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Abstract

We develop and analyze a robust Arrow—Hurwicz (AH) iterative method for the
numerical solution of steady Boussinesq flows with nonhomogeneous partitioned
Dirichlet boundary conditions. Although a direct AH formulation may be applied to
the momentum equation alone, we demonstrate that incorporating an AH-type up-
date for the temperature equation is crucial for stability and convergence in buoyan-
cy-driven systems, particularly at high Rayleigh numbers. The resulting Improved
Arrow—Hurwicz (IAH) scheme avoids solving saddle-point systems at each itera-
tion and yields a fully decoupled algorithm with low computational cost per step.
We establish existence, uniqueness, uniform boundedness, and convergence under
standard small-data assumptions, and provide corresponding error estimates for the
finite element discretization. Extensive two- and three-dimensional numerical ex-
periments verify the theoretical findings, demonstrate significant acceleration over
the alternative AH scheme and the Penalty—Picard iteration, and confirm robust con-
vergence in high—Rayleigh number regimes. The proposed method offers a scalable
and efficient solver for steady natural convection and provides a promising alterna-
tive to continuation-based approaches traditionally used for high—Rayleigh flows.

Keywords Arrow—Hurwicz method - High Rayleigh number - Penalty—Picard
iteration - Boussinesq flow - Differentially heated cavity

1 Introduction

The goal ofthis study is to extend the novel approximation framework introduced in [33]
to the steady-state Boussinesq equations with non-homogeneous, partitioned Dirich-
let boundary conditions. We consider the system over a domain Q C RY, d € {2, 3},
with boundary decomposition 9Q = I'p UT'y, where I'p N T'y = (), described by
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(u-V)T — AT =01in Q,
T:TD OIIFD,
VT -n=0onTIy,

—PrAu+ (u-V)u+ Vp=PrRal g in Q, (-0
V-u=0in ,
u = 0 in 99,

where (u,p,T) denote the velocity, pressure, and temperature fields, respectively.
The outward unit normal vector to €2 is denoted by n, and g represents the unit
gravitational direction. The Prandtl and Rayleigh numbers are denoted by Pr and
Ra, respectively. Finally, T, € H'/?(T'p) denotes the prescribed temperature on the
Dirichlet portion of the boundary I'p.

The need to solve (1.1) arises in a wide range of scientific and engineering applica-
tions, including general atmospheric circulation [24], oceanic flows [21], heat pipes
and heat exchangers [4], thermal energy storage systems, chemical reactors, and
industrial cooling processes. Given the central role of these models in such applica-
tions, the development of accurate and efficient numerical techniques for approxi-
mating the resulting coupled partial differential equations remains of fundamental
importance.

There has been significant interest in the development and analysis of efficient
numerical methods for the Boussinesq equations, with notable contributions from var-
ious researchers [9, 13, 14, 22, 28, 32, 34]. In particular, the Boussinesq system (1.1)
is frequently employed to model high—Rayleigh number natural convection problems
[31], where continuation strategies are often required to ensure convergence.

One of the earliest finite element studies of (1.1) was carried out by Boland and
Layton [3]. More recent advances include the mixed finite element formulations in
[7,27]. In [27], the authors proposed a mixed finite element method featuring exactly
divergence-free velocities for a generalized Boussinesq system. Neilan et al. [7]
introduced two mixed formulations incorporating the velocity gradient and Bernoulli
stress tensor as auxiliary variables, establishing well-posedness and optimal error
estimates for the corresponding finite element approximations.

Another prominent strategy for solving such saddle-point problems is the clas-
sical Arrow—Hurwicz (AH) iterative method [1]. One of the earliest applications in
computational fluid dynamics appears in [35], where a Galerkin finite element for-
mulation of the steady-state Navier—Stokes equations was studied. Interest in the
AH method has recently been renewed following the work of [5], which established
contractivity under suitable assumptions on the data and model parameters. Since
then, a growing body of literature has explored AH-based solvers for the stationary
Navier—Stokes equations. For example, the incorporation of grad-div stabilization
and Anderson acceleration has been shown to enhance convergence [10]. Nonethe-
less, as demonstrated in [12], the classical AH method may fail to converge for cer-
tain parameter regimes when applied to general saddle-point systems. Motivated by
the success of [5], AH-type approaches have also been developed for stationary mag-
netohydrodynamics (MHD) [37] and thermally coupled MHD systems [15].

