]
𝑖
)
,=

𝑚 ∑
𝑗≠𝑖
𝑗=1

𝛼𝑗

𝑥
[𝑘]
𝑖

− 𝜉𝑗
,

=
𝛼𝑖

𝑥
[𝑘]
𝑖

− 𝜉𝑖
+
𝑚 ∑
𝑗≠𝑖
𝑗=1

𝛼𝑗

𝑥
[𝑘]
𝑖

− 𝜉𝑗
, (12)

𝛼𝑖

𝑥
[𝑘]
𝑖

− 𝜉𝑖
= 1 
𝜗
[𝑘]
𝑖

−
𝑚 ∑
𝑗≠𝑖
𝑗=1

𝛼𝑗

𝑥
[𝑘]
𝑖

− 𝜉𝑗
, (13)

𝜉𝑖 = 𝑥
[𝑘]
𝑖

−
𝛼𝑖

1 
𝜗
[𝑘]
𝑖

−
∑𝑚
𝑗≠𝑖
𝑗=1

𝛼𝑗

𝑥
[𝑘]
𝑖

−𝜉𝑗

, (𝑖 = 1,2, ...,𝑚). (14)

To derive a practical parallel iterative method, we replace the fictional 
auxiliary variable 𝜉𝑗 with the current iterative values 𝑥[𝑘]

𝑗
in (14). This 

enables the technique to be used without prior knowledge of the ex
act roots, and the scheme is completely computable. This results in the 
following updating formula:

𝑥
[𝑘+1]
𝑖

= 𝑥[𝑘]
𝑖

−
𝛼𝑖

𝑔(́𝑥[𝑘]
𝑖

)

𝑔(𝑥[𝑘]
𝑖

)
−

∑𝑚
𝑗≠𝑖
𝑗=1

𝛼𝑗

𝑥
[𝑘]
𝑖

−𝑥[𝑘]
𝑗

. (15)

In 1973, Oliver Aberth created the Aberth-Ehrlich [59] method, a pro
ductive iterative approach for concurrently locating all of a polynomial’s 
roots. To enhance convergence, it adds a mutual repulsion term and 
is based on a correction process to Newton’s approach. To improve 

the rate of convergence of (15) from three to four, Nourein replaced 
𝑥
[𝑘]
𝑗

= 𝑥∗[𝑘]
𝑗

− 𝜗[𝑘]
𝑖

in (15) as:

𝑥
[𝑘+1]
𝑖

= 𝑥[𝑘]
𝑖

− 1 
𝑔(́𝑥[𝑘]
𝑖

)

𝑔(𝑥[𝑘]
𝑖

)
−

∑𝑚
𝑗≠𝑖
𝑗=1

1 
𝑥
[𝑘]
𝑖

−𝑥∗[𝑘]
𝑗

+𝜗[𝑘]
𝑗

. (16)

Let 𝑥[𝑘]1 , ..., 𝑥
[𝑘]
𝑚 be sufficiently near approximations of the roots 𝜉1, ..., 𝜉𝑚

respectively, of (10), which means that ||𝜖𝑖|| =max1≤𝑖≤𝑚
|||𝑥[𝑘]𝑖 − 𝜉𝑖

||| is suf

ficiently small quantity. Thus, (13) can also be rewritten as:

1 
𝑥
[𝑘]
𝑖

− 𝑥∗[𝑘]
𝑗

≅ 1 
𝑥
[𝑘]
𝑖

− 𝑥[𝑘]
𝑗

+ 𝛼[𝑘]
𝑗
𝜗
[𝑘]
𝑗

,

= 1 

(𝑥[𝑘]
𝑖

− 𝑥[𝑘]
𝑗
)
(
1 +

𝛼𝑗𝜗
[𝑘]
𝑗

𝑥
[𝑘]
𝑖

−𝑥[𝑘]
𝑗

) . (17)

Assuming ||𝜖𝑖|| << 0 is small enough to provide 
||||| 𝛼𝑗𝜗

[𝑘]
𝑗

𝑥
[𝑘]
𝑖

−𝑥[𝑘]
𝑗

||||| < 1. Using ge

ometric series for (10), we have

1 
𝑥
[𝑘]
𝑖

− 𝑥∗[𝑘]
𝑗

≅ 1 
𝑥
[𝑘]
𝑖

− 𝑥[𝑘]
𝑗

+ 𝛼𝑗𝜗
[𝑘]
𝑗

,

= 1 
(𝑥[𝑘]
𝑖

− 𝑥[𝑘]
𝑗
)

⎛⎜⎜⎝1 −
𝛼𝑗𝜗

[𝑘]
𝑗

𝑥
[𝑘]
𝑖

− 𝑥[𝑘]
𝑗

+𝑂 ||𝜖𝑖||2⎞⎟⎟⎠ , (18)

where 𝑥[𝑘]
𝑗

= 𝑥[𝑘]
𝑗

− 𝜗[𝑘]
𝑗

. Thus, by neglecting the higher-order terms in 
(18), we get:

1 
𝑥
[𝑘]
𝑖

− 𝑥∗[𝑘]
𝑗

≅ 1 
𝑥
[𝑘]
𝑖

− 𝑥[𝑘]
𝑗

+ 𝜗[𝑘]
𝑗

,

= 1 (
𝑥
[𝑘]
𝑖

− 𝑥[𝑘]
𝑗

) ⎛⎜⎜⎝1 −
𝛼
[𝑘]
𝑗
𝜗
[𝑘]
𝑗

𝑥
[𝑘]
𝑖

− 𝑥[𝑘]
𝑗

⎞⎟⎟⎠ . (19)

To improve iteration and accelerate convergence, we use the root 
derivative approximation in (7) to include second-order corrective terms 
in (19). This results in a more precise and stable update formula, which 
takes into account both the mutual influence of roots and the derivative 
of the function around the current iterate. The derived iterative scheme 
is:

𝑥
[𝑘+1]
𝑖

= 𝑥[𝑘]
𝑖

−
𝛼𝑖

𝑔(́𝑥[𝑘]
𝑖

)

𝑔(𝑥[𝑘]
𝑖

)
−

∑𝑚
𝑗≠𝑖
𝑗=1

(
𝛼𝑗

𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)
+

∑𝑚
𝑗≠𝑖
𝑗=1

(
𝛼2
𝑗
𝜗
[𝑘]
𝑗(

𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)2
) , (20)

where

𝑧
[𝑘]
𝑗

= 𝑥[𝑘]
𝑗

−
⎛⎜⎜⎝
𝑔(𝑥[𝑘]
𝑗
) 

𝑔
′ (𝑥[𝑘]
𝑗
)

⎞⎟⎟⎠
⎛⎜⎜⎜⎜⎝

1 

1 +𝜙1
𝑔(𝑥[𝑘]
𝑗

) 
1+𝜙2𝑔(𝑥

[𝑘]
𝑗

)

⎞⎟⎟⎟⎟⎠
.

Thus, we developed a new parallel method (NDP) to find all distinct and 
multiple roots of (3) simultaneously.

Convergence Analysis: Here, we provide the convergence analysis 
of the parallel scheme in the form of a theorem to determine the order 
of convergence.

Theorem 1. Let 𝑥[𝑘]1 , ..., 𝑥
[𝑘]
𝑚 be merely close estimations of the roots, 

𝜉1, ..., 𝜉𝑚 respectively, then the order of convergence of the numerical scheme 
NDP is six.
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Proof. Let 𝜖𝑖 = 𝑥
[𝑘]
𝑖

− 𝜉𝑖, 𝜖𝑖 = 𝑥
[𝑘+1]
𝑖

− 𝜉𝑖, then,

𝑥
[𝑘+1]
𝑖

− 𝜉𝑖 = 𝑥
[𝑘]
𝑖

− 𝜉𝑖 −
𝛼𝑖

𝑔(́𝑥[𝑘]
𝑖

)

𝑔(𝑥[𝑘]
𝑖

)
−

∑
𝑗≠𝑖

𝛼𝑗

𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

+
∑
𝑗≠𝑖

𝛼2
𝑗
𝜗
[𝑘]
𝑗

(𝑥[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)2

, (21)

𝜖𝑖 = 𝜖𝑖 −
𝛼𝑖

𝑔(́𝑥[𝑘]
𝑖

)

𝑔(𝑥[𝑘]
𝑖

)
−

∑
𝑗≠𝑖

𝛼𝑗

𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

+
∑
𝑗≠𝑖

𝛼2
𝑗
𝜗
[𝑘]
𝑗

(𝑥[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)2

, (22)

𝜖𝑖 = 𝜖𝑖 −
𝛼𝑖

𝛼𝑖

𝜖𝑖
+

∑
𝑗≠𝑖

𝛼𝑗

𝑥
[𝑘]
𝑖

−𝜉𝑗
−

∑
𝑗≠𝑖

𝛼𝑗

𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

+
∑
𝑗≠𝑖

𝛼2
𝑗
𝜗
[𝑘]
𝑗

(𝑥[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)2

, (23)

𝜖𝑖 = 𝜖𝑖 −
𝛼𝑖𝜖𝑖

𝛼𝑖 + 𝜖𝑖
∑
𝑗≠𝑖 𝛼𝑗

[
1 

𝑥
[𝑘]
𝑖

−𝜉𝑗
− 1 
𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

+
𝛼𝑗𝜗

[𝑘]
𝑗(

𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)2
] . (24)

Using Newton’s correction in (24), we get

𝜖𝑖 = 𝜖𝑖 −
𝛼𝑖𝜖𝑖

𝛼𝑖 + 𝜖𝑖
∑
𝑗≠𝑖 𝛼𝑗

[
𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

−
(
𝑥
[𝑘]
𝑖

−𝜉𝑗
)

(
𝑥
[𝑘]
𝑖

−𝜉𝑗
)(
𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

) +
𝛼𝑗𝜗

[𝑘]
𝑗(

𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)2
] . (25)

This implies

𝜖𝑖 = 𝜖𝑖 −
𝛼𝑖𝜖𝑖

𝛼𝑖 + 𝜖𝑖
∑
𝑗≠𝑖 𝛼𝑗

[ (
𝜉𝑗−𝑧

[𝑘]
𝑗

)
(
𝑥
[𝑘]
𝑖

−𝜉𝑗
)(
𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

) +
𝛼𝑗𝜗

[𝑘]
𝑗(

𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)2
] , (26)

As

𝜗
[𝑘]
𝑗

=
𝜖2
𝑗

𝛼𝑗 + 𝜖2𝑗
∑

1,𝑖 𝛼𝑖
. (27)

Using (27) in (26), we have

𝜖𝑖 = 𝜖𝑖 −
𝛼𝑖𝜖𝑖

𝛼𝑖 + 𝜖𝑖
∑
𝑗≠𝑖 𝛼𝑗

[
−𝜖2
𝑗(

𝑥
[𝑘]
𝑖

−𝜉𝑗
)(
𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

) +
𝛼𝑗𝜖

2
𝑗(

𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)2(
𝛼𝑗+𝜖2𝑗

∑
1,𝑖 𝛼𝑖

)
] ,

(28)

𝜖𝑖 = 𝜖𝑖 −
𝜖𝑖

1 + 𝜖𝑖
𝛼𝑖

∑
𝑗≠𝑖 𝛼𝑗𝜖

2
𝑗

[
−
(
𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)(
𝛼𝑗+𝜖2𝑗

∑
1,𝑖 𝛼𝑖

)
+𝛼𝑗

(
𝑥
[𝑘]
𝑖

−𝜉𝑗
)

(
𝑥
[𝑘]
𝑖

−𝜉𝑗
)(
𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)2(
𝛼𝑗+𝜖2𝑗

∑
1,𝑖 𝛼𝑖

)
] , (29)

𝜖𝑖 = 𝜖𝑖 −
𝜖𝑖

1 + 𝜖𝑖
𝛼𝑖

∑
𝑗≠𝑖 𝛼𝑗𝜖

2
𝑗

[
−
(
𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)
𝜖2
𝑗

∑
1,𝑖 𝛼𝑖−𝛼𝑗

(
𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)
+𝛼𝑗

(
𝑥
[𝑘]
𝑖

−𝜉𝑗
)

(
𝑥
[𝑘]
𝑖

−𝜉𝑗
)(
𝑥
[𝑘]
𝑖

−𝑧[𝑘]
𝑗

)2(
𝛼𝑗+𝜖2𝑗

∑
1,𝑖 𝛼𝑖

)
] ,

(30)

