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Abstract

The aim of this paper is to introduce mixed almost (v, 1)112)-continuity and mixed weakly (v, 1112)-
continuity between a generalized neighborhood system 1 and two generalized neighborhood systems 1, 9.
We investigate their properties and several examples are provided to illustrate the behavior of between these
new types of mixed continuity and some other mixed continuities on generalized topological spaces.
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1. Introduction

The notion of continuity is one of the most important concepts in mathematics. In the generalized topol-
ogy, recently have seen the introduction of many types of generalized continuity and mixed continuity on
generalized topological spaces.

A. Csdszér [1] introduced the generalized topological spaces and generalized neighborhood systems. He
also obtained (¢, %")-continuity and (g, g')-continuity on generalized neighborhood systems and generalized
topological spaces, respectively. In recent years, the notions of mixed weakly (u, g1g2)-continuity, mixed
0(u, g192)-continuity and mixed almost (i, g1g2)-continuity are defined by Min [5, 6, 7).

The purpose of the present paper is the introduce and study the notions of mixed almost (¢, 111)2)-continuity
and mixed weakly (1, 1)11)2)-continuity on generalized neighborhood systems. We discuss some properties
and characterizations of these mixed continuities. In particular, we investigate the relationships among
(1, 11 )-continuity, (u, g1)-continuity, weakly (u, g1g2)-continuity, mixed almost (p, g1g2)-continuity and these
mixed continuities on generalized neighborhood systems.
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2. Preliminaries

We briefly touch upon some definitions, theorems and results, which are needed in the sequel. The following
are needed in our study and can be found in the paper referred to.

2.1. Generalized Topology

Definition 2.1. [1] Let X # () and ¢ C X. Then g is called a generalized topology (briefly, GT) on X
iff ) € gand G; € g fori € I # () implies G = U,c; Gi € g. The pair (X,g) is called a generalized
topological space (briefly, GTS) on X. The elements of g are called g-open sets and their complements are
called g-closed sets.

Set gO(X) and gO(x) are defined as gO(X) ={U C X : U € g}, gO(x) ={U € g: x € g}, respectively.

Definition 2.2. [1] The generalized-interior of a subset S of X, denoted by i,4(.S), is the union of generalized
open sets included in S, and the closure of S, denoted by ¢,(.5), is the intersection of generalized closed sets
including S.

Theorem 2.3. [1] Let (X, g) be a generalized topological space. Then the following hold:

(1) cg(A) = X —ig(X — A).
(2) ig(A) = X —cy(X — A).

Definition 2.4. [1] Let g; and g2 be two GT’s on nonempty sets on X and Y, respectively. f: X — Y is
said to be (g1, g2)-continuous if f~1(G) € g for all G € go.

Definition 2.5. Let g; and gs be two GT’s on a nonempty set X. Then A is said to be:

(1) (g1,92)-semiopen [2] if A C cg, (ig, (A)).

(2) (g1.2)-preopen [2] if A € iy, (cg,(4).

(3) (91, 92)-5-open [2] if A C ¢y, (e (A).

(4) (g1, 92)-open (or (g1, g2)-regular open) (resp., (g1, g2)-closed) (or (g1, g2)-reguler closed) [3] if A =
igy (ng (A)) (resp., A = Cg1 (192 (4)) ).

The complement of (g1, g2)-semiopen (resp., (g1, g2)-preopen, (g1, gg)—ﬁl—open) is called (g1, g2)-semi closed

(vesp., (g1, g2)-preclosed, (g1, g2)-5 -closed).

Definition 2.6. [6] Let g; and g2 be two GT’s on a nonempty set X. Then A is said to be:

(1) (g1,92) -semiopen if A C ¢y, (ig,(A)).
(2) (91, 92) -preopen if A C ig, (cg, (A)).
(3) (91,92)"-B -open if A C ¢g, (igy (cg, (4)))-

The complement of (g1, gz)/—semiopen (resp., (g1, g2) -preopen, (91, gg)/—ﬁl-open) is called (g1, gz)/—semiclosed
(vesp., (g1, g2) -preclosed, (g1, g2)'-B -closed).

Definition 2.7. [6] Let u be a GT on a nonempty set X and g; , g2 be two GT’s on a nonempty set Y. Then
a function f : X — Y is said to be mixed weakly (u,g192)-continuous at x € X if for each gi-open set V'
containing f(z), there exists a p-open U containing = such that f(U) C cg,(V'). Then f is said to be mixed
weakly (i, g192)-continuous (briefly; weakly (u, g1g2)-continuous ) if it is mixed weakly (u, g1 g2)-continuous
at every point of X.

Definition 2.8. Let g; and g2 be two GT’s on a nonempty set X. Let 6(g1,92) [3] be composed of the
sets A C X such that € A implies the existence of a set M € g; satisfying x € M C ¢4, (M) C A. Then
0(g1,92) is a GT contained in g; on X [3]. The element of 0(g1, g2) is said to be 6(g1, g2)-open set and the
complement of 0(gy, g2)-open set is said to be 0(gy, g2)-closed set.