A recent advancement in this direction is the improved Arrow—Hurwicz (AH)
method introduced in [33], derived from a first-order time discretization of an artifi-
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cial compressibility formulation for the steady-state Navier—Stokes equations. This
approach has also been successfully extended to the steady-state Smagorinsky model
in [16]. As demonstrated in [33], the improved AH method maintains stronger theo-
retical foundations than the classical formulation of [5] and significantly accelerates
convergence to the steady state.

Motivated by the work of [33], we propose an Improved Arrow—Hurwicz (IAH)
method for the steady-state Boussinesq system (1.1). A direct Arrow—Hurwicz (AH)
formulation could, in principle, be applied solely to the momentum equation, lead-
ing to the alternative scheme summarized in Algorithm 4.1. However, although this
approach is consistent with the classical AH framework, we find that incorporating
an AH-type update for the temperature terms in the energy equation (2.5) is essential.
In particular, this modification is necessary to ensure enhanced computational effi-
ciency and robust convergence, especially at high Rayleigh numbers. We therefore
refer to Algorithm 4.1 as the alternative Arrow—Hurwicz (AAH) method, while Algo-
rithm 3.1 defines the proposed Improved Arrow—Hurwicz (IAH) variant. We pro-
vide a complete numerical analysis of the IAH method under reasonable small-data
conditions for (1.1), and present extensive computational experiments demonstrat-
ing its accuracy, efficiency, and superior convergence properties—even in parameter
regimes where the AAH method fails.

The main contributions of this work are

e Extension of the improved Arrow—Hurwicz framework to the steady-state Bouss-
inesq equations with nonhomogeneous temperature boundary conditions.

e Design of an AH-type update for the energy equation, which is shown to be es-
sential for robust convergence, particularly at high Rayleigh numbers.

e Rigorous mathematical analysis, establishing existence, uniqueness, uniform
boundedness, and error estimates under standard small-data conditions.

e Extensive two- and three-dimensional numerical experiments demonstrating ac-
curacy, robustness, and superior convergence relative to both the alternative AH
scheme and the classical Penalty—Picard Iteration (PPI).

The structure of the paper is as follows. Section 2 introduces the notation and pres-
ents preliminary results, including the a priori estimates of both the continuous prob-
lem and its finite element discretization. Section 3 is devoted to the analysis of the
proposed IAH scheme, where we establish the uniform boundedness and uniqueness
of the finite element solutions and derive corresponding error estimates. Numerical
experiments in two and three dimensions are reported in Sect. 4, and concluding
remarks are given in Sect. 5.

2 Preliminaries

The standard notations will be used for Lebesgue and Sobolev spaces. The L? norm
and inner product are denoted by || - || and (-,-). As usual, the velocity and pres-

sure spaces are denoted by X = (H; (Q))d and Q = L3(12), and the divergence-free
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space and the temperature space are denoted by V and W := H (), respectively.
We note that the spaces X and W are equipped with the norms ||v||x = ||Vv|| and
|S||lw = ||[VS||, respectively. In addition, we let H'/?(T'p) be the trace space
obtained as the image of H'(£2) on the boundary value of T'p.

Forallu,v,w € X, and T, S € W, define two usual trilinear forms

1
b (uw,T,S) :=(u-V)T,S)+ §(V cu, ST), (2.1)
1
ba(u,v,w) :=((uw-V)v,w) + §(V-u,v-w), (2.2)
satisfying the bounds
bi(u, T, S) < My|[Vull[[[VT|[|VS], (2.3)
ba(w, v, w) < Ma||Vull[Vy[[[[Vw], (24)

where M; = M;(Q), Ma = M3(Q) are positive constants. The proofs of the
inequalities (2.3)-(2.4) can be found in [11].

It is observed that for all w,v,w € X, and T, S € W, the trilinear forms (2.1) and
(2.2) satisfy

bi(u,T,8) = —by (w0, S,T),  bo(w,v,w) = —bo(u,w,v), bi(w,S,8) =0, bo(u,v,v)=0.
We frequently use the Poincaré inequality for all v € X
vl < Gy IVvll,
where C), = Cp,(Q).
2.1 Reformulation of the problem

We first decompose the temperature as 7' = 6 + T, where T = EsTp, € H' (Q)isan
extension of the Dirichlet data Tp described in Lemma 2.1 below; then by using new
variable =T — T € W, (1.1) is transformed into