𝜖𝑖 = 𝜖𝑖 −
𝜖𝑖

1 + 𝜖𝑖
𝛼𝑖

∑
𝑗≠𝑖 𝛼𝑗𝜖

2
𝑗
𝐵𝑖𝑗

, (31)

where

𝐵𝑖𝑗 =
−

(
𝑥
[𝑘]
𝑖

− 𝑧[𝑘]
𝑗

)
𝜖2
𝑗

∑
1,𝑖 𝛼𝑖 + 𝛼𝑗

(
𝑥
[𝑘]
𝑖

− 𝜉𝑗 − 𝑥
[𝑘]
𝑖

− 𝑧[𝑘]
𝑗

)
(
𝑥
[𝑘]
𝑖

− 𝜉𝑗
)(
𝑥
[𝑘]
𝑖

− 𝑧[𝑘]
𝑗

)2 (
𝛼𝑗 + 𝜖2𝑗

∑
1,𝑖 𝛼𝑖

) ,

=
−

(
𝑥
[𝑘]
𝑖

− 𝑧[𝑘]
𝑗

)
𝜖2
𝑗

∑
1,𝑖 𝛼𝑖 − 𝛼𝑗𝜖2𝑗(

𝑥
[𝑘]
𝑖

− 𝜉𝑗
)(
𝑥
[𝑘]
𝑖

− 𝑧[𝑘]
𝑗

)2 (
𝛼𝑗 + 𝜖2𝑗

∑
1,𝑖 𝛼𝑖

) ,

=
−

(
𝑥
[𝑘]
𝑖

− 𝑧[𝑘]
𝑗

)
𝜖2
𝑗

∑
1,𝑖 𝛼𝑖 − 𝛼𝑗𝜖2𝑗(

𝑥
[𝑘]
𝑖

− 𝜉𝑗
)(
𝑥
[𝑘]
𝑖

− 𝑧[𝑘]
𝑗

)2 (
𝛼𝑗 + 𝜖2𝑗

∑
1,𝑖 𝛼𝑖

) ,

implies

𝜖𝑖 = 𝜖𝑖 −
𝜖𝑖

1 + 𝜖𝑖
𝛼𝑖

∑
𝑗≠𝑖 𝛼𝑗𝜖

4
𝑗
𝐵∗
𝑖𝑗

, (32)

𝜖𝑖 =

𝜖2
𝑖

𝛼𝑖

∑
𝑗≠𝑖 𝛼𝑗𝜖

4
𝑗
𝐵𝑖𝑗

1 + 𝜖𝑖
𝛼𝑖

∑
𝑗≠𝑖 𝛼𝑗𝜖

4
𝑗
𝐵𝑖𝑗

. (33)

Assuming ||𝜖𝑖|| = |||𝜖𝑗 ||| = |𝜖|. Therefore

𝜖𝑖 =𝑂
(|𝜖|6) . (34)

Hence prove the theorem. □

3. Dynamical analysis

The understanding and use of iterative methods for resolving non
linear equations in engineering and associated domains are significantly 
advanced through dynamical analysis. Dynamical analysis, in relation to 
numerical solutions, consists of looking at the iterative process as a dy
namic system and investigating how iterates evolve across successive 
iterations. It is crucial to comprehend the stability, convergence, and 
chaotic behaviour of the iterative process to guarantee that the numer
ical solution is reliable and efficient. In contrast, the fractal analysis 
[60,61] depicts areas within the solution space where iterative meth
ods converge to a particular root. Investigating basins of attraction 
provides valuable insight into the influence of initial guesses on con
vergence patterns, helping to identify the domains where convergence 
is ensured and the boundaries between regions that may lead to different 
roots [62]. In this study, dynamical analysis is incorporated to improve 
the robustness of iterative methods, guiding practitioners to select ap
propriate initial conditions, optimizing convergence rates, and gaining 
deeper insights into the behaviour of the numerical solution process. 
This analytical framework contributes significantly to the development 
of reliable parallel algorithms for solving complex nonlinear equations, 
ensuring their applicability and effectiveness in real-world engineering 
problems. To determine ideal parameter values for the iterative tech
nique SM, parametric planes (Fig. 1(a,b)) are created over the domain 
[−2,2] × [−2,2] ∈ ℂ using a mesh of 2000 × 2000 points, using critical 
points as initial estimations. These graphs indicate convergent (red) and 
divergent (black) regions, allowing for the selection of stable parameter 
values from the red zones. The method’s stability under these conditions 
is confirmed by the dynamical planes, i.e., Fig. 3(a-e), that are produced 
for

𝑔(𝑥) = (𝑥− 1)(𝑥+ 1). (35)

In the complex plane, each color represents the initial guesses that con
verge to a certain root. In the fractal plots, the convergence to root 1 
is shown in blue, to -1 in brown, and the divergence in black. Struc
tured non-overlapping basins show strong convergence behaviour, but 
parameters beyond the stable zone cause divergence or much lower 
convergence rates. To generate the dynamical planes, we consider the 
following iterative map

𝑅
(
𝑥,𝜙1, 𝜙2

)
=

(
2𝜙1 + 𝜙2

)
𝑥4 +

(
2𝜙1 + 1

)
𝑥2 −𝜙2 + 1

2𝑥
(
𝜙1 + 𝜙2

)
𝑥2 −

(
𝜙1 + 𝜙2 − 1

) , (36)

and take a grid 2000×2000 of square [−2,2]×[−2,2] ∈ℂ. Using Möbius 
transformations of the

𝑂
(
𝑥,𝜙1, 𝜙2

)
=
𝑥2

(
𝑥2 +

(
4𝜙1 + 4𝜙2 − 2

)
𝑥+ 4 + 1

)
1 +

(
4𝜙1 + 1

)
𝑥2 +

(
4𝜙1 + 4𝜙2 − 1

)
𝑥
. (37)

For 𝜙2 = 1, we obtain the following critical points by putting 
𝑅′ (𝑥,𝜙1, 𝜙2) = 0 as:
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Fig. 1. (a,b), indicates the parametric planes of the iterative scheme SM illustrating the convergence divergence region associated with critical points 𝐶𝑟[1] and 𝐶𝑟[2].

Table 1
Dynamical analysis of the correction terms for finding best pa
rameter values.

Figure 𝜙1 𝜙2 Per-Convergence 
Elapsed time

Fig. 2(a) 0.1 1.2 75.324536654% 3.23223434
Fig. 2(b) 0.2 0.2 67.878532665% 5.23434234
Fig. 2(c) 1.7 0.3 15.965756525% 6.45466456
Fig. 2(d) 1.3 0.4 25.767886352% 8.65456645
Fig. 2(e) 2.3+2.3i 0.1 41.668657632% 4.56745675

𝐶𝑟[1] =
−

(
𝜙1

)2 + 2
√
𝜗+ 2𝜙1 + 1

4𝜙1 + 1 
,

𝐶𝑟[2] = −
(
𝜙1

)2 + 2
√
𝜗+ 2𝜙1 + 1

4𝜙1 + 1 
, (38)

where 𝜗 = 4
(
𝜙1

)4 + 4
(
𝜙1

)3 − (
𝜙1

)2 + 𝜙1 and 𝐶𝑟[3] = 0.

|||𝑅′ (1, 𝜙1, 𝜙2)||| = |||||2
(
𝜙1 + 𝜙2

)
2𝜙1 + 𝜙2

||||| . (39)

Using the stability function provided in (39), Fig. 2(a-e) shows the sta
bility zone of the iterative technique SM. The 3D stability surface in 
Figs. 2(a-e) shows the method’s norm behaviour over the complex plane. 
The smoothness and height of the surface represent the rate of con
vergence; lower and steeper regions adjacent to singularities indicate 
slower convergence or instability. 

Using the optimal parameter values for which the single-root find
ing approach is most stable, we accelerate the convergence rate of the 
newly designed parallel numerical schemes. Table 1 shows the values 
of the parameters, the corresponding elapsed time, and the percentage 
of convergence and divergence. 

4. Percentage computational efficiency analysis for parallel 
schemes

In engineering and related areas, the computational efficiency of it
erative methods for solving nonlinear equations is a crucial factor that 
affects the effectiveness of numerical solutions and the overall success 
of computational algorithms. When it comes to nonlinear equations, for 
which closed-form solutions are frequently hard to come by, iterative 
methods like parallel numerical schemes are essential. These methods 
are considered efficient if they converge quickly to precise solutions 

while keeping the computational burden low. This is particularly crit
ical in engineering applications, where timely and resource-effective 
solutions are essential. The convergence rate, stability, and capability 
of iterative methods directly impact their computational efficiency. Re
searchers try to optimize these methods to handle large-scale problems 
efficiently, where the size and complexity of systems require robust 
and swift convergence. The evaluation and improvement of the com
putational efficiency of iterative methods contribute significantly to 
the advancement of numerical techniques in engineering research ar
ticles. It ensures that simulations, optimizations, and analysis can be 
performed with precision and within reasonable computational time 
frames, thereby fostering innovation and reliability in the application 
of iterative methods in diverse engineering domains. As presented in 
[63], the computational efficiency index (EL) is defined as:

𝐸𝐿(𝑚) =
log (𝑟)

𝜅𝑎𝑠𝐴𝑆𝑛 + 𝜅𝑚𝑀𝑛 + 𝜅𝑑𝐷𝑛
. (40)

Here

• 𝑟 is the convergence order of the parallel scheme.
• 𝐴𝑆𝑛 is used to represent the number of addition and subtraction 

arithmetic operations.
• 𝑀𝑛 is utilized to show the number of multiplication and
• 𝐷𝑛 illustrates the number of divisions for a polynomial of degree 𝑛.

The constants 𝜅𝑎𝑠, 𝜅𝑚, and 𝜅𝑑 are used as weights to compute the rel
ative computational cost of parallel iterative methods to solve nonlinear 
equations. Applying (40) and the data given in Table 2, we calculate the 
efficiency ratio 𝜌((𝑋), (𝑁𝐷𝑃 )) [64] as:

𝜌((𝑋), (𝑁𝐷𝑃 )) =
(
𝐸𝐿(𝑋) 
𝐸𝐿(𝑁𝐷𝑃 )

− 1
)
× 100, (41)

where 𝑋 is any parallel iterative scheme. Here, we compute and com
pare the percentage computational efficiency of the newly developed 
method with the following parallel techniques:

• Petkovic et al. [65] method given as:

𝑥
[𝑘+1]
𝑖

= 𝑥[𝑘]
𝑖

− 1 
1 

𝑁𝑖(𝑥
[𝑘]
𝑖

)
−
𝑛 ∑
𝑗=1 
𝑗≠𝑖

1 
(𝑥[𝑘]
𝑖

−𝑍[𝑘]
𝑗

)

, (42)
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Fig. 2. (a-e), indicates the iterative-scheme SM stability regions for various values of parameter 𝜙1 and 𝜙2. 

where

𝑍
[𝑘]
𝑗

= 𝑥[𝑘]
𝑗

− 𝑢(𝑥[𝑘]
𝑗
)
⎛⎜⎜⎝
𝛽𝑗 + 𝛾𝑗 𝑡(𝑥

[𝑘]
𝑗
)

1 − 𝑘𝑗𝑡(𝑥
[𝑘]
𝑗
) 

⎞⎟⎟⎠ ,

𝑡(𝑥[𝑘]
𝑗
) = (
𝑔(𝑥[𝑘]
𝑗

− 𝜃𝑗𝑢(𝑥
[𝑘]
𝑗
))

𝑔′(𝑥[𝑘]
𝑗
) 

), 𝜃𝑗 =
2𝜎𝑗
𝜎𝑗 + 2

,

𝛽𝑗 = −
(
𝜎𝑗

)2
2 
, 𝑘𝑗 =

(
𝜎𝑗 + 2
𝜎𝑗

)𝜎𝑗
and

𝛾𝑗 =
𝜎𝑗 (𝜎𝑗 + 2)

2 
𝑘𝑗 .

Method (42) is abbreviated as MSP.
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Fig. 3. (a-e), indicates the iterative-scheme SM dynamical planes for various values of the parameter 𝜙1 and 𝜙2. 