Co(grg)(A) =[[{F CX:ACF for 6(g1,g0)-closed set F'in X } [6],
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i9(gr,92)(A) = U{V CX:VCA for6(g1,g2)-openset Vin X} [6],
Vo(gi,g2)(A) ={x € X ¢y (M)NA#( for every M € g containing z} [3].
Theorem 2.9. [3] Let g; and g2 be two GT’s on a nonempty set X and A C X. Then the following hold:

(1) AC '79(91792)(14) < 69(91792)(14)'
(2) Ais 0(g1,g2)-closed iff A = 'yg(gl,gQ)(A)-

Lemma 2.10. [6] Let g; and g2 be two GT’s on a nonempty set X and A C X. Then the following hold:

(1) = € ip(g, 4,)(A) if and only if there exists a g1-open set M containing z such that z € M C ¢4, (M) C A.

(2) If Ais go-open in X, then 7p(g, g,)(A4) = ¢y, (A).

Definition 2.11. [6] Let g1 and g2 be two GT’s on a nonempty set X. X is said to be (g1, g2)-regular if
for x € X and any gj-closed set F' with x ¢ F, there exist U € g1, V € g9 such that z € U, F C V and
unv =40.

Theorem 2.12. [6] Let g; and g2 be two GT’s on a nonempty set X. If X is (g1, g2)-regular, then every
g1-open set is 0(g1, g2)-open.

Definition 2.13. [2] Let g1, g2 be two GT’s on a nonempty set X. Then g; is go-EDC iff G € g; implies
that ¢4, (G) € g1.

2.2. Generalized Neighborhood Systems

Definition 2.14. [1] Let ¢ : X — experpX satisfy z € V for V € ¢(x). Then V € #(x) is called a
generalized neighborhood of € X and v is called a generalized neighborhood system (briefly, GNS ) on X.

Denote the set of all generalized neighborhood systems on X by ¥(X).

Definition 2.15. [1] If ¢ € ¥(X) and A C X, the interior of A on 1, denoted by ¢y (A), is the set of all
x € X such that there is V' € ¢(x) implies V' C A and the closure of A on v, denoted by v, (A), is set of all
x € X such that all V € ¢(z) implies V N A # ().

Lemma 2.16. [1] Let ¢y € ¥(X) and G € gy iff G C X satisfy: if 2 € G then there is V' € 1)(z) such that
V CG. For ¢ € ¥(X), iy and ¢y, are defined as iy = iy, ¢y = ¢4, Tespectively.

Theorem 2.17. [1] Let ¢ € U(X) and A C X. Then the following hold:

(1) 1p(A) =X —1p(X — A) and 1y (A) = X — y5(X — A).
(2) iy(A) € ty(A) and v(A) € cp(A).

Lemma 2.18. [1] If ¢ € ¥4(X) for the GT g = gy on X, 1y, =iy and vy = cy.

Lemma 2.19. [1] If g is a GT on X, there is ¢ € U(X) satisfying g = gy. ¢ satisfy V € g for V € ¢(x),
rzeX.

Lemma 2.20. [1] If g is a GT on X and ¢ = 1), then gy = g.

Definition 2.21. [1] Let ¢ € U(X) and 12 € U(Y). f: X — Y is said to be (1, 12)-continuous if for
x € X and V € ¢o(f(x)), there is U € ¢y (z) such that f(U) C V.
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3. Mixed almost (u, g1g2)-continuous functions on generalized topology

In this section, we investigate some characterizations of the mixed almost continuous functions given by Min
[7].

Definition 3.1. [7] Let p be a GT on a nonempty set X, and g1, g2 be two GT’s on a nonempty set Y.
Then a function f: X — Y is said to be mixed almost (u, g1g2)-continuous at = € X if for each gj-open set
V' containing f(x), there exists a p-open set U containing = such that f(U) C i4 (cg,(V)). Then f is said
to be mixed almost (u, g1g2)-continuous if it is mixed almost (u, g1g2)-continuous at every point of X.

Let (X, ¢g1) and (Y, g2) be generalized topological spaces. Then a function f: X — Y is said to be almost
(91, 92)- continuous at € X if for each go-open set V containing f(z), there exists a g;-open set U containing
x such that f(U) C ig,(cg,(V)) [4].

Theorem 3.2. [7] Let f : X — Y be a function, u be a GT on a nonempty set X and let g1, g2 be two
GT’s on a nonempty set Y. Then the following are equivalent:

(1) f is mixed almost (u, g1g2)-continuous.

2) YV ) C iy (fHig, (cgy(V)))) for every gi-open subset V in Y.

(3) cu(fHeg, (igy (F)))) C f7HF) for every gi-closed subset F in Y.