(w-V)O+T)—AB+T)=0in €,
0 =0onTIp,

V(O+T) n=0onTy,

~ (2.5)
—PrAu+ (u-V)u+Vp=PrRa(0+T)gin ,
V-u=0in Q,
u = 0 on 0N.
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The weak formulation of the resulting system of equations (2.5) is then given by:
Find (u,p,0) € (X, Q, W) satisfying

(VO,VS) + by (u,0,8) = —by (u, T, S) — (VT,VS), (2.6)
Pr(Vu, Vv) + bo(u, u,v) = (p, V - v) + PrRad(0,v) + PrRad(T,v),  (2.7)

(V-u,q) =0, 2.8

forall (v, ¢, 5) € (X, Q, W), where d(T, v) := (Tg, v).
2.2 Existence and uniqueness results

We now state some important results concerning the existence and uniqueness of
(2.6)-(2.8). Firstly, we recall that for every Tp € HY/?(T'p), the equations (2.6)-
(2.8) have a solution, e.g., see [18, 26].

Next, we recall a Lemma about lifting of the boundary data T, adapted from [7,
Lemma 3.2].

Lemma2.1 Let 2 C R, d = 2, 3, be a bounded domain with Lipschitz continuous
boundary. Then¥/§ > 0 there exists an extension operator Es : H'/?(I'p) — H* (1)
such that

|EsTplls < CO||Tpll1j2.0,and||VESTD|| < C6~*|To|l1/2,0p-

Next, we derive a priori bounds for the solution of (2.5):

Lemma 2.2 Assume (u, 0) is a solution of (2.6)-(2.8). Then there exist C; > 0 and
Cy > 0 such that the following inequalities hold:

IVull < C1Ra°||Tp |7 5 1, = Cu, (2.9)

V8] < CoRa* | Tolf3 o, =: Co. (2.10)

Proof Choose S = 6 in (2.6), then by Lemma 2.1 and Sobolev embedding theorems,
Vé > 0 we have that

—by(u,T,0) = by (u,6,T)
< Jlulle| VO T]|s (2.11)
< C36||[Vull[[VOI Toli/2,rp -

Then using (2.11), b1 (u, 8, 8) = 0 and the Cauchy-Schwarz inequality we obtain
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IVOll < Cs (8 Vull + =) [ Tpll1/2.0p-
Next setting v = u, ¢ = p in (2.7) and (2.8) yields
IVul < CsRa (VO] + 6~ Tplh/2rs) »
for some appropriate C's > 0. Combining (2.12) and (2.13) produces
(1= CeRad||Tpllj2r,) [Vull < CeRad*|Tp |1 2.0,

Finally, choosing

1

6 =
2CsRa||Tp || 1/2,0p

completes the proof.
Theorem 2.1 (Uniqueness) Let
A :=Pr — PrRaC}M,Cr — M5C, > 0.

Then (u, p, 0) is the unique solution of (2.6)-(2.8).

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

Proof Assume (u;,6;) € (V,W), i = 1,2, are two solutions of (2.6) and (2.7). Set-

ting €,, = w1 — u9 and €9 = 0 — O, subtracting them results in

(VE97VS) + b1(€u7911 S) + bl(u27€97s) = _b1(€u7T7 S)7

Pr(Vew, Vv) + ba(€w, w1, V) + ba(uz, €4, v) = PrRad(gg, v).

(2.17)

(2.18)

Letting (v, S) = (&, €p) in (2.17)-(2.18), and applying the skew-symmetry of non-

linear terms produces
||v‘€9H2 = _b1(€u7 91 + Tv? 89)7
Pr||Veu||? = PrRad(gg, €4) — ba(Ew, U1, ).
Using (2.3)-(2.4), and Lemma 2.2, we get

IVeoll < MiCr||Veu| =
Pr||Vey||® < PrRaCIM,Cr||Vey|? + MaCy||Veu |,

where Cr = CoRa'|[Tpl[} 5 1, and Cy = C1Ra%(|Tp 3 5, - Thanks to (2.16),
we have that €, = 0 and €9 = 0. The uniqueness of p then is obtained from the inf-

sup condition.
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Remark 2.1 Assumptions like the "small data condition” (2.16) will come up often in
the study of steady problems. Computing the exact value of Ais extremely technical
and beyond practical. However, in this case, it can be interpreted as imposing a small
value of Ra. That is because often Pr = O(1), and Lemma 2.2 implies that upbound-

ing constants C,, Cy, etc., are all ~ (’)(Rak)7 k> 0.