• Zhang et al. method [66] proposed the following fifth-order con
vergence parallel scheme as

𝑥
[𝑘+1]
𝑖

= 𝑥[𝑘]
𝑖

−
𝑤(𝑥[𝑘]

𝑖
) 

1 + 𝜌
(
𝑥
[𝑘]
𝑖

)
+

√√√√√(
1 + 𝜌

(
𝑥
[𝑘]
𝑖

))2
+ 4𝑤(𝑥[𝑘]

𝑖
)
𝑛 ∑
𝑗=1 
𝑗≠𝑖

𝑤(𝑥[𝑘]
𝐽

) (
𝑥
[𝑘]
𝑖

−𝑥[𝑘]
𝑗

−𝑤(𝑥[𝑘]
𝑗

)
)
,

(43)

where

𝜌

(
𝑥
[𝑘]
𝑖

)
=
𝑛 ∑
𝑗=1 
𝑗≠𝑖

𝑤(𝑥[𝑘]
𝑗
) (

𝑥
[𝑘]
𝑖

− 𝑥[𝑘]
𝑗

) .
Method (43) is abbreviated as ZPM.

It is evident from Fig. 4 that the NDP-scheme is more consistent and 
efficient as compared to ZPM and MSP technique.

In Table 2 𝜔11 =𝑂(𝑚) and Per-Eff represent the percentage of com

putational efficiency. Percentage computational efficiency is a perfor

mance measure of numerical schemes: it quantifies the ratio of accuracy 
to computational resources: time and memory. It is useful for comparing 
schemes to decide which one provides acceptable accuracy with mini
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Fig. 4. Illustrate the percentage computational efficiency of the parallel approaches ZPM, MSP and NDP. 

Table 2
Operations for finding the efficiency of ZPM, MSP and NDP schemes.

Techniques +,− × ÷ Per-E�iciency 
ZPM 7𝑚2 +𝜔11 5𝑚2 +𝜔11 2𝑚2 +𝜔11 35.65%
MSP 9𝑚2 +𝜔11 4𝑚2 +𝜔11 2𝑚2 +𝜔11 41.97%
NDP 5𝑚2 +𝜔11 2𝑚2 +𝜔11 2𝑚2 +𝜔11 65.32%

mal arithmetic operations. High efficiency indicates a more practical 
algorithm for large or complex problems.

5. Numerical outcomes

In this section, we conduct a comprehensive comparative analysis 
between our recently developed parallel method NDP of order six, and 
Petkovic et al.’s method (MSP) and Zhang’s method (ZPM), both ex
hibiting the local convergence order of six and five, respectively. Several 
numerical test examples are examined to assess the performance and ac
curacy of these methods. Using MATLAB R2023a, all calculations were 
successfully executed. The termination criteria for the computer pro
gram were established based on specific conditions, where

𝜖
[𝑘]
𝑖

= ‖‖‖𝑥[𝑘+1]𝑖
− 𝑥[𝑘]
𝑖

‖‖‖ <∈= 10−30

is the absolute error of consecutive iterations using the norm ‖.‖. All 
computational experiments, including numerical simulations, conver
gence analysis, and dynamical behaviour visualisations, were performed 
using MATLAB R2023a on a system with the following specifications:

• Processor: Intel(R) Core(TM) i7-12700H CPU @ 2.30GHz
• Operating System: Windows 11 Pro, 64-bit
• RAM: 32 GB DDR4
• Software: MATLAB R2023a with Symbolic Math Toolbox

The entire process for approximating all the roots of a nonlinear equa
tion is described in the Algorithm 1 and the flow digram shown in 
Fig. 5. These computations were carried out within the computer al

Table 3
Summary of key attributes of the parallel techaniques.

Methods Order of Convergence Computational Cost [
𝑔 (𝑥) , 𝑔′ (𝑥)

]
ZPM 5 24.56𝑛2 +𝑂(𝑛) 2 
MSP 6 26.24𝑛2 +𝑂(𝑛) 3 
NDP 6 13.24𝑛2 +𝑂(𝑛) 2 

gebra system CAS-MATLAB R2023a. This detailed comparison aims to 
provide insight into the efficiency and reliability of our newly developed 
method, NDP, compared to other methods in the literature. Table 3 il
lustrates the key attributes of the parallel iterative systems, such as their 
order of convergence, computational cost, and the number of function 
and derivative evaluations (

[
𝑔 (𝑥) , 𝑔′ (𝑥)

]
) required.

In engineering applications, the following acronyms are utilized:

Acronyms 

SM, ZPM, MSP Existing methods
NDP Newly developed scheme
ČŎ Convergence order
ČPŬ Computational time
ň Number of iterations
P-Con𝑣

∗
Percentage convergence

ČPŬ-time𝑣
∗

Computational time for parallel schemes with 
random initial guesses

𝜁 Exact root
Average-It𝑣

∗
Average iterations for parallel schemes with 
random initial guesses

Max-Error𝑣
∗

Max error for parallel schemes with random 
initial guesses

𝜎
[𝑛̌−1]
𝑖

Local computational order of convergence
Memory-U𝑣

∗
Memory utilized for parallel schemes with 
random initial guesses in Mbs

𝜖[∗] Residual error
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Fig. 5. Flowchart of parallel iterative approach for simultaneous approximation of all roots of nonlinear equations. 

Real-World Engineering Applications

This section covers real-world engineering applications that can be 
approximated using our new and existing parallel techniques.

5.1. Chemical reactor equilibria: an application in chemical engineering 
[67]

The equilibria of chemical reactors represent the ultimate steady
state positions reached in a reactor This concept plays a crucial role in 
chemical engineering as it determines the makeup of products and left
over reactants under certain conditions of temperature, pressure, and 
concentration. The law of mass action governs chemical equilibrium 
in isothermal batch or continuous stirred-tank reactor (CSTR) condi
tions, with the equilibrium constant determining the ratio of product 
to reactant concentrations. Such complex reaction networks, particu
larly consecutive or simultaneous reversible reaction networks, often 
create nonlinear algebraic equations based on stoichiometric balances 
and equilibrium conditions. In these equations, the extent of reaction or 
species concentrations at equilibrium will be represented by the roots of 
high-degree polynomials of six. Since positive real roots indicate chem
ically significant concentrations, they are permitted as long as they are 

physically reasonable. The system characteristics, such as starting reac
tant concentrations and equilibrium constants, have a sensitive effect on 
the quantity and type of these roots. In classical physics, chemical equi
libria are states of thermodynamic equilibrium in which the system will 
minimize its Gibbs free energy and experience no net change other than 
in response to a disturbance. The accurate solution of these polynomial 
systems is critical for reactor design, yield optimization, determining 
conversion efficiency, and guaranteeing safe, cost-effective operation in 
industrial chemical processes.

We consider a closed isothermal batch reactor involving multiple 
reversible and nonlinear reactions:

Reaction systems:

⎧⎪⎨⎪⎩
(R1): A ⇌ B (Equilibrium)

(R2): 5B ⇌ C (Equilibrium)
(R3): C → D (Irreversible)

Let

• 𝐶𝐴, 𝐶𝐵 , 𝐶𝐶 , 𝐶𝐷 : Concentrations of species A, B, C, D respectively.
• 𝐾 [∗]

1 , 𝐾 [∗]
2 : Equilibrium constants for (R1) and (R2).

• 𝐶𝐴0 : Initial concentration of A.
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Algorithm 1: Detailed flow of the parallel approach for simul
taneously finding all nonlinear equation roots.

Input: Initial guesses 𝑥[0]
𝑖

for 𝑖= 1,… ,𝑁 , tolerance 𝜖 > 0, maximum 
iterations 𝑝𝑝

Output: Approximated roots 𝑥[𝑘+1]
𝑖

1 Set 𝑘 = 0 ; 
2 while 𝑘 ≤ 𝑝𝑝 do

3 for 𝑗 = 1 to 𝑁 do

4 Compute auxiliary value:

5

𝑧
[𝑘]
𝑗

= 𝑥[𝑘]
𝑗

−

(
𝑔(𝑥[𝑘]

𝑗
) 

𝑔′(𝑥[𝑘]
𝑗
)

)⎛⎜⎜⎜⎝
1 

1 + 𝜙1
𝑔(𝑥[𝑘]
𝑗
) 

1+𝜙2𝑔(𝑥
[𝑘]
𝑗
)

⎞⎟⎟⎟⎠
6 for 𝑖= 1 to 𝑁 do

7 Update:

8

𝑥
[𝑘+1]
𝑖

= 𝑥[𝑘]
𝑖

−
𝛼𝑖[

𝑔′ (𝑥[𝑘]
𝑖
)

𝑔(𝑥[𝑘]
𝑖
) −

∑𝑁
𝑗=1
𝑗≠𝑖

𝛼𝑗

𝑥
[𝑘]
𝑖
−𝑧[𝑘]
𝑗

+
∑𝑁
𝑗=1
𝑗≠𝑖

𝛼2𝜗
[𝑘]

𝑗𝑗

(𝑥[𝑘]
𝑖
−𝑧[𝑘]
𝑗
)2

]

9 Check convergence: If |𝑥[𝑘+1]
𝑖

− 𝑥[𝑘]
𝑖

| < 𝜖 for all 𝑖 or 𝑘 > 𝑝𝑝, then stop 
; 

10 Set 𝑘 = 𝑘+ 1 ; 

• Assume that initially there are no B, C, or D: 𝐶𝐵 (0) = 𝐶𝐶 (0) =
𝐶𝐷 (0) = 0.

Defining the reaction stoichiometry and extent of reaction 𝜂1 , 𝑥 for 
(R1 and R2) as:

𝐶𝐴 = 𝐶𝐴0 − 𝜂1, 𝐶𝐵 = 𝜂1 − 2𝑥,𝐶𝐶 = 𝑥 (44)

and 𝐶𝐷 = 𝜂2 ≈ 0 because R3 is slow and negligible in equilibrium. Using 
the law of mass action at reaction (R1)

𝐾
[∗]
1 =

𝐶𝐵

𝐶𝐴
=
𝜂1 − 2𝑥 
𝐶𝐴0

− 𝜂1
(45)

and at (R2)

𝐾
[∗]
2 =

𝐶𝑐

𝐶5
𝐵

= 𝑥 (
𝜂1 − 2𝑥

)5 . (46)

Substituting 𝜂1 ’s value from (45) into (46) yields the following:

𝐾
[∗]
2 = 𝑥 (

𝐾
[∗]
1 𝐶𝐴0+2𝐾

[∗]
1 𝑥

1+𝐾[∗]
1

− 2𝑥
)5 . (47)

When the stoichiometric and equilibrium conditions are inserted into 
the law of mass action, a nonlinear algebraic equation is formed, with 
the roots representing physiologically meaningful equilibrium concen
trations. In particular, the fifth-degree polynomial that follows

𝑔(𝑥) = 96𝑥5 − 720𝑥4 + 2160𝑥3 − 3240𝑥2 + 2446𝑥− 729, (48)

models the extent of reaction 𝑥, which represents the equilibrium con
centration of species 𝐶 in the isothermal batch reactor. Engineers can 
anticipate reactor composition and maximize product yield by solving 
for the exact positive roots of this formulation, which corresponds to the 
fractional conversion of a nitrogen–hydrogen feed at 250 atm and 227 
K. The exact roots of (48) are:

𝜁1 = 0.82719, 𝜁2,3 = 1.1978 ± 0.6810𝑖, 𝜁4,5 = 1.1385 ± 0.5114𝑖 (49)

and

Fig. 6. (a-c), shows the residual error graphs for the parallel schemes—ZPM, 
MSP, and NDP—that were utilized to solve engineering application 5.1.

[0]
𝑥1 = 0.9,

[0] 
𝑥2,3 = 1.1 ± 0.6𝑖,

[0] 
𝑥4,5 = 1.1 ± 0.5𝑖, (50)

are chosen as initial guessed values. The results of NDP and ZPM, MSP in 
terms of numbers to solve (48) are shown in Table 4. In terms of com
putational convergence order (CO), computational CPU time, residual 
errors, error graphs and iteration numbers, Table 4 clearly shows that 
the technique NDP is superior to ZPM, MSP.

