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MSC: This study investigates the role of environmental factors such as water temperature, Chemical
26A33 Oxygen Demand (COD), and Dissolved Oxygen (DO) in the spread dynamics of dengue fever
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during the aquatic developmental stage of mosquitoes. In order to better capture the memory

34A12 effect and non-local properties of the biological process, a fractional order mathematical model
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theoretically prove the existence and uniqueness of the model’s solution. Finally, numerical
simulations are presented and interpreted to illustrate the effects of different environmental
conditions on the spread of the disease.

1. Introduction

Dengue fever is a mosquito-borne viral disease that is an important global health problem, especially in tropical and subtropical
regions. The disease is transmitted primarily by Aedes aegypti and Aedes albopictus mosquitoes, and its spread is caused by a
combination of climatic, environmental, and socio-economic factors [1]. The disease is caused by the dengue virus, a member of
the Flaviviridae family, and is usually characterized by severe flu-like symptoms. There are four different serotypes of the virus and
a person infected with one serotype is not immune to the other serotypes, which makes repeated infections possible [2,3].

Mathematical modeling is an important tool for understanding the complex transmission dynamics of infectious diseases. This
allows us to predict the spread of diseases and evaluate the potential impact of interventions [4-7]. Also fractional derivatives
are becoming increasingly important in epidemic disease models. The most important reason for this is that, compared to integer-
order models, they provide more realistic outcomes by better capturing memory and non-local effects [8-16]. In addition, recent
studies have explored the use of artificial intelligence (AI) and machine learning (ML) techniques in the analysis of fractional-order
models [17-19] and have highlighted the increasing importance of these approaches in conjunction with fractional modeling.

Many research focused on the transmission of dengue fever by simulating the interactions between human populations and Aedes
mosquitoes, with an increasing focus on integrating variables such as the environment, vector life stages, and control strategies
into these models. The study in [20] used a mathematical model to investigate the role of vertical transmission of dengue virus
in mosquitoes and suggested that, due to its typically low rates (1%—-4%), it plays a limited role in the long-term persistence of
the disease. According to [21], a study investigating the transmission dynamics of dengue fever in subtropical Taiwan identified
temperature as a key climatic factor influencing vector-host interactions and found that the highest transmission risk occurs at
28°C. In a study focusing on a dengue outbreak in the Cape Verde Islands, a novel model combining different fractional derivative
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operators in a hybrid framework was proposed. The model demonstrated a significantly better fit to real-world data compared
to previous models and successfully simulated the disease dynamics. Moreover, two proposed control strategies were shown to
be effective in mitigating the outbreak [22]. In [23], the author employed a fractional-order dengue model incorporating vertical
transmission to investigate the impact of temperature on outbreak dynamics. Through numerical simulations, the study highlights
how temperature influences the spread of the disease. In [24], the authors developed a novel fractional-order vector-host disease
model with a saturated treatment function, formulated using both the Caputo and Atangana-Baleanu (ABC) fractional operators.
The study analyzes the model’s key properties and supports the results with numerical simulations. In another study [25], an
integer-order vector-host mathematical model was developed, and the findings revealed that the dominant factors influencing
mosquito larval growth were water temperature, Chemical Oxygen Demand (COD), and Dissolved Oxygen (DO), according to the
data used in the study. In [26], a mathematical model was used to study the transmission dynamics and control strategies of
dengue fever, highlighting that integrated interventions involving vector control, treatment, and public awareness are more effective
than individual measures. In recent studies [27], the Caputo-Fabrizio fractional-order derivative has been employed to provide
a more accurate and comprehensive representation of dengue transmission dynamics, capturing multiple infection pathways and
offering valuable insights for improved control strategies. Refs. [28,29] provide systematic reviews of the structural approaches of
deterministic mathematical models used to understand the transmission dynamics of dengue fever and to evaluate the potential
impact of control strategies such as vector control and vaccination.