2.3 Finite element formulation

Let 7;, be a regular triangulation of the domain €2 with maximum diameter length .
We will assume that for an element K, if K NT'p # 0, then K N T = (. Assume
that X;,, @5, and W}, are the finite element subspaces of X, @) and W, respectively.
The discretely divergence-free space is denoted by V,. Also, suppose that (X, Q)
satisfy usual inf-sup condition:

V-
inf sup (Qh7 Vh)

> 8= B(Q) > 0. 2.19
b P T ©) @19

Next, we define the finite element approximation of the Dirichlet data Tp following
[7]. To this end, let

SZy : HY(Q) — W),

be the Scott-Zhang interpolating operator [30]. Recalling the E57Tp extension opera-
tor from Lemma 2.1, we define the finite element approximation of Dirichlet data as

Th = SZh(E(;TD) and TD,h = fh . (220)
D

Then Galerkin finite element approximation of equation (2.6)-(2.8) takes the fol-
lowing form: for all (vh, gn, Sn) € (Xn, Qn, Wh), find (wn, pn, 01) € (Xn, Qn, Wh)
satisfying
(VOn, VSh) + by (wn, 0n, Sp) = —b1 (un, Tn, S) — (VIh, VSh), (2.21)
Pr(Vuyp, Vi) + ba(up, up, vi) = (pr, V - vi) + PrRad(0p, vy) + PrRa d(fh7 vy), (2.22)
(V- un, qn) = 0. (2.23)
Properties of discrete extension Ty, are given in [7, Lemma 4.3]:
Lemma 2.3 Forany § > 0, there exists hs > 0 such that, for h < hg there holds
ITulls < COITol1j2.0pand||VTh|| < C6~ | Tpl1j2.rp- (2.24)

Assuming that § = O(Ra™!), the last Lemma requires that the diameter of mesh
hto be taken as h = O(Ra_30/(6_d)) [7, Lemma 4.3], where d is a space dimension.
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Recalling the quasi-locality of the Scott-Zhang interpolant, the above assumption can
berelaxedto hp = O(Ra_30/ (6-d) ), where hp is the diameter of the elements either
adjacent to I'p or within a small distance of I'p.

Remark 2.2 The mesh size condition hp = O (Réf%) is standard in the theoreti-

cal analysis of such systems, see also [9]. In practice, however, our computations
exhibit little sensitivity to this assumption,; see Sect. 4.

Lemma 2.4 Assume (wy,, pp, 1) is a solution of (2.21)-(2.23) and hp = O(Ra™1).
Then there exist constants Cy, > 0, Cp, > 0, Cg > 0 and Cr > 0 such that the fol-
lowing inequalities hold:

IVun|| < Cu, |pall < Cp, |VO]| < Co,and||6h, + Ti|| < Cr.  (2.25)

Proof The proof closely follows the arguments of Lemma 2.2. O

Remark 2.3 The existence result for the discrete problem (2.21)-(2.23) is established
using the same arguments as in the continuous case presented in [7, Theorem 4.7].

Furthermore, we have the uniqueness result:
Theorem 2.2 (Uniqueness) Let
A :=Pr— PrRaC;M;Cr — M5C,, > 0. (2.26)

Then (wp, pp, 1) is the unique solution of (2.21)-(2.23).

Proof Suppose (w;n,8;n) € (Vi, Wy), i = 1,2, are the two distinct solutions of
(2.21)-(2.23). Letting €4, 5, = U1, — U2, and gg,, = 01, — 02 p,, subtracting them
yields

(Veon, VSu) + bi(win, 014, Sh) — bi(wap, 02,1, Sn) = —bi(€wns Th, Sn),  (2.27)
Pr(Vewn, Vi) + ba(wr,n, w1,n, Vi) — bo(Uon, o n, vi) = PrRad(egn, vi). (2.28)

Choosing v, = €4, and Sy, = €45, above, and using the skew-symmetry properties,
one has

[Veonll? = —b1(€wns 01 + Thrcon), (2.29)

PI‘||V€u,h||2 = PrRad(597h,€u7h) — bg(&?u,h, u17h,€u7h). (2.30)

Then (2.29) immediately yields
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[Veonll < MiCp||[Vewn. (2.31)
Utilizing (2.31) in (2.30) gives
Pr||Veys|® < PrRaC2 M Cr||Vey il + M2Cul|Vew . (2.32)
In light of (2.26), the inequality (2.32) is equivalent to
A||[Veun|? <0, (2.33)

which implies that €,, 5, = 0. Then (2.31) gives €45, = 0, and by the inf-sup condi-
tion, we also get the uniqueness of py,. O

3 Improved AH method

This section presents the proposed improved AH method Algorithm 3.1 and proofs of
uniform boundedness and convergence results.