The numerical results in Table 4 clearly show that in terms of residual 
error, the newly developed method NDP outperforms ZPM, MSP, with a 
high computational order of convergence and a rapid convergence rate. 
Thus, the parallel technique is sometimes crucial for clustered roots, 
where convergence analysis is challenging; in order to evaluate conver
gence behaviour, random initial guesses can be employed. Using some 
random initial vectors, 𝑣∗1 −𝑣

∗
5 , we can determine the global convergence 

behaviour. On these random initial vectors, NDP takes 17 iterations and 
achieves a maximum residual error of 7.3e-23 in 0.074 seconds on com
puters, ZPM takes 35 iterations and achieves a maximum residual error 
of 0.1e-14 consuming 0.4002 seconds on computer, while MSP takes 35 
iterations and achieves a maximum residual error of 2.1e-13 and con
suming 0.451 seconds on computers. The results of Table 6 clearly show 
that NDP outperforms ZPM, MSP and converges more globally. The ran

dom initial vectors 𝑣∗ =
[

[0]
𝑥1 ,

[0]
𝑥2 ,

[0]
𝑥3 ,

[0]
𝑥4 ,

[0]
𝑥5

]
are given in Table 5.

The outcomes of the parallel schemes utilizing the random initial 
vectors given in Table 5 are presented in Table 6.

In Table 6, Ini-V denotes the set of random initial vectors used to test 
the global convergence behaviour of the NDP and PP techniques. Based 
on random initial approximations, Table 6 displays the numerical results 
of the simultaneous schemes NDP and PP. The Table 6 results clearly 
show that, in terms of global convergence, the NDP technique performs 
better than the ZPM, MSP methods. 

Using random initial vectors, Table 7 displays the maximum error, 
computational time in seconds, percentage convergence, average num
ber of iterations, and local computational order of convergence, respec
tively, as Max-Error𝑣

∗
, ČPŬ-time𝑣

∗
, P-Con𝑣

∗
, Average-It𝑣

∗
, and 𝜌[𝑛̌−1]

𝑖
. 

Table 7 and Fig. 6(a,c) clearly demonstrate that our technique, NDP, 
outperforms the existing methods ZPM, MSP in terms of maximum er
ror, computational time, percentage convergence, average number of 
iterations, and computational order of convergence.
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Table 4
Residual error results for closely initialized values to exact roots of (48) using parallel techniques 
in engineering application 5.1.

Method ČŎ ČPŬ ň 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜖

[𝑛̌]
4 𝜖

[𝑛̌]
5 𝜎

[𝑛̌−1]
𝑖

ZPM 5 0.058 4 3.7e-22 1.5e-26 0.9e-45 9.0e-43 1.3e-40 4.5463 
MSP 6 0.047 4 8.1e-62 2.5e-61 1.2e-90 1.2e-90 0.0 5.1434 
NDP 6 0.032 4 1.4e-61 0.0 2.0e-146 5.0e-149 0.0 6.1537 

Table 5
Random initial guess values were utilised for consistency analysis of parallel schemes.

𝐯[∗]
[0]
𝑥1

[0]
𝑥2

[0]
𝑥3

[0]
𝑥4

[0]
𝑥5

[Re, Im] [Re, Im] [Re, Im] [Re, Im] [Re, Im] 
𝑣∗1 [0.05, 0.87] [0.52, 0.23] [0.72, 0.27] [0.27, 0.30] [0.11, 0.20]
𝑣∗2 [0.03, 0.47] [0.34, 0.74] [0.45, 0.24] [0.94, 0.05] [0.03, 0.09]
𝑣∗3 [0.12, 0.52] [0.73, 0.79] [0.76, 0.78] [0.06, 0.45] [0.07, 0.40]

Table 6
Residual error outcome for engineering application 5.1 on random initial vectors.

Method Ini-V ČŎ ČPŬ 𝑛̌ 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜖

[𝑛̌]
4 𝜖

[𝑛̌]
5 𝜎

[𝑛̌−1]
𝑖

ZPM v∗1 5 0.6902 35 6.1𝑒− 11 1.3𝑒− 13 0.3𝑒− 10 9.0𝑒− 9 1.6𝑒− 9 3.76777
MSP v∗1 5 0.4002 35 0.1𝑒− 14 0.7𝑒− 12 0.2𝑒− 15 9.3𝑒− 13 0.3𝑒− 8 4.23405
NDP v∗1 5 0.5015 35 8.8𝑒− 18 1.6𝑒− 26 9.0𝑒− 23 2.2𝑒− 17 0.2𝑒− 15 7.00035
ZPM v∗2 6 0.4512 35 6.1𝑒− 16 2.5𝑒− 19 6.3𝑒− 20 8.2𝑒− 20 1.1𝑒− 16 5.18977
MSP v∗2 6 0.4562 35 0.1𝑒− 14 2.5𝑒− 18 0.2𝑒− 15 9.2𝑒− 13 7.3𝑒− 12 4.16878
NDP v∗2 6 0.4542 35 8.8𝑒− 18 2.5𝑒− 16 5.2𝑒− 23 1.9𝑒− 17 8.0𝑒− 11 5.14545
ZPM v∗3 6 0.0742 17 8.4𝑒− 31 7.3𝑒− 21 2.0𝑒− 36 5.0𝑒− 49 3.2𝑒− 39 6.15464
MSP v∗3 6 0.0741 17 1.8𝑒− 26 7.3𝑒− 29 2.0𝑒− 37 5.0𝑒− 29 5.4𝑒− 29 6.15546
NDP v∗3 6 0.0745 17 1.5𝑒− 23 7.3𝑒− 28 2.0𝑒− 28 5.0𝑒− 34 4.6𝑒− 45 6.19424

Table 7
Overall performance of parallel techniques for solving engineering application 5.1.

Method Max-Error𝑣
∗

ČPŬ-time𝑣
∗

P-Con𝑣
∗

Average-It𝑣
∗

Memory-U𝑣
∗

𝜎
[𝑛̌−1]
𝑖

ZPM 7.4𝑒− 11 0.6453 14.76 6 35.4343 3.45373
MSP 6.1𝑒− 16 0.4512 17.87 5 25.654 5.18977
NDP 1.5𝑒− 23 0.0745 45.65 7 19.543 6.19424

5.1.1. Physical behaviour of the problem

The solution to the chemical reactequilibrium problem provides 
valuable physical findings, in particular:

• The equation has only one distinct positive real root in the phys

ically acceptable range 0 < 𝑥 <
𝐶𝐴0
2 , implying that concentrations 

must be positive and satisfy the condition 𝐶𝐵 > 0, and 𝐶𝐶 > 0.
• Small adjustments to 𝐾 [∗]

1 , 𝐾 [∗]
2 , and 𝐶𝐴0 can have a major impact 

on root behaviour. A high 𝐾 [∗]
2 , for example, favours 𝐶 production, 

causing it 𝑥 to increase.
• These concentrations describe the equilibrium state of the reactor 

are 𝐶𝐴 = 3.3711101568, 𝐶𝐵 = 0.3711015643, and 𝐶𝐶 = 0.8271921
for 𝜂1 = 2.025481564 upto 9 decimal places.

• If R3 becomes significant, it will change equilibrium using Le Chate
lier’s principle, and we will modify the polynomial accordingly to 
better understand the reaction behaviour.

5.2. Fractional conversion [67]

The percentage of reactant that is transformed into products during 
a chemical reaction is known as fractional conversion. When it yields a 
proportion in relation to the initial quantity available, it is calculated. 
Time, temperature, pressure, or the presence of catalysts affect its value. 
Reactor design optimization, waste reduction, and product yield maxi
mization all depend on fractional conversion monitoring. It frequently 
has to do with reactor volume and residence time for continuous oper

ations. The economic viability of scaling up chemical reactions is also 
determined by the expression describe in [68] as:

𝑔(𝑥) = 𝑥4 − 7.790750𝑥3 + 14.7445𝑥2 + 2.5110𝑥− 1.67400 (51)

is the fractional conversion of nitrogen, hydrogen feed at 250 atm. and 
227k. The expression (51) shows how conversion efficiency varies with 
operating conditions and is crucial for optimizing reactor volume, resi
dent time, and overall process yield. The exact roots of (51) are:

𝜁1 = 3.9485 + 0.3161𝑖, 𝜁2 = 3.9485 − 0.3161𝑖, 𝜁3 = −0.3841, 𝜁4 = 0.2778

(52)

and

[0]
𝑥1 = 3.5 + 0.3𝑖,

[0]
𝑥2 = 3.5 − 0.3𝑖,

[0]
𝑥 3 = −0.3 + 0.01𝑖,

[0]
𝑥 4 = 1.8 + 0.01𝑖,

(53)

are chosen as initial guessed values. The results of NDP, ZPM and MSP 
in terms of numbers to solve (51) are shown in Table 8. In terms of 
computational convergence order (CO), computational CPU time, resid
ual errors, error graph (Fig. 7) and iteration numbers, Table 8 clearly 
shows that the technique NDP is superior to ZPM, MSP.

The numerical results in Table 8 clearly show that in terms of residual 
error, the newly developed method NDP outperforms ZPM, MSP, with 
a high computational order of convergence and a rapid convergence 
rate. For clustered roots, where convergence analysis is challenging, this 
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Table 8
Residual error results for closely initialized values to exact roots of (51) using parallel 
techniques in engineering application 5.2.

Method ČŎ ČPŬ ň 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜖

[𝑛̌]
4 𝜎

[𝑛̌−1]
𝑖

ZPM 5 0.654 4 0.0 3.5𝑒− 55 0.2𝑒− 35 1.2𝑒− 45 4.655
MSP 6 0.047 4 8.1𝑒− 62 2.5𝑒− 61 1.2𝑒− 90 0.0 5.177
NDP 6 0.032 4 1.4𝑒− 61 0.0 0.0 5.0𝑒− 149 6.154

Table 9
Random initial guess values utilised for consistency analysis of parallel 
schemes.

𝐯[∗]
[0]
𝑥1

[0]
𝑥2

[0]
𝑥3

[0]
𝑥4

[Re, Im] [Re, Im] [Re, Im] [Re, Im] 
𝑣∗1 [0.01, 0.24] [0.77, 0.43] [0.72, 0.43] [0.42, 0.70]
𝑣∗2 [0.15, 0.65] [0.12, 0.70] [0.67, 0.05] [0.30, 0.66]
𝑣∗3 [0.12, 0.65] [0.03, 0.09] [0.40, 0.08] [0.06, 0.40]

Table 10

Residual error outcome for engineering application 5.2 on random initial vectors.

Method Ini-V ČŎ ČPŬ 𝑛̌ 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜖

[𝑛̌]
4 𝜎

[𝑛̌−1]
𝑖

ZPM v∗1 5 0.6135 41 4.0𝑒− 10 3.3𝑒− 13 9.3𝑒− 5 0.2𝑒− 7 4.00554
MSP v∗1 5 0.5231 41 0.1𝑒− 11 0.5𝑒− 5 0.1𝑒− 11 3.1𝑒− 3 4.76566
NDP v∗1 5 0.5523 41 0.2𝑒− 7 1.1𝑒− 8 1.3𝑒− 2 9.0𝑒− 7 5.85674
ZPM v∗2 6 0.4512 35 6.1𝑒− 16 2.5𝑒− 19 6.3𝑒− 20 8.2𝑒− 20 5.18977
MSP v∗2 6 0.4562 35 0.1𝑒− 14 2.5𝑒− 18 0.2𝑒− 15 9.2𝑒− 13 4.16878
NDP v∗2 6 0.4542 35 8.8𝑒− 18 2.5𝑒− 16 5.2𝑒− 23 1.9𝑒− 17 5.14545
ZPM v∗3 6 0.0742 17 8.4𝑒− 31 7.3𝑒− 21 2.0𝑒− 36 5.0𝑒− 49 6.15464
MSP v∗3 6 0.0741 17 1.8𝑒− 26 7.3𝑒− 29 2.0𝑒− 37 5.0𝑒− 29 6.15546
NDP v∗3 6 0.0745 17 1.5𝑒− 37 7.3𝑒− 30 2.0𝑒− 28 5.0𝑒− 34 6.19424

Table 11

Overall performance of parallel techniques for solving engineering application 5.2.