This study aims to examine the impact of environmental parameters, namely water temperature, Chemical Oxygen Demand
(COD), and Dissolved Oxygen (DO), on the proliferation of dengue fever via the aquatic developmental phase of mosquitoes. Drawing
from the deterministic integer-order model outlined in [25], we reconfigure the model utilizing the Caputo fractional derivative
to more effectively encapsulate the memory characteristics intrinsic to biological processes. With this reconfiguration, the use of
Caputo fractional derivatives incorporates the cumulative effects of environmental parameters over time into the model, enabling a
more flexible and accurate representation of disease spread dynamics. This is because while classical integer-order derivatives only
consider instantaneous changes, fractional derivatives take into account the cumulative effect of past time intervals’ data on the
current system dynamics [30,31]. In this study, the Caputo fractional derivative was chosen because it allows for the biologically
meaningful definition of classical initial conditions and is widely used in the epidemiological modeling literature. Alongside the
development of the fractional order model, we perform a comprehensive analysis covering the existence and uniqueness of the
solution, as well as equilibrium points, the basic reproduction number and stability. The model is further reinforced by numerical
simulations, which are used to investigate the dynamics of the disease under a variety of different circumstances.

The structure of this paper is as follows: Section 2 presents fundamental definitions and mathematical foundations pertinent
to fractional calculus. Section 3 presents the proposed fractional-order dengue transmission model and its associated parameters.
Section 4 analyzes the equilibrium points of the model, evaluates their stability, and calculates the basic reproduction number.
Section 5 demonstrates the existence and uniqueness of the solution for the proposed fractional-order system. Section 6 presents
numerical simulations that illustrate the model’s behavior under specific parameter values. Section 7 provides a summary of the
principal findings and concludes the study.

2. Preliminaries

This section details essential mathematical concepts in fractional calculus, specifically highlighting the Caputo derivative and
integral [32,33]. These definitions are fundamental to our work and will be utilized throughout this study.

Definition 1. The Riemann-Liouville fractional integral with order x > 0 of a function f(r) € Cl[a, b] is defined as
) 1 ! .
Ift)= — t—O)F d¢, t , b),
AR F(K)/a( O f©©d¢ € (a,b)
where I'(.) is the Euler’s gamma function.
Definition 2. The left and right Caputo fractional derivatives with order x > 0 of a function f(r) € C™[a, b] is defined as

t
Corf= ﬁ/a M@=t dg, 1€ (ab),
and
o= | OG-0 dg e @b
I'(m—-x) J;
respectively, where m is a positive integer satisfying m — 1 < ¢{ < m.
3. Fractional order model formulation

The central objective of this study is to meticulously investigate the impact of various environmental factors, namely water
temperature, Chemical Oxygen Demand (COD), and Dissolved Oxygen (DO), on the prevalence of dengue fever. Our focus lies
particularly on the aquatic developmental stages of mosquitoes, which are highly susceptible to these environmental influences.
While drawing inspiration from the deterministic integer-order model proposed by Affandi et al. [25], we have significantly adapted
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Table 1
Model Parameters for vector and human subpopulations.

Human Subpopulation

Parameter Description Value Reference
7 Human recruitment rate 5 Assumed
d Human natural death rate 0.002 [24]

p Average rate of mosquito bites per person 0.33 [23]

@ Potential spread of the dengue from infected mosquitoes to 0.0094 [24]

susceptible people
w Dengue disease mortality rate 0.02 [24]
y Rate of recovery for humans from dengue fever 0.14 Assumed

Vector Subpopulation

m Mosquito natural death rate 0.002 [24]

a, Potential spread of the dengue from infected people to 0.007 [24]
susceptible mosquito populations

0 Rate at which mosquitoes transform from aquatic processes 0.099 Assumed
to susceptible

0, COD’s impact on mosquito development from aquatic to [0,1] Normalized
susceptible

0, DO’s impact on mosquito development from aquatic to [0,1] Normalized
susceptible

05 Water temperature’s impact on mosquito development from [0,1] Normalized
aquatic to susceptible

a Mosquito recruitment rate 10 Assumed

the framework. A key departure from the original model is our decision to exclude the dead population compartment, streamlining

the model to focus on the dynamics of living populations relevant to dengue transmission. Furthermore, to more accurately represent

the memory and hereditary characteristics intrinsic to biological processes, we reformulate the model using the Caputo fractional

derivative. This fractional approach allows for a more nuanced understanding of how past environmental conditions and population

states influence current dynamics. With the above assumptions, we consider the fractional order model in the Caputo sense as follows:
Human Subpopulation

pa;Si1,
CDES; (1) 7, — "T -ds

i
€I () =St — gl -y, (1)