(4) For every 7(g1, g2)-closed subset F in Y, f~1(F) is p-closed.
)

®

Theorem 3.3. Let f: X — Y be a function, u be a GT on a nonempty set X and ¢;, g2 be two GT’s on
a nonempty set Y. Then the following are equivalent:

For every (g1, g2)-open subset V in Y, f~1(V) is u-open.

(1) f is mixed almost (y, g1g2)-continuous at = € X.

(2) For any r(g1,g2)-open subset V' containing f(x), there exists a p-open set U containing x such that
f(U)Ccv.

PROOF. (1) = (2): Let V be any (g1, g2)-open subset of Y containing f(x). By hypothesis, there exists
a p-open subset U of X containing = such that f(U) C ig, (cg,(V)). Since V is r(g1, g2)-open, we have
fU)Ccv.

(2) = (1): Let V be any gi-open subset of Y containing f(x). Since g, (cg,(V')) is 7(g1, g2)-open, there exists
a p-open set U containing x such that f(U) C ig, (cg,(V')). Hence f is mixed almost (1, g1g2)- continuous.
Theorem 3.4. Let f: X — Y be a function, u be a GT on a nonempty set X and g1, g2 be two GT’s on

a nonempty set Y. Then the following are equivalent:

(1) f is mixed almost (u, g1g2)-continuous.

(2) cu(f7HQ@)) C fHcg, (G)) for every (91,92) -B -open set G of Y.
(3) cu(f~HG)) C f ey (@) for every (g1, ga) -semiopen set G of V.

PROOF. (1) = (2): Let G be any (g1, g2) -3 -open set. Since ¢,, (G) is (g1, ga)-closed, by Theorem 3.2. (4),
we have f~1(cy, (G)) = cu(f ey (G))). Hence

cu(fTHG)) S eu(f e (G))) = [ Heq (@)
(2) = (3): It is obvious since every (g1, g2) -semiopen set is (g1, g2) -3 -open.

(3) (1): Let F be any (g1, ga)-closed set. Then since F is (g1, g2) -semiopen, we have ¢, (f~'(F)) C
f(cg (F)) = f~Y(F). By Theorem 3.2 (4), f is mixed almost (i, g1g2)-continuous.

Theorem 3.5. Let f: X — Y be a function, u be a GT on a nonempty set X and ¢;, g2 be two GT’s on
a nonempty set Y. Then the following are equivalent:
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(1) f is mixed almost (u, g1g2)-continuous.
(2) fleu(A)) S Yo(g1,90)(f(A)) for every subset A of X.

(3) cu(f7HB)) € f (Vo(g1,90)(B)) for every subset B of Y.

PROOF. (1) = (2): For A C X, let z € ¢,(A) and V any gi-open set containing f(z). By hypothesis, there
exists a p-open set U containing x such that f(U) C ig, (cg,(V)). This implies f(U) C ¢ 91(092 (V) Ceg, (V).
Since = € ¢,(A), ANU # 0 for the p-open set U containing z. So § # f(U) N f(A) C ¢g, (V) N f(A). This
implies f(7) € Yg(g,,90)(f(A)). Hence we have f(c.(A)) € Yg(gy,90)(A)-

(2) = (3): It is obvious.

(3) = (1): Let V be any gz-open set. Then from Lemma 2.10 (2), we know that vy(g, 4,)(V) = ¢4, (V). By
hypothesis,

cu(F7HV)) € 7 Ooigr00) (V) = 7 Hequ (V).

Since every gs-open set is (g1, g2) -semiopen set, by Theorem 3.4 (3) f is mixed almost (j, g1g2)-continuous.

Theorem 3.6. Let f: X — Y be a function, 4 be a GT on a nonempty set X and g1, go be two GT’s on
a nonempty set Y. If Y is (g1, g2)-regular, then the following are equivalent:

(1) f is mixed almost (u, g1g2)-continuous.
(2) f~Y(B) is p-closed for every 6(g1, g2)-closed subset B of Y.
(3) f~Y(V) is p-open for every (g1, g2)-open subset V of Y.

PROOF. (1) = (2): Let B be any 0(g1, g2)-closed subset of Y. From Theorem 2.9 (2) and Theorem 3.5, we
have

cu(FHB) € F ™ (o(gr,00)(B)) = fH(B).
Hence f~!(B) is p-closed.
(2) = (3): It is obvious.
(3) = (1): Let V be any gi-open subset of Y. By Y is (g1, g2)-regular and Theorem 2.12, V' is 0(gy, g2)-open.
By hypothesis,
FHV) = iu(f7HV) S au(f ™ gy (g (V))))-

Thus from Theorem 3.2, f is mixed almost (u, g192)-continuous.

Theorem 3.7. Let p1 be a GT on a nonempty set X, us be a GT on a nonempty set Y and g1, go be
two GT’s on a nonempty set Z. If f: X — Y is (u1, u2)-continuous and g : Y — Z is mixed almost
(112, g1g2)-continuous, then the composition gof : X — Z is mixed almost (11, g1g2)-continuous.