Method Max-Error𝑣
∗

ČPŬ-time𝑣
∗

P-Con𝑣
∗

Average-It𝑣
∗

Memory-U𝑣
∗

𝜎
[𝑛̌−1]
𝑖

ZPM 0.5𝑒− 7 0.5675 41.543 41 37.653 5.18977
MSP 6.1𝑒− 16 0.4512 35.764 35 45.654 5.18977
NDP 1.5𝑒− 23 0.0745 75.654 17 23.875 6.19424

dual approach is essential; hence, initial guesses are made at random 
to evaluate convergence behaviour. Using some random initial vectors, 
𝑣∗1 − 𝑣

∗
4 , we can determine the global convergence behaviour. On these 

random initial vectors, NDP takes 17 iterations and achieves a maximum 
residual error of 7.3e-23 in 0.074 seconds on computers; ZPM takes 41 
iterations and achieves a maximum residual error of 0.1e-5 consuming 
0.6135 seconds on computer, while PP takes 35 iterations and achieves 
a maximum residual error of 2.1e-13 and consuming 0.451 seconds on 
computer. The results of the Table 9 clearly show that NDP outperforms 
ZPM, MSP and converges more globally. The random initial vectors 𝑣∗ =[

[0]
𝑥1 ,

[0]
𝑥2 ,

[0]
𝑥3 ,

[0]
𝑥4

]
are given in Table 9.

The outcomes of the parallel schemes utilizing the random initial 
vectors given in Table 9 are presented in Table 10.

In Table 10, Ini-V denotes the set of random initial vectors used 
to test the global convergence behaviour of the NDP, ZPM, MSP tech
niques. Based on random initial approximations, Table 10 displays the 
numerical results of the simultaneous schemes NDP and ZPM, MSP. The 
Table 10 results clearly show that, in terms of global convergence, the 
NDP technique performs better than the ZPM, MSP method. 

Using random initial vectors, Table 11 displays the maximum er
ror, computational time in seconds, percentage convergence, average 
number of iterations, and local computational order of convergence, 
respectively, as Max-Error𝑣

∗
, ČPŬ-time𝑣

∗
, P-Con𝑣

∗
, Average-It𝑣

∗
, and 

𝜌
[𝑛̌−1]
𝑖

. Table 11 and Fig. 7(a,c) clearly demonstrate that our technique 
NDP outperforms the existing methods ZPM, MSP in terms of maximum 

Fig. 7. (a-c), present the residual error graphs for the parallel schemes—ZPM, 
MSP, and NDP—that were utilized to solve engineering application 5.2.
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Table 12

Residual error results for closely initialized values to exact roots of (55) using parallel 
techniques in engineering application 5.3.

Method ČŎ ČPŬ ň 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜖

[𝑛̌]
4 𝜎

[𝑛̌−1]
𝑖

ZPM 5 0.140 7 1.7𝑒− 3 9.1𝑒− 5 1.0𝑒− 4 2.8𝑒− 24 4.943
MSP 6 0.078 5 1.7𝑒− 12 9.1𝑒− 5 1.0𝑒− 4 2.8𝑒− 21 5.342
NDP 6 0.032 5 1.0𝑒− 17 1.0𝑒− 27 3.7𝑒− 27 1.5𝑒− 24 5.932

Table 13

Random initial guess values utilised for consistency analysis of parallel 
schemes.

𝐯[∗]
[0]
𝑥1

[0]
𝑥2

[0]
𝑥3

[0]
𝑥4

[Re, Im] [Re, Im] [Re, Im] [Re, Im] 
𝑣∗1 [0.01, 0.73] [0.64, 0.70] [0.77, 0.69] [0.92, 0.06]
𝑣∗2 [0.65, 0.54] [0.64, 0.09] [0.37, 0.78] [0.86, 0.89]
𝑣∗3 [0.64, 0.23] [0.65, 0.77] [0.96, 0.40] [0.78, 0.95]

error, computational time, percentage convergence, average number of 
iterations, and computational order of convergence.

5.2.1. Physical interpretation of the problem

The solution to the fractional conversion problem provides valuable 
physical insights, particularly:

• Solving Equation (51) aids in the identification of significant roots 
associated with conversion maxima or minima values, such as turn
ing points and equilibrium concentrations.

• The equation’s multi-root and nonlinear nature makes it a bench
mark for testing iterative solvers, including fractional calculus and 
higher-order scheme-based ones. This allows for advanced numer
ical techniques.

• Analyzing solution behaviour improves process optimization by 
minimizing yield, reducing costs, and increasing overall chemical 
efficiency.

5.3. Chemical rector-chemical engineering problem [69]

Designed to maximize the conversion of reactants into products, a 
chemical reactor is a system or vessel where chemical reactions occur. In 
order to increase efficiency, it regulates variables like temperature, pres
sure, and mixing, which is crucial in sectors like energy, petrochemicals, 
and medicines. Various reactor types, including plug flow, continuous 
stirred-tank, and batch reactors, are employed according to the needs of 
the reaction. Industrial process yield, safety, and economic viability are 
all directly impacted by reactor design and operation. They are there
fore necessary for the large-scale synthesis of chemicals which rise the 
following nonlinear equations as:

Ĥ𝑐
2.98 (𝑥+ 2.25)

(𝑥+ 1.45) (𝑥+ 2.85)2 (𝑥+ 4.35)
= −1. (54)

The expression (54) is derived from the stability condition of a pro
portional controller that regulates the transfer function of a chemical 
reactor. The variable 𝑥 denotes a complex frequency (eigenvalue) and 
𝐻̂𝑐 is the controller’s gain. In order to guarantee stable reactor system 
operation, the objective is to determine values of 𝐻̂𝑐 that guarantee all 
of the system’s poles lie in the left-half complex plane.

Setting 𝐻̂𝑐 = 0 simplifies the transfer function, and the associated 
characteristic polynomial takes the following form:

𝑔 (𝑥) = 𝑥4 + 11.50𝑥3 + 47.49𝑥2 + 83.06325𝑥+ 51.23266875 = 0. (55)

The uncontrolled dynamic behaviour of the reactor system is shown 
by the nonlinear equations (55), where the roots stand for the natu
ral modes of the system. Analysing these roots enables us to determine 

whether the unmanaged process will remain stable or require feedback 
control.

𝜁1 = −1.45, 𝜁2 = −2.85, 𝜁3 = −2.85, 𝜁4 = −4.45. (56)

These roots are known as poles of the open-loop transfer function. 
We take the exact root 𝜁 = −4.35 and

[0] 
𝑥1 = −1.0,

[0] 
𝑥2 = −2.1,

[0]
𝑥 3 = −1.8,

[0]
𝑥 4 = −3.9 (57)

are chosen as initial estimates for simultaneous determination of all 
roots of (55). Results of the NDP, ZPM, and MSP in terms of numbers for 
solving (55) are shown in Table 12. In terms of computational conver
gence order (CO), error graph (Fig. 5), computational CPU time, residual 
errors, and iterations numbers, Table 12 clearly shows that the tech
nique NDP is superior to ZPM, MSP.

The numerical results in Table 12 clearly show that in terms of resid
ual error, the newly developed method outperforms ZPM, MSP, with 
a high computational order of convergence and a rapid convergence 
rate. Since clustered roots make convergence analysis hard, this dual 
technique is essential. To evaluate convergence behaviour, random ini
tial guesses are used. Using some random initial vectors, 𝑣∗1 − 𝑣∗4 , we 
can determine the global convergence behaviour. On these random ini
tial vectors, NDP takes 13 iterations and achieves a maximum residual 
error of 7.3e-25 in 0.0714 seconds on computers, ZPM takes 7 itera
tions and achieves a maximum residual error of 2.1e-3 consuming 0.140 
seconds on computer, while MSP takes 31 iterations and achieves a 
maximum residual error of 2.1e-17 consuming 0.481 seconds on com
puter. The results of the Table 12 clearly show that NDP outperforms 
ZPM, MSP and converges more efficiently. The random initial vectors 
𝑣∗ = [

[0]
𝑥1 ,

[0]
𝑥2 ,

[0]
𝑥3 ,

[0]
𝑥4 ] are given in Table 13.

The outcomes of the parallel schemes utilizing the random initial 
vectors given in Table 13 are presented in Table 14.

In Table 14, Ini-V denotes the set of random initial vectors used 
to test the global convergence behaviour of the NDP, ZPM, and MSP 
techniques. The Table 14 results clearly show that, in terms of global 
convergence, the NDP technique performs better than the ZPM, MSP 
methods.

Table 15 and Fig. 8(a,c) clearly demonstrate that our technique out
performs the existing method ZPM, MSP in terms of maximum error, 
computational time, percentage convergence, average number of itera
tions, and computational order of convergence.

5.3.1. Physical interpretation of the problem

• In a chemical reactor operating in steady-state, where the rates of 
inward and outward reactions are identical, the equation is based.
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Table 14

Residual error outcome for engineering application 5.3 on random initial vectors.

Method Ini-V ČŎ ČPŬ ň 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜖

[𝑛̌]
4 𝜎

[𝑛̌−1]
𝑖

ZPM 𝑣∗1 5 0.6005 43 3.3𝑒− 7 2.5𝑒− 7 0.3𝑒− 9 0.2𝑒− 8 4.11334
MSP 𝑣∗1 5 0.7845 43 0.1𝑒− 11 8.5𝑒− 9 0.2𝑒− 11 1.2𝑒− 5 4.53356
NDP 𝑣∗1 5 0.6057 43 4.0𝑒− 10 9.5𝑒− 8 3.3𝑒− 7 1.0𝑒− 7 3.99344
ZPM 𝑣∗2 6 0.4825 31 7.1𝑒− 16 3.5𝑒− 17 6.3𝑒− 20 5.2𝑒− 20 5.44977
MSP 𝑣∗2 6 0.4824 31 4.1𝑒− 14 3.6𝑒− 18 0.2𝑒− 17 9.2𝑒− 19 5.13378
NDP 𝑣∗2 6 0.4825 31 8.8𝑒− 18 7.5𝑒− 16 5.2𝑒− 27 1.1𝑒− 37 5.10045
ZPM 𝑣∗3 6 0.0712 13 8.4𝑒− 31 4.5𝑒− 22 2.9𝑒− 38 0.1𝑒− 49 6.15464
MSP 𝑣∗3 6 0.0711 13 1.8𝑒− 26 0.3𝑒− 32 9.0𝑒− 37 8.0𝑒− 39 6.04546
NDP 𝑣∗3 6 0.0715 13 9.5𝑒− 35 7.3𝑒− 34 2.0𝑒− 38 9.0𝑒− 39 6.79424

Table 15

Overall performance of parallel techniques for solving engineering application 5.3.

Method Max-Error𝑣
∗

ČPŬ-time𝑣
∗

P-Con𝑣
∗

Average-It𝑣
∗

Memory-U𝑣
∗

𝜎
[𝑛̌−1]
𝑖

ZPM 7.0𝑒− 7 0.5436 43.5424 43 46.67844 4.18977
MSP 9.9𝑒− 16 0.4512 35.6353 35 23.45746 5.76498
NDP 1.5𝑒− 23 0.0745 57.6537 17 17.89553 6.19984

Fig. 8. (a-c), shows the residual error graphs for the parallel schemes—ZPM, 
MSP, and NDP—that were utilized to solve engineering application 5.3.

• The variable 𝑥 is a measure of the reactor’s reaction to changes in 
process variables and can be concentration, temperature, or rate of 
conversion, depending on the situation.

• The denominator’s cubic and quartic terms indicate that there could 
be more than one operational point, or root, which could be either 
a stable or unstable steady state.

• Chemical engineers can use the physical importance encoded in the 
equation to construct heat exchangers, feedback controls, and cat
alyst combinations.

5.4. Aerospace optimization–lift-to-drag ratio maximization: mechanical 
engineering problem [70]

Aerodynamic performance and energy efficiency of flying vehi
cles are maximised at critical stages of flight such as atmospheric re
entry, cruising, or gliding by minimising the lift-to-drag ratio (L/D) in 
aerospace engineering. The lift-to-drag ratio measures an aircraft’s or 
spacecraft’s ability to convert aerodynamic lift to forward motion while 
minimising drag-induced resistance. An increased L/D ratio indicates 
that the vehicle travels a longer horizontal distance per unit of alti

tude loss, which is especially beneficial for re-entry vehicles, gliders, and 
long-range aircraft. The optimization problem entails expressing lift co
efficient (𝐶𝐿) as nonlinear polynomials in terms of angle of attack (𝑥), 
which captures the complex aerodynamics of the vehicle’s shape and 
flight conditions. In general, 𝐶𝐿 is an odd-degree polynomial (up to 5th 
degree), while 𝐶𝐷 is an even-degree polynomial. To get the ideal angle 
of attack for the maximum L/D ratio, the engineers apply the first-order 
condition of the L/D formula and calculate the resulting rational func
tion, which has a sixth-degree polynomial derivative. The equation’s 
solution yields the optimal aerodynamic angle candidates. Physically, 
the answer is to find an equilibrium point where the vehicle is in the 
most efficient aerodynamic attitude, with the least amount of energy 
loss and thermal loading, and the most range and controllability. For 
both manned and unmanned space missions, this optimization is criti
cal for maximizing mission success, safety margins, and fuel efficiency.