CDFR,(t) =yl —dR,,

Vector Subpopulation

CDKA, (1) =a—0(1+0))(1+6,)(1-6;) A, —mA,,
CDES, (1) =0(1+6,) (1+6,) (1-05) A, — 2220 — s, (1b)
€L, () =l

v

v

where (S, (0),1;(0), R; (0), 4, (0),.5,(0),1,(0)) = (S0, 1;0. Rig. Apg Suo- 1) are the initial conditions.

The model comprises six coupled ordinary differential equations that describe the temporal dynamics of both human and
mosquito populations with respect to dengue transmission. The human population is stratified into three compartments: S;(r)
represents the susceptible individuals at time 7, I,(f) denotes the infected individuals at time ¢, and R;(¢) signifies the recovered
individuals at time 7. For the mosquito population, three distinct stages are modeled: A, (¢) accounts for the aquatic stage population
at time ¢, S,(7) represents the susceptible adult mosquitoes at time ¢, and I,(r) denotes the infected adult mosquitoes at time # which
are capable of transmitting the disease. The descriptions and values of the parameters used in the model (1) are presented in Table
1.

In Table 1, the values for COD, DO, and temperature are assumed to lie within the range [0, 1], based on min-max normalization.
The normalization process is expressed by the following formula:

X -X,

min
errm Xmax - Xmin ’
where X represents the original parameter value, and X,,, and X,,,, represent the observed minimum and maximum values,
respectively. This approach enhances the flexibility of the proposed model, allowing it to be applied across different environmental
conditions, such as domestic and industrial wastewater settings or various climate regions. On the other hand, the values for COD,

DO, and temperature were accepted as 0.5 as the average values during the entirety of the study.
4. Equilibrium and stability analysis of the fractional-order dengue fever model

To analyze the qualitative behavior of the system, we first determine the equilibrium points of the model Egs. (1).
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Disease-free equilibrium

By setting the right-hand side of the system to zero and assuming the absence of infection in both human and vector populations,
we obtain the disease-free equilibrium point E; as follows:

7; a a®
Ey=(S;, 1 Ry Ay Sy 1) = =, 0,0, ——, ————, 0], 2
0 (1 i i v v u) <d m+ e m(m+@) ) ()

where @ = 6(1 + 6,)(1 + 6,)(1 — 65).
Basic reproduction number

The basic reproduction number, denoted by R, is a key threshold parameter that determines whether an infectious disease
can invade and persist in a population. To compute R, we employ the next-generation matrix method [34] using the disease-free
equilibrium point.

Let f denote the matrix of new infections, and v represent the matrix of transitions among compartments. Then, the basic
reproduction number is defined as the spectral radius (the dominant eigenvalue) of the matrix FV~!:

Ry = p(FV7h. 3

We define the secondary infection matrix f and the transition matrix v for the infected compartments I; (infected humans) and
I, (infected vectors) as follows:

1,S;a;

_ N; _(wl; +yl;
/= 1I;S,a,p |’ U_< ml ’

12

Taking the partial derivatives of f and v with respect to I; and I,, we obtain the Jacobian matrices:

0 pa;S;
N, w+y 0
F= il = .

ﬂauSv 0 v < 0 m)

v
Evaluating these matrices at the disease-free equilibrium point E;, we substitute S; = % and S, = %, we obtain the
m(m
following matrices:
0 7% B
_ N.d _(w+y O
N,m(0 +m)

Thus, the next-generation matrix FV~! becomes:

0 7 0; B
-1 _ N;dm
Fy— = aBa,p '
N,m@O+m)(w+y)

The basic reproduction number R, is given by the dominant eigenvalue of the matrix FV~!. Hence, the basic reproduction
number is computed as:

Y a0a,p
0= <N,.dm><Num(@+m)(w+y)>'

This threshold parameter determines the potential for an outbreak: if R, < 1, the disease will die out; if R, > 1, the disease may
spread in the population.