PROOF. Let z € X and G be any gi-open subset of Z containing g(f(z)). Since g is mixed almost (u2, g192)-
continuous, there exists a pp-open subset U of X containing f(x) such that g(U) C 44, (cg,(G)). Since f is

(11, p2)-continuous, f~1(U) € pr. For V.= f~1(U), (gof)(V) = g(f(f~1(U))) € 9(U) C ig, (cg,(G)). Thus,
gof is mixed almost (i1, g192)-continuous.

We recall the notion of the graph function. Let f : X — Y be a function. The graph function g : X — X xY
of f is defined by g(z) = (x, f(x)) for each z € X.

Theorem 3.8. Let p be a GT on a nonempty set X and g1, g2 be two GT’s on a nonempty set Y. If
the graph function g : X — X X Y is mixed almost (u, g1g2)-continuous, then f : X — Y is mixed almost
(1, g1g2)-continuous.

PROOF. Let x € X and G be any g-open subset of Y containing f(z). Then for z € V € pu, V x G is an
open set containing g(x). Since g is mixed almost (u, g1g2)-continuous, there exists a p-open subset U of X
containing x such that g(U) C ig, (cg, (V X G)). For V € p, g(U) Cig, (cg(V X Q)) = ig,(cg,(V)) X g, (cg,(G))
and f(U) Cig,(cg,(G)). Consequently, f is mixed almost (i, g1g2)-continuous.
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4. Mixed almost and weakly (1), ¥11)2)-continuous functions on generalized neighborhood sys-
tems

In this section, we introduce the notions of mixed almost (1), ¥11)2)-continuity and mixed weakly (¢, ¥112)-
continuity on generalized neighborhood systems, and establish some characterizations for such functions.

Definition 4.1. Let f : X — Y be a function, ¢ € ¥(X) and ¢, 2 € U(Y). Then f is said to be
mixed almost (1, Y112)-continuous at =z € X if for x € X and V € 91(f(z)), there exists U € (x)
such that f(U) C ty, (74, (V)). Then f is said to be mixed almost (1), 1)11)2)-continuous (briefly, almost
(1, 111)9)-continuous ) if it is mixed almost (¢, 111)2)-continuous at every point of X.

Remark 4.2. Let f: X — Y be a function, ¢ € U(X) and 1, 12 € U(Y). If f is (¢,11)- continuous, then
it is almost (¢, 1112)-continuous. But the converse is not always true as shown in the next example.

Example 4.3. Let X = {1,2,3} and Y = {a,b,c}. Consider generalized neighborhood systems ¢ € ¥U(X)
and 11,92 € U(Y) defined as follows:

(1) = {11412}, 9(2) = {{1,2}}, ¢(3) = {{1,3}}.

Pi(a) = {{a, 01}, ¥1(b) = {{b}}, ¥1(c) = {{a,c}}.
Pa(a) ={Y}, ¥a(b) = {Y}, ¢a(c) = {Y}.

A function f: X — Y defined as f(1) = a, f(2) =, f(3) = c. Then f is almost (¢, 111)2)-continuous. But,
f is not (¢, 11 )-continuous at point 2, and so f is not (¢, 9 )-continuous.

Definition 4.4. Let 11, ¢ € ¥(X) and x € X. A generalized neighborhood system 1 is said to be
o-closed if vy, (V) =V for all V € 1y (x).

Theorem 4.5. Let f: X — Y be a function, ¢ € ¥(X) and ¢1,%2 € ¥(Y). If ¢; is 12- closed, then the
following are equivalent:

(1) fis (v, 11)-continuous.
(2) f is almost (v, 1)112)-continuous.
PRrROOF. (1) = (2): Obvious.

(2) = (1): Let V € ¢ (x) for x € X. By hypothesis, there exists U € 1(z) such that f(U) C vy, (5, (V)).
Since 91 is 1po-closed, vy, (V) = V. Since f(U) C vy, (Vs (V) € 7 (V) =V for U € (), fis (¥,91)-

continuous.

Theorem 4.6. Let f : X — Y be a function, ¢ € ¥U(X) and 91, ¥o € U(Y). If f is almost (¢, ¢11)9)-
continuous, then it is almost (gy, gy, gy, )-continuous.

PRrROOF. Let G € gy, (f(x)) for « € X. Then there exists V € 91(f(x)) such that V' C G. Since
G € gy, (f(x)), f(x) € G C 1y, (V,(G)) and x € f_l(Lwl (72 (G))). By hypothesis, there exists U € 1)(x)
such that f(U) - L¢1(71/J2(V))' So f(U) - Lz/n(%/uz(V)) C LM(’W)Q(G))? U C f_l(L¢1(7¢2(G))) and

7 ey (v (@) € gy For H = f1 (1 (74, (G))), by Theorem 2.17 and Lemma 2.18, we have
f(H) = f(fil(bwl (%02 (G)))) € bapy (V2 (G)) € (C¢2 (G)) = Uiy (cy, (G))-

Hence, f is almost (gy, gy, gy, )-continuous.