The lift coefficient 𝐶𝐿 and drag coefficient 𝐶𝐷 can be fitted as poly
nomial functions of the angle of attack (𝑥) in radians or degrees.

𝐶𝐿 (𝑥) = 0.1𝑥+ 0.05𝑥3, (58)

𝐶𝐷 (𝑥) = 0.02 + 0.04𝑥2 + 0.01𝑥4. (59)

These are odd-degree (3, 5) and even-degree (2, 4) polynomials, respec
tively, due to the underlying physics:

• Lift is an odd function of 𝑥, changing sign with negative angles.
• Drag is an even function of 𝑥 (symmetric around zero).

We intend to maximize:

𝑓 (𝑥) =
𝐶𝐿 (𝑥)
𝐶𝐷 (𝑥)

. (60)

This represents a nonlinear fractional function 𝑓 (𝑥). In order to maxi
mize it:

𝑑

𝑑𝑥

(
𝐶𝐿 (𝑥)
𝐶𝐷 (𝑥)

)
= 0⇒ 𝐶𝐷

𝑑𝐶𝐿

𝑑𝑥 
−𝐶𝐿

𝑑𝐶𝐷

𝑑𝑥 
= 0. (61)

This leads to:

𝑔(𝑥) = −0.0005𝑥6 − 0.001𝑥4 − 0.001𝑥2 + 0.002. (62)

Solving (62) yields the best angle(s) of attack 𝑥 for balancing lift and 
drag most efficiently. These solutions describe equilibrium aerodynamic 
attitudes that minimise energy loss, heat stress, and maximise range—all 
of which are important considerations for both manned and unmanned 
space missions. The nonlinear character and high degree of this equa
tion highlight the importance of strong numerical rootfinding methods, 
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Table 16

Residual error results for closely initialized values to exact roots of (62) using parallel techniques 
in engineering application 5.4.

Method ČŎ ČPŬ ň 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜖

[𝑛̌]
4 𝜖

[𝑛̌]
5 𝜖

[𝑛̌]
6 𝜎

[𝑛̌−1]
𝑖

ZPM 5 0.2352 5 3.0𝑒− 85 1.8𝑒− 16 0.0 0.0 1.8𝑒− 86 0.0 4.54
MSP 6 0.043 3 3.0𝑒− 85 1.8𝑒− 56 0.0 0.0 1.8𝑒− 86 0.0 5.14
NDP 6 0.031 3 3.0𝑒− 132 0.0 0.0 0.0 1.8𝑒− 86 0.0 6.55

Table 17

Random initial guess values utilised for consistency analysis of parallel schemes.

𝐯[∗]
[0]
𝑥1

[0]
𝑥2

[0]
𝑥3 [⋯ ,⋯]

[0]
𝑥6

[Re, Im] [Re, Im] [Re, Im] [⋯ ,⋯] [Re, Im] 
𝑣∗1 [0.65, 0.13] [0.76, 0.43] [0.42, 0.65] [⋯ ,⋯] [0.95, 0.09]
𝑣∗2 [0.85, 0.23] [0.34, 0.04] [0.38, 0.85] [⋯ ,⋯] [0.36, 0.35]
𝑣∗3 [0.24, 0.26] [0.23, 0.07] [0.67, 0.64] [⋯ ,⋯] [0.85, 0.98]

Table 18

Residual error outcome for engineering application 5.4 on random initial vectors.

Method Ini-V ČPŬ 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜖

[𝑛̌]
4 𝜖

[𝑛̌]
5 𝜖

[𝑛̌]
6 𝜎

[𝑛̌−1]
𝑖

ZPM 𝑣∗1 0.87 7.1𝑒− 6 7.1𝑒− 6 7.1𝑒− 10 2.5𝑒− 7 6.9𝑒− 2 8.9𝑒− 11 6.35
MSP 𝑣∗1 0.54 2.1𝑒− 8 2.1𝑒− 8 2.1𝑒− 11 2.5𝑒− 7 7.2𝑒− 7 8.2𝑒− 9 6.06
NDP 𝑣∗1 0.35 8.6𝑒− 7 8.6𝑒− 1 8.6𝑒− 7 2.5𝑒− 6 5.2𝑒− 7 1.9𝑒− 7 7.17
ZPM 𝑣∗2 0.48 7.1𝑒− 16 7.1𝑒− 6 7.1𝑒− 16 2.5𝑒− 7 6.9𝑒− 2 8.9𝑒− 20 5.14
MSP 𝑣∗2 0.05 2.1𝑒− 18 2.1𝑒− 8 2.1𝑒− 18 2.5𝑒− 7 7.2𝑒− 7 8.2𝑒− 19 4.16
NDP 𝑣∗2 0.55 8.6𝑒− 17 8.6𝑒− 1 8.6𝑒− 17 2.5𝑒− 6 5.2𝑒− 2 1.9𝑒− 37 6.17
ZPM 𝑣∗3 0.07 1.5𝑒− 31 1.5𝑒− 3 1.5𝑒− 31 7.3𝑒− 3 2.6𝑒− 8 5.0𝑒− 19 6.04
MSP 𝑣∗3 0.07 0.7𝑒− 29 0.7𝑒− 9 0.7𝑒− 29 7.3𝑒− 7 6.0𝑒− 8 5.0𝑒− 29 6.15
NDP 𝑣∗3 0.07 0.5𝑒− 35 0.5𝑒− 8 0.5𝑒− 25 7.3𝑒− 19 2.0𝑒− 9 5.0𝑒− 24 6.16

Table 19

Overall performance of parallel techniques for solving engineering application 5.4.

Method Max-Error𝑣
∗

ČPŬ-time𝑣
∗

P-Con𝑣
∗

Average-It𝑣
∗

Memory-U𝑣
∗

𝜎
[𝑛̌−1]
𝑖

ZPM 2.1𝑒− 7 0.4512 35.7646 17 56.87574 5.089
MSP 0.5𝑒− 11 0.4512 35.7644 11 41.65753 5.179
NDP 1.5𝑒− 23 0.0745 17.546 7 27.87563 6.104

particularly those suitable for multiple and clustered roots, as explained 
in the proposed parallel iterative technique. The exact roots of (62) are:

𝜁1,2 = ±0.9387, 𝜁3,4 = −0.5873 ± 1.3362𝑖, 𝜁5,6 = 0.5873 ± 1.3362𝑖. (63)

The initial estimates have been taken as:

[0] 
𝑥1,2 = ±0.9,

[0] 
𝑥3,4 = −0.5 − 1.3𝑖,

[0] 
𝑥5,6 = 0.6 ± 0.6𝑖. (64)

Results of the NDP and MM in terms of numbers for solving (62) are 
shown in Table 8. In terms of computational convergence order (CO), 
error computational CPU time, residual errors, and iterations numbers, 
Table 16 clearly shows that the technique NDP is superior to ZPM, 
MSP.

The numerical results in Table 16 clearly show that in terms of resid
ual error, the newly developed method outperforms ZPM, MSP, with a 
high computational order of convergence and a rapid convergence rate. 
Thus, parallel techniques are sometimes required for clustered roots, 
where convergence analysis is challenging; therefore, random initial 
guesses are used to examine convergence behaviour. Using some ran
dom initial vectors, 𝑣∗1 − 𝑣

∗
6 , we can determine the global convergence 

behaviour. On these random initial vectors, NDP takes 19 iterations and 
achieves a maximum residual error of 7.3e-25 in 0.0714 seconds on com
puters, ZPM takes 17 iterations and achieves a maximum residual error 
of 3.0e-15 consuming 0.87 seconds on computer, while MSP takes 37 it
erations and achieves a maximum residual error of 2.1e-17 consuming 
0.481 seconds on computers. The results of Table 16 clearly show that 

NDP outperforms ZPM, MSP and converges more consistently. The ran

dom initial vectors 𝑣∗ = [
[0]
𝑥1 ,

[0]
𝑥2 ,

[0]
𝑥3 ,

[0]
𝑥4 ,

[0]
𝑥5 ,

[0]
𝑥6 ] are given in Table 17.

The outcomes of the parallel schemes utilizing the random initial 
vectors given in Table 17 are presented in Table 18.

In Table 18, Ini-V denotes the set of random initial vectors used 
to test the global convergence behaviour of the NDP, ZPM and MSP 
techniques. The Table 18’s results clearly show that, in terms of global 
convergence, the NDP technique performs better than the ZPM, MSP 
methods. 

Table 19 and Fig. 9(a,c) clearly demonstrate that our technique out
performs the existing methods ZPM, PM, and MSP in terms of maximum 
error, computational time, percentage convergence, average number of 
iterations, and computational order of convergence.

5.4.1. Physical interpretation of the problem

• The real root of the polynomial determines the angle of attack (𝑥 =
±0.9) that maximizes the lift-to-drag ratio. The vehicle is orientated 
in the most aerodynamically efficient manner at this angle.

• The most appropriate point is frequently located within a stable 
flying envelope, making it both safe and controlled. Roots outside 
of this range may be capable of causing aerodynamic instability or 
structural stress.

• At optimum 𝑥, the vehicle achieves maximum lift with minimal 
drag. This results in greater gliding ranges, lower fuel consumption, 
and improved thermal management during flight.

• The optimal point of L/D in flight reduces energy loss due to drag, 
allowing for increased cruising or mission endurance.
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Fig. 9. (a-c), illustrate the residual error graphs for the parallel schemes—ZPM, 
MSP, and NDP—that were utilized to solve engineering application 5.4.

• Controlled landing at an angle allows for slow heat dissipation 
while also preventing overheating, protecting the vehicle and com
ponents.

• Contributes to the optimization of wing and control surface design 
in order to maintain high L/D values under varying flight condi
tions.

• The polynomial can have more than one root; only physically valid 
real values inside the operating parameters are used. The remain
ing complex roots could be for non-physical, unstable, or infeasible 
settings.

5.5. Application in differential equations [71]

Fractional differential equations (FDEs) have the potential to be pow
erful, particularly in science and engineering applications, because they 
establish a broad framework that expands classical calculus to include 
memory and hereditary features. They are very valuable in engineer
ing for simulating viscoelastic materials and control systems, as well 
as signal processing. FDEs are widely used in science to reveal anoma
lous diffusion processes caused by biological systems and porous media. 
This provides them with useful information in long-range interaction 
systems, such as quantum physics and statistical mechanics. Because 
of their adaptability, FDEs are indispensable in real-world issues that 
involve complicated, non-local, and time-dependent phenomena, given 
as:⎧⎪⎪⎨⎪⎪⎩

𝑑
5.0
2.0 𝑔(𝑥)

𝑑𝑥
5.0
2.0

+ 𝑥𝑑
190 
10.0 𝑔(𝑥)

𝑑𝑥
19.0
100 

+ (𝑔 (𝑥))3 = 𝑘[∗],

𝑔 (0) = 0,
𝑔′ (0) = 0,
𝑔′′ (0) = 0,

(65)

where 𝑘[∗] = 6.770275002𝑥0.5 + 5.73347578𝑥2.8 + 𝑥3 + 𝑥 and 0 ≤ 𝑥 ≤ 1. 
Using the technique defined in [72], the following polynomial is used 
to simulate (65) as given:

𝑔 (𝑥) = 𝑥3 + 3𝑥2 + 4𝑥− 0.00000105. (66)

It satisfies the initial conditions and effectively simulates the system’s 
behaviour over the specified region. The exact roots of the nonlinear 
problem (66) are as follows:

Table 20

Residual error results for closely initialized values to exact roots of (66) 
using parallel techniques in engineering application 5.5.

Method ČŎ ČPŬ ň 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜎

[𝑛̌−1]
𝑖

ZPM 5 0.078 8 1.7𝑒− 32 0.0 1.0𝑒− 44 4.924
MSP 6 0.078 5 1.7𝑒− 72 0.0 1.0𝑒− 44 5.955
NDP 6 0.032 4 1.0𝑒− 157 0.0 0.0 6.124

Table 21

Random initial guess values were utilised for consistency 
analysis of parallel schemes.