Endemic equilibrium point

We denote the endemic equilibrium point of the system by

E* = (S 1, R AL SETF).
The components of the endemic equilibrium are given as follows:
(N (w+ y)m+ a,pz;) (m+ O)mN,

" a,p (aa;pO + N;Odm + N;dm?)

s
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—dm?> N, (w + y)(m + O)N; + ae;,p*O1;

I =
i (dm(m + O)N; + aa; O) p(w + y)a,
e -~ (AN + )0 + ON, - aw,,f?07,) y
i (dm(m + ©)N; + aq;$0) p(w + y)da,
A= 2
' m+0’
o = Ny(w + y) (@, 0 + N;0dm + N;dm?)

(Ny(w + yym + a,fz;) (m + O)a;

e —dN;N,(w+ y)m> — dN,N,0w + y)m® + aa;a,f*Or;
(Nu(w +y)m+ auﬂri) (m+ @)a;mp

U

The endemic equilibrium point E* = (Sf, 17, R}, AL S, l:) of the model exists and is biologically meaningful when the basic
reproduction number satisfies R, > 1. In this case, the components of the equilibrium can be expressed in terms of R, as follows:
(N (w+ y)m+ a,pr;) (m+ O)mN,

a,f (2a;p0 + N;@dm + Nydm?) ~

*

P =

dm*N,N;(m+ ©)(R2 — 1)
(dm(m + O)N, + aa;$O) fa,’

i

ym*N,N,(m+ ©)(R2 — 1)
(dm(m + O)N; + aa;0) pa,’

a
AF = ,
Y m+0
o N,(w+y) (aq; O + N;0dm + N;dm?)

(Ny(w + y)m+ a,pz;) (m + O)a;p
dN;N,(w + y)m(RE — 1)

(N (w+ y)m+ a,p7;) ap

v
Local asymptotic stability of the disease-free equilibrium

; - st 10 _ (g0 70 RO 40 GO 70 ; ; ; ;
Theorem 1. The disease-free equilibrium point EY = (S,. I RV, AD, S, IU) of the system (1) is locally asymptotically stable if the basic
reproduction number satisfies R, < 1, and unstable if R, > 1.

Proof. To analyze the local stability of the disease-free equilibrium E°, we linearize the system around this equilibrium point. The
Jacobian matrix evaluated at E° is given by:

—d 0 0 0 _%
dn,
0 —w—y 0 0 o Pum
dn,
0 y —d 0 0 0
E% =
TED=1 0 0 —©+m) 0 0
fa,Oa
0 -——= ) - 0
m@ + mN, "
pa,Oa
L 0 0o -
m© +mN, "

The eigenvalues of the Jacobian matrix are:
A=-m dy=—(O+m), I =—% (B—\/E),
A4=—%(B+\/E>, As=—d, g=—d,
where
B = N;N,dm(m+ w + y)(© + m),
C =d(©+mN,N, [ dN;N,m* —=2dN;N,(w +y = £’ + dN;N,(w + y)(w + y — 20)m?

+dN,N,Ow + y)* m + 4r,a0;0,0” | m.
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When the eigenvalues obtained are considered, it is clearly seen that all eigenvalues except 15 are located on the left half of the
complex plane. The sufficient condition for 45 to also lie on the left half plane (i.e., for the real part of A; to be negative) is:

B>-C>0.
Since
—C =4(m+ O (N;N,d)*m*(1 - RD),

it follows that the disease-free equilibrium E° is locally asymptotically stable if and only if R, < 1.
5. Existence and uniqueness

To ensure a unique solution, the system (1) can be expressed in the following manner without loss of generality
CDES, (1) = f1 (1.5, ).
DEL () = fo (1 1;().
CDFR; (1) = f3 (L. R, (1)),
CDfA, (1) = fu (1.4, 0).
DrS, (1) = f5 (.S, (1),
CD¥I, (1) = f (6.1,0).