The following example shows that the converse of Theorem 4.6 is not true.
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Example 4.7. Let X = {a,b,c}. Consider generalized neighborhood systems 1, ¥ and o defined as

follows:
¥(a) = {X}, ¥(b) ={X}, ¥(c) ={X}.
V1(a) = {{a}}, ¥1(b) = {{b,c}}, ¥i(c) = {X}.
P2(a) = {{a}, {a,b}}, ¥2(b) = {{b,c}}, ¥2(c) = {X}.

Define an identity function f: X — X. Then we get the following GT’s gy, gy, and gy, induced by 1, 11
and 19, respectively:

Gy = {@7X}7 Gy = {@, {a}vX}a Gy = {@,{CL},X}.

Then f is almost (gy, gy, gy, )-continuous. But, f is not almost (1, 1)112)-continuous at point a, and so f is
not almost (1), ¥112)-continuous.

Theorem 4.8. Let f: X — Y be a function and ¢ € ¥(X). If f is almost (gy, gy, gy, )-continuous and
= 1)g,, Y2 = 1g, for some GT’s g1 and gz on Y respectively, then f is almost (1, 1)192)-continuous.

PrROOF. Let V' € 91(f(x)) for x € X. By 91 = vy, Y2 = ¥y, and Lemma 2.20, g1 = gy, and g2 = gy,.
So V € 9g,(f(x)) and f(x) € V € g1 = gy,. By hypothesis, there exists U € gy such that x € U and
fU) C g, (cq,,(V)). Since U € gy, there exists H € ¢(z) such that H C U. So by Theorem 2.17 and
Lemma 2.18, we have

f(H) - f(U) - igwl (ngz (V)) C by <CQ¢2 (V)> = Ly (sz(v))'
Hence, f is almost (v, 111)2)-continuous.

Theorem 4.9. Let f : X — Y be a function, ¢ € ¥(X) and 91,1090 € ¥(Y). Then the following are
equivalent:
(1) f is almost (v, 1)112)-continuous.

(2) ey (B)) C ep(f ey (7¢2( )))) for every subset B of Y.
(3) %b(f_l(%bl(bwz(B)))) Ccf- (“ml(B)) for every subset B of Y.

PROOF. (1) = (2): Let € f~!(sy, (B)). Then there exists V € ¢1(f(z)) such that V C B. By hypothesis,
there exists U € 9(x) such that f(U) C ty, (74, (V)). This implies

fU) < Lapy (’71#2 (V) < Ly ('WJQ (B))

and
U C e (v (B)))-
Hence we have @ € 1y, (f ™ (ty, (15 (B))))-
(2) = (1): Let V € ¢ (f(z)) for z € X. Since f(:n)) eV,z € f 1y, (V) Cuyp(F ey, (v (V)))). Then

) €
there exists U € 1(x) such that U C f~ (ty, (74, (V). So f(U) C vy, (7, (V) for U € 9p(x) and f is almost
(1, 111h2)-continuous.

(2) < (3): Obvious.
Definition 4.10. Let v1,19 € U(X). Then A is said to be:

(1) (¢1,92)-semiopen if A C vy, (1p, (A4)).

(2) (1, ¢2)-preopen if A C vy (7y,(4)).

(3) (t1,12)-B'-open if A C 7y, (1, (Y, (A))).

(4) (11, 12)-open ( or (11,1p2)-regular open ) ( resp. 7(11,12)-closed ) ( or (i1, 1)2)-regular closed ) if
A =1y, (72 (A)) (resp. A =y, (1, (A))).
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The complement of (11,12)-semiopen (resp. (i1,2)-preopen, (wl,wg)—ﬂl—open) set is called (1,12)-
semiclosed (resp. (1,12) -preclosed, (1)1, 1)-5 -closed) set.

Remark 4.11. Every r(11, 12)-open set is (1)1, ¢2)-preopen and every (11, 12)-preopen set is (11, wg)—ﬁ/—open.
Also every (11, )s)-semiopen set is (1)1, 12 )-3 -open.

The above relations among them can be presented in the following diagram.

r(1, P2)-open = (1h1,1a)-preopen = (¢h1,12)-B -open <= (¢h1,1)7)-semiopen
Definition 4.12. Let 91,12 € ¥(X). Then A is said to be:

(1) (¢, wg):—semiopen if A C vy (byy(A)).
(2) (41, 2) -preopen if A€ 1y, (15, (4))
(3) (Qﬁh 1/}2) -3 -open if A C Vb1 (/’102 (71/11 (A)))

The complement of (¢1,w2)/—semiopen (resp. (wl,@/}g)/—preopen, (@/Jl,wg)/—ﬁl—open) set is called (1y1,9) -
semiclosed (resp. (¥1,12) -preclosed, (1,2) -3 -closed) set.