𝐯[∗]
[0]
𝑥1

[0]
𝑥2

[0]
𝑥3

[Re, Im] [Re, Im] [Re, Im] 
𝑣∗1 [0.05, 0.06] [0.10, 0.03] [0.02, 0.60]
𝑣∗2 [0.03, 0.03] [0.04, 0.04] [0.30, 0.80]
𝑣∗3 [0.02, 0.02] [0.03, 0.70] [0.06, 0.08]

𝜁1 = −0.000002625005, 𝜁2 = −1.49998 ± 1.32287𝑖. (67)

The initial estimates have been taken as:

[0] 
𝑥1 = −1.0,

[0] 
𝑥2,3 = −1.3 ± 1.1𝑖, (68)

for simultaneous determination of all roots of (66). In terms of compu
tational convergence order (CO), error graph, computational CPU time, 
residual errors, and iteration numbers, Table 20 clearly shows that the 
NDP technique is superior to ZPM and MSP.

The numerical results in Table 20 clearly show that in terms of resid
ual error, the newly developed method outperforms ZPM, MSP, with a 
high computational order of convergence and a rapid convergence rate. 
To evaluate convergence behaviour, random initial guesses are used. 
This parallel technique is sometimes crucial for clustered roots, where 
convergence analysis is hard to achieve. Using some random initial vec
tors, 𝑣∗1 − 𝑣

∗
3 , we can determine the global convergence behaviour. On 

these random initial vectors, NDP takes 13 iterations and achieves a 
maximum residual error of 7.3e-25 in 0.0714 seconds on computers; 
ZPM takes 23 iterations and achieves a maximum residual error of 6.3e-4 
consuming 0.1755 seconds on computers; while MSP takes 31 iterations 
and achieves a maximum residual error of 2.1e-17, consuming 0.481 
seconds on computers. The results of the Table 20 clearly show that 
NDP outperforms MSP and ZPM and converges more efficiently. The 
random initial vectors 𝑣∗ = [

[0]
𝑥1 ,

[0]
𝑥2 ,

[0]
𝑥3 ] are given in Table 21.

The results of the parallel schemes using the random initial vectors 
given in Table 21 are presented in Table 22.

In Table 22, Ini-V denotes the set of random initial vectors used 
to test the global convergence behaviour of the NDP, ZPM, and MSP 
techniques. The Table 22 results clearly show that, in terms of global 
convergence, the NDP technique performs better than the ZPM, MSP 
methods. 

Table 23 and Fig. 10(a,c) clearly demonstrate that our technique 
outperforms the existing methods ZPM and MSP in terms of maximum 
error, computational time, percentage convergence, average number of 
iterations, and computational order of convergence.

5.5.1. Physical interpretation of the problem

The solution to the chemical reactor problem provides useful physi
cal insights, more precisely:

• The inclusion of fractional-order derivatives suggests that the sys
tem is memory-held. The system’s current state is determined not 
only by its current input but also by its previous states, which is 
prevalent in viscoelastic, biological, and diffusive systems.

• Chemical engineers can build feedback controls, heat exchangers, 
and catalyst arrangements based on the physical interpretation of 
the equation.
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Table 22

Residual error outcome for engineering application 5.5 on random initial vectors.

Method Ini-V ČŎ ČPŬ ň 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜎

[𝑛̌−1]
𝑖

ZPM 𝑣∗1 5 0.1755 23 7.1𝑒− 6 2.5𝑒− 7 6.3𝑒− 4 3.24005
MSP 𝑣∗1 5 0.4004 22 4.1𝑒− 4 2.5𝑒− 9 0.2𝑒− 5 4.00489
NDP 𝑣∗1 5 0.7654 21 8.8𝑒− 8 1.5𝑒− 10 5.2𝑒− 7 3.87574
ZPM 𝑣∗2 6 0.2353 23 7.1𝑒− 16 2.5𝑒− 13 6.3𝑒− 20 5.66657
MSP 𝑣∗2 6 0.2350 22 4.1𝑒− 14 2.5𝑒− 11 0.2𝑒− 17 4.98678
NDP 𝑣∗2 6 0.4025 21 8.8𝑒− 18 1.5𝑒− 10 5.2𝑒− 27 6.15335
ZPM 𝑣∗3 6 0.0712 10 5.4𝑒− 31 1.3𝑒− 42 2.9𝑒− 38 6.19865
MSP 𝑣∗3 6 0.0711 11 1.3𝑒− 26 0.3𝑒− 34 9.0𝑒− 37 6.10006
NDP 𝑣∗3 6 0.0715 10 6.5𝑒− 28 1.1𝑒− 37 2.0𝑒− 29 6.10024

Table 23

Overall performance of parallel techniques for solving engineering application 5.5.

Method Max-Error𝑣
∗

ČPŬ-time𝑣
∗

P-Con𝑣
∗

Average-It𝑣
∗

Memory-U𝑣
∗

𝜎
[𝑛̌−1]
𝑖

ZPM 0.5𝑒− 7 0.76474 45.763 23 23.657 4.76474
MSP 9.9𝑒− 16 0.46765 65.764 10 17.653 5.18977
NDP 1.5𝑒− 23 0.07454 77.857 7 7.8746 6.99424

Fig. 10. (a-c), present the residual error graphs of parallel systems (ZPM, MSP, 
and NDP) utilised to solve engineering application 5.5.

• Chemical engineers can build feedback controls, heat exchangers, 
and catalyst arrangements based on the physical interpretation of 
the equation.

• Hereditary attributes are captured via fractional-order terms, which 
are crucial in biological tissues and slow-reaction materials.

• The model’s ability to capture behaviour within a finite physical 
or temporal range, representative of spatially bounded diffusion, 
reaction, or signal spread problems, is indicated by the 𝑥 ∈ [0,1]
domain.

5.6. Nonlinear Schrödinger partial differential equations [73]

Nonlinear Schrödinger Equations (NLSE) are a type of engineering 
equation that describes wave propagation in nonlinear dispersive me
dia. In models, these are significantly involved in determining optical 
solitons, which may be critical to the successful development of long
distance fibre optic communication networks. NLSE aids in the descrip
tion of Bose-Einstein condensate applications in quantum engineering, 
as well as the dynamics of waves modelling water in the context of devel
oping resistant coastal and offshore constructions. Furthermore, NLSE 

reveals characteristics of nonlinear acoustics that aid in noise control 
and ultrasonic imaging technology. By describing wave interactions in 
plasma physics, they aid in the creation of fusion energy systems. New 
technologies like optical switches and high-power lasers are made pos
sible by NLSE, which are a component of nonlinear optics. In addition, 
they contribute to the study of erratic waves, which is extremely benefi
cial to maritime safety and structural strength. Simulations of nonlinear 
wave phenomena can be used by NLSE to optimize engineering systems. 
Due to its versatility, the NLSE is commonly used to simulate nonlinear 
wave phenomena and optimize complicated engineering systems. The 
NLSE can be expressed in the following general form:{
𝑖
𝜕𝜙

𝜕𝑡 +▽2𝜙+ |𝜙|2 𝜙 = 0. (69)

Assume 𝜙 (𝑥, 𝑡) = 𝑔 (𝑥) exp(−𝑖𝜛𝑡), then gives{
𝑖
𝑑2𝑔 
𝑑𝑥2

+ + |𝑔|2 𝑔 = 0. (70)

For certain boundary condition, we simulate (70) by the following non
linear polynomial as:

𝑔 (𝑥) =𝐴[∗]1 𝑥
3 +𝐴[∗]2 𝑥

2 +𝐴[∗]3 . (71)

Using 𝐴[∗]1 = 1, 𝐴[∗]2 = −3 and 𝐴[∗]3 = 4, we have

𝑔 (𝑥) = 𝑥3 − 3𝑥+ 4, (72)

or

𝑔 (𝑥) = (𝑥− 2)2 (𝑥+ 1) . (73)

Using a complex structure with multiple roots, the nonlinear model 
(73) provides a realistic test case to evaluate the precision and stabil
ity of rootfinding algorithms such as the proposed NDP approach. Such 
examples bridge the gap between theoretical advances and real-world 
engineering applications. The exact roots of the nonlinear problem (73) 
are as follows

𝜁1,2 = 2,2, 𝜁3 = −1, (74)

with multiplicity 2 and 1, respectively.

[0] 
𝑥1 = 3.0,

[0] 
𝑥2 = 2.3,

[0] 
𝑥3 = 5.1, (75)

are chosen as initial estimates for simultaneous determination of all 
roots of (72). Results of the NDP, ZPM, and MSP in terms of numbers 
for solving (72) are shown in Tables 15-16. In terms of computational 
convergence order (CO), error graph (Fig. 11), computational CPU time, 
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Table 24

Residual error results for closely initialized values to exact roots of (72) 
using parallel techniques in engineering application 5.6.

Method ČŎ ČPŬ ň 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜎

[𝑛̌−1]
𝑖

ZPM 5 0.657 7 0.0 1.5𝑒− 35 1.0𝑒− 12 3.953
MSP 6 0.185 5 1.7𝑒− 64 0.0 1.0𝑒− 63 4.953
NDP 6 0.007 5 7.8𝑒− 99 0.0 0.0 6.162

Table 25

Results of the residual error on closed initial values to exact roots for the 
parallel techniques in engineering application 5.6.

Method ČŎ ČPŬ ň 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜎

[𝑛̌−1]
𝑖

ZPM 5 0.934 8 0.0 1.5𝑒− 45 1.0𝑒− 12 4.987
MSP 6 0.265 7 0.7𝑒− 33 1.5𝑒− 25 1.0𝑒− 75 5.765
NDP 6 0.007 4 7.8𝑒− 127 0.0 0.0 6.162

Table 26

Random initial guess values utilised for consistency anal
ysis of parallel schemes.

𝐯[∗]
[0]
𝑥1

[0]
𝑥2

[0]
𝑥3

[Re, Im] [Re, Im] [Re, Im] 
𝑣∗1 [0.11, 0.06] [0.98, 0.57] [0.12, 0.03]
𝑣∗2 [0.03, 0.11] [0.90, 0.04] [0.37, 0.05]
𝑣∗3 [0.56, 0.52] [0.24, 0.70] [0.66, 0.48]

residual errors, and iteration numbers, Tables 24-25 clearly shows that 
the technique NDP is superior to ZPM, MSP.

The numerical outcomes for multiple roots are presented in Table 24.
The numerical results in Table 24-25 clearly show that in terms of 

residual error, the newly developed method outperforms ZPM, MSP, 
with a high computational order of convergence and a rapid conver
gence rate. To evaluate convergence behaviour, random initial guesses 
are used. This parallel technique is sometimes crucial for clustered roots, 
where convergence analysis is hard to achieve. Using some random 
initial vectors, 𝑣∗1 − 𝑣

∗
3 , we can determine the global convergence be

haviour. On these random initial vectors, NDP takes 13 iterations and 
achieves a maximum residual error of 7.3e-25 in 0.0714 seconds on com
puters, ZPM takes 28 iterations and achieves a maximum residual error 
of 0.1e-10 consuming 0.6551 seconds on computer, while MSP takes 31 
iterations and achieves a maximum residual error of 2.1e-17 consum
ing 0.481 seconds on computer. The results of the Table 24-25 clearly 

Fig. 11. (a-c), shows the residual error graphs for the parallel schemes—ZPM, 
MSP, and NDP—that were utilized to solve engineering application 5.6.

show that NDP outperforms ZPM, MSP and converges more globally. 
The random initial vectors 𝑣∗ = [

[0]
𝑥1 ,

[0]
𝑥2 ,

[0]
𝑥3 ] are given in Table 26.

The outcomes of the parallel schemes utilizing the random initial 
vectors given in Table 26 are presented in Table 27.

In Table 27, Ini-V denotes the set of random initial vectors used 
to test the global convergence behaviour of the NDP, ZPM, and MSP 
techniques. The Table 27 results clearly show that, in terms of global 
convergence, the NDP technique performs better than the ZPM, MSP 
methods. 

Table 28 and Fig. 11(a,c) clearly demonstrate that our technique 
outperforms the existing method PP in terms of maximum error, com
putational time, percentage convergence, average number of iterations, 
and computational order of convergence.

5.6.1. Physical interpretation of the problem

The solution to the nonlinear Schrödinger partial differential equa
tion provides useful physical insights, particularly in the following as
pects:

Table 27

Residual error outcome for engineering application 5.6 on random initial vectors.