Using the Riemann-Liouville fractional integral on the system mentioned above, we have

Si (0 =50 =ﬁ/f1 (.5, ) ¢ =" dg,
0
LO-150O =ﬁ/fz (t.1;0) ¢ =",

R, ()—R;(0)= T )/f3 LR (D) (=) de,

A, (1) = A, (0) =ﬁ / (6 A @) (- OF1
0
1
_ 1 _ k-1
5,0 5,0 =55 / f5 (1.8, ) ¢ — OF L de,
0

IU(I)—IU(0)=ﬁ/f6 (1.1, ) ¢ =" de. ()

0
With the help of the following theorem, it can be shown that the kernels f;, i = 1,2,3,4,5, 6 satisfy the Lipschitz condition with
contraction.

Theorem 2. The kernel f| meets the Lipschitz condition and contraction if the subsequent inequality is satisfied
0<k <1,

Pa;

where k| = N, 9t d.

Proof. Let S and S, be two functions, we have

”fl (.8;) = /i (I’Si,l)” = N

i

1,
<ﬂa ) (S (t) - [,1 (t)) —-d (S[ (t) - S/,1 (t))

ﬂa/IU

15 @) = Sy @] +d | (5,0~ 5, 0)]
< <& 1]+ d> (RG]

< (La6 +d> H(Si =S, (,))“'
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where ||S;|| < ay, |I]| € a2, |Ri|| < a3, ||AL|| € a4, ||S,|| < as, ||1,]| < a6 are bounded functions. Taking k; = a6 + d then, we find

I @sr= 1 (ns)| < kills 0= s, - ®)
As a result, we verify that the Lipschitz requirement is satisfied by f|, and since 0 < k; < 1, f| is assessed as a contraction.

It can also be shown that f;, where i = 2,3,4,5,6, provides the Lipschitz condition in the following way:
|72 (1) = £2 (10| < Ha |11 00 -
“fs (t.R;) = f5 (1. R,,)“ < ks ||R; (0 - Ry (t)||,
”f4 (r.4,) = f5 (1. A, 1)“ <k llA,0—-A,, 0],
|75 (1:80) = 73 (6500 | < ks S0 =8
|6 (1) = £ (. 10) | < ke |11, 0 = 1y @)

For the model (4), consider the following recursive forms:

hy, @) =S, ® =S u-1®= %K)/ [£1 (& Signety) = F1 (&0 Sinen))] (= o< tag
0

hyy ) =1;, @) = I; () (1) = - [fz (¢ Ii,(n—])) ) (Cali,(n_z))] (r— ¢y tde,

F(K)

h3,n (1): Ri,n (l)_ i(n—1) (t) T (x )/ [f3 t(n l)) f"é ( I(n 2))] (t_g)K_ldg’

hyy @ =A,, ") — Ay @)= ﬁ/ [fs (¢ Apuery) = f4 (gﬂAu,(n—Z))] (- 'ae,
0

hs, 1) =Sy, () = Sy -1y () = ﬁ'/ [£5 (¢, Spgae1)) = F5 (£ Sunen))] (2 = o tde,
0

hﬁ,n (t) = Iv,n (t) - Iv,(n—l) (t) = ﬁ/ [f6 ((;, IU,(n—l)) - f6 (g’ IU,(n—Z))] (t - K:)K_] dé/
0

where S, (1) = S5, (0), L,y (1) = 1;(0), R; o (1) = R; (0), A, (1) = 4, (0), S, (1) = S, (0), I, (t) = I(0). In the given system, we take the
norm of the first equation, and then

t
1 e
A1, Ol = “Si,n 0 =S -1y (t)” = m/ [£1 (& Sinmny) = f1 (2. Siumy)] 1 = OF 71 dC
0

t
< ﬁ/ H [£1 (& Sineny) = f1 (2. Siumy) ] 1 = O H ac.