Remark 4.13. Every (¢1, wg)/—preopen set is (11, wg)—ﬂl—open and also (1, 12)- semiopen is (11, wg)—ﬁl—open.
We have the following diagram.

(1, @/Jg)/—preopen = (wl,wQ)—B/—open < (11, 12)-semiopen.

Theorem 4.14. Let f : X — Y be a function, ¢ € ¥(X) and ¢1,02 € ¥(Y). Then the following are

equivalent:

(1) f is almost (v, 1)112)-continuous.

(2) fH(B ) C 1y (f 71ty (7, (B)))) for every B € 91 (f(x)).

(3) w(f71(B)) = f~1(B) for every r(v1,2)-open B € ¥1(f()).

(4) 1o (f 7 (s (1 (B)))) = 71 (v (Y (B))) for every B € ¢h1(f(x)).

PROOF. (1) = (2): Let B € #1(f(z)). Then z € f~'(B). By hypothesis, there exists U € (x)
such that f(U) C ty, (g, (B)). This implies U C f~ ey, (7, (B))) for U € 1(x). Hence we have

2 € 1y (f 71 (e, (v (B))))-
(2) = (3): Let B € 1(f(z)) is r(¢1,92)-open. By hypothesis, f~1(B) C wp(f ™ (tgy (195(B)))) =
y(f71(B)). Then we have vy (f~H(B)) = f~1(B).
(3) = (4): oy, (Yapo (B)) is (11, 12)-open for B € ¢1(f(x)), it is obvious.
) L

4) = (1): Let B € 1/11( (x)). By hypothesm Ly (F 7 ey (v (B)))) = F 7 (g (o (B))). This implies
z € fTHB) C wp(f e (e (B)))) = fHegy (Ve (B))). Then there exists U € t(z) such that U C
Mgy (o (B))). Hence f(U) C 1y, (4, (B)) for U € ¢p(z) and f is almost (1, 1142 )-continuous.

Theorem 4.15. Let f : X — Y be a function, ¢ € ¥U(X) and 91,102 € ¥(Y). Then the following are
equivalent:

(1) f is almost (v, 1)112)-continuous.

(2) F7 (e (72 (B))) € s (f (s (12 (B)))) for every subset B of Y.

(3) 7 (s (Y (B))) € s (f (1, (v (B)))) for every (11, 2)-B'-open subset B of Y.
(4) 7 (e, (e (B))) C typ(f ey (e (B)))) for every (a1, 9b2)-semiopen subset B of Y.
(5) f7HB) C typ(f ey, (v (B)))) for every (w1, 12)-preopen subset B of Y.

(6) f_l(“l’l (71/12(3))) Ce ( (Lll)l (’71112( )))) for every B € wl(f( ))
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PROOF. (1) = (2): Let B C Y and = € f!(1y,(7,(B))). Then there exists U € v;(f(x)) such that
U C vy, (B). By hypothesis, there exists G' € 1(x) such that f(G) C vy, (74, (U)). This implies

F(G) S 1y (7 (U)) Sty (Yo (102 (B))) = Ly (75 (B))-
Hence we have @ € ty(f ™ (1, (Y5 (B))))-
(2) = (3): Obvious.
(3) = (4): Since every (t1,1)9)-semiopen set is (11, 12)-5 -open, it is obvious.

(4) = (5): Let B is (11, v2)-preopen subset of Y. Then B C 1y, (7, (B)) and vy, (B) C Yap, (Lepy (Y (B)))-
So we know that vy, (B) is (¢1,12) -semiopen set. By hypothesis,

FHB) S T e (e (B)) = 7 (e (0 (70 (B))))
C (f e (90 (12 (B)))))
= (7 (e (0, (B)))).

(5) = (6): Let B € 91(f(x)). Since every iy, (Yo, (B)) is 7(1)1, 12)-open set, it is (1)1, 1)2)-preopen set. Hence
it is obvious.

(6) = (1): By Theorem 4.14, it is obvious.

Theorem 4.16. Let f : X — Y be a function, ¢ € ¥(X) and 11, ¥ € ¥(Y). Then the following are
equivalent:
1) f is almost (v, 1)112)-continuous.
7¢(f* (B)) C ffl(’ywl(B)) for every r (11, 12)-closed subset B of Y.

Yy, (B))) € f~ (s (B)) for every (i1,1)2)' -3 -open subset B of Y.
1(W,l(B))) f (fywl( )) for every (i1, 1s) -semiopen subset B of Y.

(Y (1 (B)))) € f 7 (7, (1pp (B))) for every subset B of Y.

)) C Lw(f Yty (v, (B)))) for every subset B of Y.