Method Ini-V ČŎ ČPŬ ň 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜎

[𝑛̌−1]
𝑖

ZPM 𝑣∗1 5 0.6546 28 8.1𝑒− 19 7.9𝑒− 6 5.3𝑒− 13 5.46777
MSP 𝑣∗1 5 0.7658 27 0.1𝑒− 10 5.7𝑒− 11 5.9𝑒− 9 4.18678
NDP 𝑣∗1 5 0.8758 27 5.0𝑒− 18 7.9𝑒− 10 7.9𝑒− 11 6.18678
ZPM 𝑣∗2 6 0.6435 23 7.1𝑒− 16 2.5𝑒− 16 6.3𝑒− 26 5.46777
MSP 𝑣∗2 6 0.7534 22 4.1𝑒− 14 2.8𝑒− 11 0.2𝑒− 19 4.18678
NDP 𝑣∗2 6 0.6545 21 8.8𝑒− 18 1.8𝑒− 10 5.2𝑒− 21 6.18678
ZPM 𝑣∗3 6 0.5323 10 5.4𝑒− 31 1.0𝑒− 47 0.0 6.17656
MSP 𝑣∗3 6 0.2532 11 1.3𝑒− 26 0.0 9.0𝑒− 36 6.54354
NDP 𝑣∗3 6 0.2453 10 6.5𝑒− 29 1.0𝑒− 37 2.0𝑒− 39 5.93364

Table 28

Overall performance of parallel techniques for solving engineering application 5.6.

Method Max-Error𝑣
∗

ČPŬ-time𝑣
∗

P-Con𝑣
∗

Average-It𝑣
∗

Memory-U𝑣
∗

𝜎
[𝑛̌−1]
𝑖

ZPM 0.8𝑒− 6 0.543853 35.8757 11 36.764 4.74778
MSP 7.4𝑒− 26 0.065468 45.657 28 29.875 5.10035
NDP 3.0𝑒− 33 0.074545 17.9858 22 21.764 6.99424
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Table 29

Residual error results for closely initialized values to exact roots of (76) using parallel 
techniques in engineering application 5.7.

Method ČŎ ČPŬ ň 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜖

[𝑛̌]
4 𝜎

[𝑛̌−1]
𝑖

ZPM 5 0.054 7 4.8𝑒− 55 1.8𝑒− 36 0.3𝑒− 16 3.7𝑒− 26 5.15
MSP 6 0.043 3 8.0𝑒− 85 1.8𝑒− 56 0.0 0.0 6.13
NDP 6 0.031 3 1.0𝑒− 132 3.4𝑒− 131 0.0 0.0 6.54

Table 30

Random initial guess values utilised for consistency analysis of parallel 
schemes.

𝐯[∗]
[0]
𝑥1

[0]
𝑥2

[0]
𝑥3

[0]
𝑥4

[Re, Im] [Re, Im] [Re, Im] [Re, Im] 
𝑣∗1 [0.05, 0.56] [0.17, 0.20] [0.42, 0.63] [0.50, 0.16]
𝑣∗2 [0.03, 0.93] [0.504, 0.04] [0.07, 0.05] [0.07, 0.05]
𝑣∗3 [0.12, 0.52] [0.10, 0.70] [0.66, 0.08] [0.36, 0.05]

Table 31

Residual error outcome for engineering application 5.7 on random initial vectors.

Method Ini-V ČŎ ČPŬ ň 𝜖
[𝑛̌]
1 𝜖

[𝑛̌]
2 𝜖

[𝑛̌]
3 𝜖

[𝑛̌]
4 𝜎

[𝑛̌−1]
𝑖

ZPM 𝑣∗1 5 0.6874 47 7.1𝑒− 16 9.5𝑒− 7 6.9𝑒− 2 8.9𝑒− 20 5.09765
MSP 𝑣∗1 5 0.6546 47 0.1𝑒− 18 1.5𝑒− 7 7.2𝑒− 1 8.2𝑒− 19 4.09766
NDP 𝑣∗1 5 0.5463 47 8.6𝑒− 17 3.5𝑒− 6 5.2𝑒− 2 1.9𝑒− 37 6.10015
ZPM 𝑣∗2 6 0.4825 37 7.1𝑒− 16 5.5𝑒− 7 6.9𝑒− 2 8.9𝑒− 20 5.16554
MSP 𝑣∗2 6 0.4824 37 2.1𝑒− 18 0.5𝑒− 7 7.2𝑒− 7 8.2𝑒− 19 4.14548
NDP 𝑣∗2 6 0.4825 37 8.6𝑒− 17 3.5𝑒− 6 5.2𝑒− 7 1.9𝑒− 37 6.10015
ZPM 𝑣∗3 6 0.0712 19 1.0𝑒− 31 2.3𝑒− 9 2.6𝑒− 8 5.0𝑒− 39 6.0096
MSP 𝑣∗3 6 0.0711 19 0.8𝑒− 29 2.3𝑒− 7 6.0𝑒− 8 5.0𝑒− 49 6.14876
NDP 𝑣∗3 6 0.0715 19 0.5𝑒− 25 5.3𝑒− 9 2.0𝑒− 9 5.0𝑒− 34 6.14464

• The inflection points and curvature of the polynomial reveal areas 
of defocusing and focusing, which are crucial to wave stability in 
nonlinear systems.

• Although it is not an exact soliton, this cubic approximation sim
ulates a solitary wave shape to investigate nonlinearity-induced 
behaviours such as peak generation and steepening.

• Symbolic analysis of wave behaviour and simpler numerical simula
tion are made possible by these polynomial approximations, which 
eliminate the necessity for numerically solving intricate PDEs.

5.7. Higher degree polynomials with multiple roots [70]

Consider

𝑔(𝑥) = (𝑥+ 1)300(𝑥− 2)600(𝑥− 1 − 𝑖)700(𝑥− 1 + 𝑖)400, (76)

with exact roots:

𝜁1 = −1, 𝜁2 = 2, 𝜁3 = 1 + 𝑖, 𝜁4 = 1 − 𝑖, (77)

having the following multiplicity

𝛼1 = 300, 𝛼1 = 600, 𝛼1 = 700, 𝛼1 = 400, (78)

and 
4 ∑
𝑗=1
𝛼𝑗 = 2000 degree of (76). The initial estimates have been taken 

as:

[0] 
𝑥1 = −1.1 + 0.2𝑖,

[0] 
𝑥2 = 2.1 − 0.2𝑖,

[0]
𝑥 3 = 0.8 + 1.2𝑖,

[0]
𝑥 4 = 0.9 − 1.2𝑖. (79)

Results of the NDP, ZPM, and MSP in terms of numbers for solving (76) 
are shown in Table 29. In terms of computational convergence order 
(CO), computational CPU time, residual errors, and iterations numbers, 
Table 29 clearly shows that the technique NDP is superior to ZPM, 
MSP.

The numerical results in Table 29 clearly show that in terms of resid
ual error, the newly developed method outperforms ZPM, MSP, with a 
high computational order of convergence and a rapid convergence rate. 
To evaluate convergence behaviour, random initial guesses are used. 
This parallel technique is sometimes crucial for clustered roots, where 
convergence analysis is hard to achieve. Using some random initial vec
tors, 𝑣∗1 − 𝑣

∗
3 , we can determine the global convergence behaviour. On 

these random initial vectors, NDP takes 19 iterations and achieves a 
maximum residual error of 7.3e-25 in 0.0714 seconds on computers, 
ZPM takes 47 iterations and achieves a maximum residual error of 1.5e
7 consuming 0.6875 seconds on computer, while MSP takes 37 iterations 
and achieves a maximum residual error of 2.1e-17 consuming 0.481 sec
onds on computer. The results of the Table 30 clearly show that NDP 
outperforms ZPM, MSP and converges are more stable. The random ini

tial vectors 𝑣∗ = [
[0]
𝑥1 ,

[0]
𝑥2 ,

[0]
𝑥3 ,

[0]
𝑥4 ] are given in Table 30.

The outcomes of the parallel schemes utilizing the random initial 
vectors given in Table 30 are presented in Table 31.

In Table 31, Ini-V denotes the set of random initial vectors used 
to test the global convergence behaviour of the NDP, ZPM, and MSP 
techniques. The Table 31’s results clearly show that, in terms of global 
convergence, the NDP technique performs better than the ZPM, MSP 
method. 

Table 32 and Fig. 12(a,c) clearly demonstrate that our technique 
outperforms the existing ZPM and MSP methods in terms of maximum 
error, computational time, percentage convergence, average number of 
iterations, and computational order of convergence.

5.7.1. Performance insights and limitations

The proposed parallel algorithm addresses a wide range of nonlinear 
engineering problems with improved precision, stability, and conver
gence. In terms of residual error, percentage convergence, and computa
tional efficiency, the technique exceeds existing methods. Despite these 
advantages, several numerical and computational limitations that can 
be identified in specific situations are as follows:
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Table 32

Overall performance of parallel techniques for solving engineering application 5.7.

Method Max-Error𝑣
∗

ČPŬ-time𝑣
∗

P-Con𝑣
∗

Average-It𝑣
∗

Memory-U𝑣
∗

𝜎
[𝑛̌−1]
𝑖

ZPM 9.8𝑒− 7 0.5437 25.6563 47 76.764 4.76464
MSP 4.6𝑒− 7 0.4512 35.7647 37 56.653 5.18977
NDP 1.1𝑒− 9 0.0745 67.8736 19 45.875 6.19424

Fig. 12. (a-c), illustrate the residual error graphs for the parallel schemes—ZPM, 
MSP, and NDP—that were utilized to solve engineering application 5.7.

• In parallel configurations, particularly when root clusters or degen
erate roots exist, the computational workload might be inconsistent 
across threads or nodes, resulting in empty cores and low hardware 
utilization.

• Inter-process communication for evaluating correction terms across 
all root estimations can become a bottleneck as polynomiality in
creases, especially on distributed-memory systems.

• High-precision data and correction terms require large amounts of 
memory, which could affect system performance when memory is 
insufficient.

• Ensuring numerical consistency and stability in the presence of sev
eral parallel threads necessitates regular synchronization, which 
can increase latency and degrade parallel performance.

• Parallel speedup is architecture-dependent (e.g., CPU, GPU, hy
brid). Some settings lack optimized libraries for the advanced arith
metic necessary in high-order iteration techniques.

Higher-order correction terms, adaptive precision, and deflation 
methods may contribute to improve convergence. Robustness is fur
ther enhanced by using machine learning to make better initial guesses 
and symbolic reprocessing. Hybrid CPU-GPU implementations and dy
namic load balancing boost parallel performance. Together, these strate
gies hasten convergence, particularly for clustered or multiple complex 
roots.

6. Conclusion and future work

A new parallel iterative method, called NDP, for approximating the 
roots of nonlinear equations was introduced in this study. This method 
converges at a rate of six and was developed to be computationally effi
cient for use in science and engineering. The main accomplishments of 
this research can be summarised as follows:

• Stability analysis, which incorporates parametric and dynamical 
planes (Fig. 1- 3), are used to determine the best parameter val
ues to accelerate the convergence rate of NDP parallel scheme.

• The developed parallel technique NDP performs better than ZPM 
and MSP methods in terms of memory usage, computing time (Ta
bles 4- 32), residual error in both close and random initial guess 
values (Figs. 6- 12), and computational efficiency (e.g., Table 2 and 
Fig. 4).

• The NDP technique outperformed existing methods ZPM and MSP 
in terms of residual error, iteration count, and computational con
sistency (see Tables 2-32 and Figs. 4-12).

• These findings indicate that the NDP technique is a feasible and 
efficient alternative to solving nonlinear equations, and it should 
be further investigated for use in larger scientific and engineering 
contexts [74,75].

Despite the promising results, there are some limitations to the sug
gested approach for solving nonlinear problems. The performance of 
the parallel techniques may be influenced by the structure and distribu
tion of the initial guesses, especially in the case of closely clustered or 
near-multiple roots. In addition, while parallelism improves computa
tional efficiency, performance improvements can be limited on systems 
with limited memory bandwidth or fewer processing cores. The paral
lel methods require analytical formulations for derivatives, which may 
be challenging for data-driven models. 
Future research could focus on the following cutting-edge advances:

• Interval arithmetic and spectral radius analysis are used to get ver
ified convergence bounds, particularly for clustered or multiple 
roots.

• Machine learning, such as neural networks, will be used to improve 
convergence reliability and predict the best initial estimates.

• Using distributed-memory models (e.g., MPI and OpenMP) to de
velop adjustable, task-parallel implementations that enable simul
taneous root processing.
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