Based on the Lipschitz condition (5), the foi)lowing conclusion can be drawn

”hl,n (’)” S mkl/ th,(n—l)(é’)” dg. 6)

Thus, we are able to conclude the following:

t

Va0l < ke [ [ @] .
0
t

s O < ks / 3 -1y @) .
0

t
|74, O < ﬁkét/“h{(n—])(g)u g,
0

t
s O < ks { s -y @) .
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t
s 01 < 1k [ o @] ac. @)
0

Then we have

Zh3,j ®,
=1

J

Sia@® =Y hy @0, I, =Y hy; (0, R, @)=
j=1 j=1

n n
A = Y hy (0, Sy, )= D hs; (), L, ()= Y he; (@)
j=1 j=1 j=1
To demonstrate that there is a solution to the given model (1), the following theorem is presented first.

Theorem 3. The fractional order model (1) has a solution if there exists t; so that

Lk <1
T (k)

Proof. Applying the recursive technique alongside Egs. (6) and (7), we arrive at the conclusion that

1 @ < (1510 O | =

Gokin
7 @ < |10 O] [ﬁ”@]"’
25, O < R, O] iﬁﬂ@ "
24, Of < (|4, O] [ﬁz/@‘ "
250 DI < || S0 O :ﬁ,ksin,

1 n
s O < 1w O | stk -

At that point, the system holds a solution and is continuous. The following investigation will illustrate how the aforementioned
functions offer a solution for model (1). It is assumed that

Si (=S8, 0)=8,0-1,0,

L= 1,0) = 1, (1) =1, (),
R()—R,(0) = R, ()~ 13,1,
Ay (t) = A, (0) = Ay, () =1y, (1)
S, ()= 8,0) =S, 0 —1s5,®.
I,0)=1,00) = 1, (1) =I5, ().

Thus

t
”il,n (I)H = ﬁ/ [f1 (C, S,’) - fi (C5Si,(n—l))] d¢
0

IA

t
s [ 71650 = 11 € Sinon) |t
0

1
< kIS = sl

Through the iterative application of the method, we find

e [ﬁt] wn

At t|, we obtain

When we apply a limit to the equation as n — oo, we get “71," (t)” — 0. Accordingly, it can be given ”7,-‘,, (I)H - 0(i=2,3,4,5,6).

1

n+l
—| kA
I (©) !

o] |

8
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In the next step, we are going to demonstrate that system (1) possesses a unique solution. Assuming the system holds a different
solutions, denoted as S; (f) and S;; (1), we derive the following

1
S-S5, 0= ﬁ / [£1 (€. 8)) = £1 (6.8,,)] de.
0

When we apply the norm to both sides of this equation, we get the following result:

t
I5i0= 5 01l = = [ 11 (605) = 1 (€.500) .
0

It follows from Lipschitz condition (5)
1
||S,- ®) = S;y (t)|| < mklt ||S,- ®) = S;y (t)|| .
Then

1
[15: ) = .1 @] (1 - mklt> <o. ®)

Theorem 4. The fractional dengue fever disease model (1) has a unique solution if the following condition holds:

1
— ——kt>0.
TS

Proof. Suppose that condition (8) holds
1
15,0 - S, 0] (1 - mk,t) <o.

Then ||S; (1) — S;; ®)|| = 0. So, we get S; (1) = S, ; (). Analogously, we can present the same equality for I;,R;, A, S,, I

v o
6. Numerical results and discussion

In this section, we will provide numerical simulations of the suggested fractional-order dengue model (1), which is based on the
Caputo derivative. The purpose of this study is to research the ways in which environmental elements, such as water temperature,
Chemical Oxygen Demand (COD), and Dissolved Oxygen (DO), have an effect on the transmission dynamics of dengue fever,
specifically through the impact that these parameters have on the aquatic development stage of mosquitoes.

We employ the predict-evaluate-correct—evaluate (PECE) approach of the Adams-Bashforth-Moulton method to numerically
solve the fractional differential equations, as outlined in [35,36]. This method is a well-established and widely used numerical
scheme for fractional-order systems, known for its accuracy and stability properties. Furthermore, the MATLAB codes implementing
this approach can be accessed from [37], facilitating its adaptation for various fractional differential equation applications.

The values of the parameters that were utilized in the simulations are presented in Table 1. The initial conditions for the
compartments are specified as follows:

S,(0)=30, I,0)=15 R,0)=5 A,0)=100, S,0)=50, I,(0)=20.