ProOOF. (1) = (2 ) Let B is (1)1, 12)-closed subset of Y. Then B = 7y, (ty,(B)). By Theorem 4.9, we have
Y (f7HB)) € 7w (B))-

(2) = (3): Let Bis (11, %2) -3 -open subset of Y. Then 7¢1 (B) = Yo, (tapy (796, (B))), s0 we know that vy, (B)
is 7(¢1,2)-closed. By hypothesis, vy, (f ™! (74, (B))) € f~* (74, (B)).

(3) = (4): Since every (¢1, ) -semiopen set is (11, 19) - -open, it is obvious.
(4) = (5): Let B CY. Since 7y, (ty,(B)) is (11, 12) -semiopen set, it is obvious.
(5) = (6): Obvious.

(6) = (1): Let B € Y1 (f(z)). By hypothesis,

z € fTHB) C 7 e (12(B))) S tp (£ (b, (v (B))))-

Then there exists U € ¢(z) such that U C f~(1y, (7, (B))). This implies f(U) C vy, (vy,(B)). Hence we
have f is almost (1, 1112)-continuous.

Definition 4.17. Let f : X — Y be a function, ¢ € ¥(X) and 91,002 € ¥(Y). Then f is said to be
mixed weakly (1, 1112)-continuous at x € X if for z € X and V' € ¢1(f(z)), there exists U € 1(z) such
that f(U) C vy,(V). Then f is said to be mixed weakly (1, 1192)-continuous (briefly; weakly (v, 1112)-
continuous) if it is mixed weakly (1), 1119)-continuous at every point of X.
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Remark 4.18. Let f : X — Y be a function, ¢ € ¥(X) and 91,002 € ¥(Y). If f is almost (¢, ¢112)-
continuous, then it is weakly (1, ¥1192)-continuous. But the converse is not always true as shown in the next
example.

Example 4.19. Let X = {a,b,c} and Y = {1,2,3}. Consider generalized neighborhood systems ¢ € ¥(X)
and 11,19 € ¥(Y) defined as follows:

P(a) = {{a}}, ¥(b) = {{a,b}}, ¥(c) = {{a,c}}-

1(1) = {{1,2}}, 1(2) = {{2}}, ¢1(3) = {{1,3}}.
¢2(1) = {{172}7Y}7 ¢2(2) = {{2}>Y}v ¢2(3) = {{1,3}’}/}_

A function f : X — Y defined as f(a) = 1, f(b) = 2, f(¢) = 3. Then f is weakly (v, 1112)-continuous.
But, f is not almost (v, 1)11)2)-continuous at point ¢, and so f is not almost (v, ¥112)-continuous.

Definition 4.20. Let 91,1 € U(X) and « € X. Then 9 is ¢o-EDC iff V' € 11 (x) implies that v, (V) €
().

Theorem 4.21. Let f: X — Y be a function, ¢ € U(X) and 1,19 € U(Y). If 11 is 12-EDC, then the
following are equivalent:

(1) f is almost (1, ¥112)-continuous.
(2) fis weakly (1, 1112)-continuous.

PROOF. (1) = (2): Obvious.

(2) = (1): Let V € 4y (x) for x € X. By hypothesis, there exists U € 1)(z) such that f(U) C 7y, (V). Since

Y1 is Po-EDC, 7y, (V) € ¥1(x) and vy, (7, (V) = Y- This implies f(U) C vy, (V) = typ; (76, (V). Hence
f is almost (v, 1)112)-continuous.

Theorem 4.22. Let f: X — Y be a function, ¢ € U(X) and 1,09 € U(Y). If f is weakly (¢, 1119)-
continuous, then it is weakly (gy, gy, gy, )-continuous.

PRrROOF. Let G € gy, (f(x)). Then there exists V' € 41(f(x)) such that V' C G. Since G € gy, (f(2)),
f(z) € G C v,(G) and z € f71(G) C f Yy, (G)). By hypothesis, there exists U € v (z) such that
F(U) S 7, (V). So f(U) €9, (V) € 9(G), U C f 1 (95(V)) € f 71 (9(G)) and f~1 (74, (G)) € gy For
H = f71(7w2 (G))7 f(H) = f(fil(ﬁywz (G))) - Vo (G) - Cqy, (G) Hence, f is weakly (91/)7 Gp1 Gapa )-CODtiHUOUS.

The following example shows that the converse of Theorem 4.22 is not true.

Example 4.23. Let X = {a,b,c} and ¥, 11, 2 € V(X)) be generalized neighborhood systems defined as
in Example 4.7. Define an identity function f: X — X. Then f is weakly (g, gy, gy, )-continuous. But, f
is not weakly (1, 9112)-continuous at point a, and so f is not weakly (v, 111)2)-continuous.