The model is simulated for various values of the fractional order x € (0, 1] to observe the influence of memory effects on disease
dynamics. Time series plots of the human and mosquito compartments are generated to illustrate the spread and progression of the
infection under different fractional orders.

The simulation results emphasize the significant role of aquatic environmental parameters in modulating mosquito population
dynamics, which ultimately shape the trajectory of dengue transmission. These findings may guide more effective vector control
strategies and contribute to public health decision-making.

Figs. 1 and 2 illustrate the impact of varying the fractional-order parameter x on both human and vector subpopulations. It can
be seen in Fig. 1 that as the fractional derivative order x decreases for the human compartments S;(¢), I;(t), and R;(¢), the behavior of
the system’s solution trajectories also tends to slow down. This can be explained by the fact that smaller fractional orders strengthen
the memory effect. That is, the system’s current state becomes more strongly dependent on its past states. Consequently, transitions
between compartments are delayed, reflecting the cumulative effect of past environmental and epidemiological conditions on disease
progression. Specifically, the number of susceptible individuals S;(¢) increases more gradually, while the infected population I;(r)
decreases more slowly over time, indicating a delayed recovery process. Correspondingly, the recovered population R;(r) grows at
a slower rate for lower fractional orders, reflecting the memory effect inherent in fractional-order derivatives.

In Fig. 2, which presents the dynamics of the vector compartments A, (1), S,(r), and I,(r), similar effects are observed. A lower
fractional order leads to a slower decline in the aquatic mosquito population A,(r) and a more gradual increase in susceptible vectors
S, (1. The infected vector population I,(r) also declines more slowly with decreasing «, implying that the spread of the disease in
the vector population is more persistent when memory effects are stronger.
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Fig. 1. Solution trajectory of (a) S;(), (b) I,(r), and (c) R,(r) for fractional orders x = 1.0, x = 0.9, and x = 0.7.

Figs. 3 illustrate the effects of organic pollution (COD) level on the aquatic mosquito population A,(r) and the susceptible adult
vector population S, (7), with the fractional-order parameter fixed at ¥ = 0.9. Increasing values of ,, representing higher COD levels,
result in a sharper decline in A,(r) and a slower growth of S, (¢), indicating that polluted environments hinder larval development
and reduce the emergence of adult vectors. Chemical oxygen demand (COD) and dissolved oxygen (DO) are defined in the model
with a similar structure, which results in very similar results when these two parameters are applied to the system. The preliminary
analysis revealed that the impact of these environmental variables on the model dynamics is nearly identical. Consequently, it was
unnecessary to evaluate both parameters separately in the simulations.

Fig. 4 explores the influence of temperature, represented by the parameter 65, on the aquatic mosquito population A,(f) and
the susceptible adult vector population .S, (¢). As the temperature increases (i.e., as 65 increases), the simulations show that A, (1)
rises while S, (1) decreases. This inverse relationship suggests that elevated temperatures may accelerate aquatic development but
potentially hinder the transition to or survival of susceptible adult vectors.

7. Concluding remarks

This paper introduces a novel fractional-order model that examines the influence of key environmental parameters of great
importance during the growth phase of the mosquito population in water, such as water temperature, chemical oxygen demand
(COD), and dissolved oxygen (DO), to study the infectivity characteristics of dengue fever disease. The model utilizes the Caputo
fractional derivative to effectively emphasize the memory effect in biological systems. Analytical and numerical findings highlight
the influence of environmental variables on mosquito population dynamics and disease transmission. These findings indicate that
incorporating ecological factors into disease models can help us better understand how diseases spread and lead to better ways to
control the insects that carry them.
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Fig. 2. Solution trajectory of (a) A,(t), (b) S,(r), and (c) I,() for fractional orders x = 1.0, k = 0.9, and x = 0.7.

400 T T T T T T T T T
0,=0.1
8s0r 0,=0.3 1
6,=05
3001 |07 ]
250 1
C>
(%)
200 - il
150 - 1
100 - 1
75 . . . . . . . . . 50 . . . . . . . . .
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
Time Time
@ (@ (b) (b)
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Data availability

No data was used for the research described in the article.
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