Theorem 4.24. Let f : X — Y be a function and ¢ € V(X). If f is weakly (gy, gy, gy, )-continuous and
Y1 = g, Y2 = 1y, for some GT’s g and g2 on Y respectively, then f is weakly (¢, ¢11)2)-continuous.

PRrROOF. Let V € ¢1(f(x)) for x € X. Since 11 = vy, 12 = 1y, and Lemma 2.20, g1 = gy, and gz = gy,.
Then V' € g, (f(z)) and f(z) € V € g1 = gy,. By hypothesis, there exists U € g, containing x such that
f(U) C ¢q,, (V). According to definition of U € gy, there exists H € ¢(z) such that H C U. So by Lemma
2.18., f(H) C vy, (V). Hence, f is weakly (1, 1112)-continuous.

Theorem 4.25. Let f : X — Y be a function, ¢ € ¥(X) and ¢1,02 € ¥(Y). Then the following are
equivalent:
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(1) f is weakly (¢, 192)-continuous.
L

) 70 (5 3>>c o736, (B) for every subset B of Y.
(3) 76 1 (B) € (0 14 (B))) for every subset B of Y.

PRrROOF. It is proved as in Theorem 4.9.
Theorem 4.26. Let f : X — Y be a function, ¢ € ¥(X) and 11, ¥ € ¥(Y). Then the following are
equivalent:

(1) f is weakly (v, 111)2)-continuous.
( Yy, (B)) C f~YB) for every r(¢1,12)-closed subset B of Y.

(2) v
(3) f7UB) C 1y (f vy, (B)) for every r(tr,12)-open subset B of Y.
(4) F7H e (1 (B)) € (£~ (v, (B))) for every B € ¢ (f(x)).

PROO (1) = (2): Let B is r(¢1,¢2)-closed subset of Y. Then from Theorem 4.25 (3), we have yy, (f 7 (1y,(B)) €

)-
(3): Obvious.

(4): Let B € ¢1(f(x)). Since ty, (Y, (B)) is 7(1p1,12)-open, it is obvious.

(1): Let B € ¢1(f(x)). Hence by Theorem 4.25 (2), f is weakly (v, 1)11)2)-continuous.

Theorem 4.27. Let f : X — Y be a function, ¢ € ¥(X) and 1, ¥ € ¥(Y). Then the following are
equivalent:

(1) f is weakly (v, 111)2)-continuous.

(2) FM e (792(B))) S . (f (74, (B))) for every subset B of V.

(3) 7 ey (Y (B))) € 1 (f (v, (B))) for every (1, 2)-B'- open subset B of Y.
4) f~ 1(L¢1 (Ve (B))) C ey (f~ (7¢2( ))) for every (11, 19)-semiopen subset B of Y.
(5) f7H(B) C 1ty (f vy (B))) for every (i1, 1h2)-preopen B of Y.

(6) M (s (va(B))) S 1 (f (74, (B))) for every B € ¢ (f(x)).

PRrOOF. It is proved as in Theorem 4.15.

Theorem 4.28. Let ¢ € ¥(X), ¢ € ¥(Y) and 91,92 € ¥(Z). If f: X — Y is (¢,¢)- continuous
and g : Y — Z is almost (¢, 111)2)-continuous, then the composition go f : X — Z is almost (¢, 111)9)-
continuous.

PROOF. Let x € X and V € ¢1(g(f(x))). Since g is almost (¢, 1)11)2)-continuous, there exists U € ¢'(f(x))
such that g(U) C ty, (7,(V)). Since f is (¢, 9')-continuous, there exists G € (z) such that f(G) C U.
For G € ¥(x), (go [)(G) C g(U) C typ, (76, (V). Thus, go f is almost (¢, 112)-continuous.

Theorem 4.29. Let ¢ € ¥(X), ¢ € U(Y) and 91,92 € ¥(Z). If f: X — Y is (¢,9¢')- continuous
and g : Y — Z is weakly (¢, 1119)-continuous, then the composition go f : X — Z is weakly (¢, ¢112)-
continuous.

PROOF. Let x € X and V' € 11(g(f(x))). Since g is weakly (¢, 111)2)-continuous, there exists U € ¢'(f(x))
such that g(U) C 7y, (V). Since f is (¢,1)-continuous, there exists G € ¢ (z) such that f(G) C U. For
G e (), (go f)(G) C g(U) C vy, (V). Thus, go f is weakly (1, 1)1¢2)-continuous.



N. A. Tas, O. B. Ozbakir, Journal of Advanced Studies in Topology 5(2) (2014), 32-43 43

The following diagram summarizes the relations that exist among almost (v,119)-continuity, weakly
(¢, ¢192)- continuity, almost (g, gy, gy, )-continuity and some other variants of continuity.

(1, 11 )-continuity — almost (1, 1)112)-continuity ——— weakly (1), 111)2)-continuity

(Gaps Gy, )-continuity —— almost (gy, gy, gy, )-continuity —— weakly (gy, gy, Gus, )-continuity
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