Algorithm 3.1. Improved Arrow-Hurwicz Method (IAH): Let p,, pr, and « be positive parameters, and
initialize (u9,pl,69) = (0,0,0). Forn > 0, find (u}"l"*'l,p;’“.ﬁs*'l) € (Xpn,Qn, W) such that, for all
(Vhs qny Sn) € (Xn, Qn, Wa),
1 ) ) - ~
p—<v<a;:“ —07),VSh) + bi(uy, 051, Sy) + (VO T, VSy) = —bi(u, Ty, Su) — (VI, VSh),  (3.1)
T
1

;(V(“;f,ﬂ —up), Vvp) + Pr(Vup ™, Vvy) + ba(ap, up ™, vy) — (o, Ve va) + %(V‘ uptVevy)

= PrRad(67+,vy) + PrRad(Th, va),
(3.2)
a(pptt =iy an) + pu(V-up ™ ) = 0. (3:3)

Remark 3.1 A zero initial guess is adopted for simplicity; however, any initialization
satisfying V- uf = 0 may be used.

First, we establish the well-posedness of the Algorithm 3.1.

Theorem 3.1 (Existence and Uniqueness) For any pr > 0, p, > 0, a > 0, the
Algorithm 3.1 has a unique solution.

Proof Since (3.1)-(3.3) is a finite-dimensional, linear system of equations, it suffices
to show the uniqueness of the solution. To this end, we proceed by induction. Assum-

n+1

ing that 3! (ul, p}, 0%), we shall demonstrate the uniqueness of (w) ™, pp+t, o7+ h).

Suppose that (w}; !, pi' i, 075 ), i = 1,2, solve (3.1)«(3.3). Denoting their dif-
ferences as
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n+1 n+1 n+1 n+1 . n+1 n+1 n+1 n+1 n+1
€, =0] 9211’ = Uy _u2h’6 =Pip —Pans

we obtain the following system for them:

p (Ve"'H VSp) + by (uf, ef 1, Sp) + (Ve ™, vS,) =0, (3.1)
T

o (Ve;§+1 Vi) + Pr(Vep ™, Vvy) + bo(ul, ef ™, vy,) + ”“(V ey ™,V vy) = PrRad(e ™, vs),  (3.2)

a(p qn) + pu(V - e ) = 0. (3.3)

Now let Sj, = ”H in (3.4), to see that 6"“ = 0. Then picking v, = eZ“ in (3.5)
implies that e"+1 = 0, and choosing g5, = 6} in (3.6) yields that 5} "' =0. O

Next, we state two preliminary lemmas about non-negative sequences that will be
used in the sequel, inspired from [8].

Lemma 3.1 (Sequences converging to 0) If {an}5> ;, {bn}52 ;, {cn}S2 , are non-
negative sequences of real numbers and w;, €;, i = 1,2, such that 0 < g; < w;
and

W1an41 + Wabny1 + 1 < (w1 —€1) ap + (w2 — €2) by, + Cp.
Then 3 C > 0 such that

lim (am bn, Cn) = (0, 0, C)

n—o0

Proof Let ¢, := wia, + wab, + ¢, and ¥, = (w1 —€1) ap, + (wa — €2) by + ¢
Then

¢n+1 < ¢n+1 <p < ¢p = nhﬁnéo On = nhango Y =C > 0.

and

On — Vp = €10y + €3b, =— lim a, = lim b, =0 and lim ¢, =C.
n—oo n—oo n—oo

Lemma 3.2 (Contractivity of sequences converging to ()

IF{an}Se {0} ;1 {cn}So ; are non-negative sequences of real numbers and
Jwi i=1,8,¢e;i=1,2, suchthat 0 <e; <w; i1=1,2,
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W1ln41 + Wabpt1 + wicnt1 < (w1 — €1) an + (w2 — €2) by + wscy (3.4
and
Cn < Qlpy1 + Pag + Ybny1 forsomepositivea, 3, 7. (3.5)

Then there exists a sequence, which is a linear combination of ay,, by, ¢, that is
contracting towards 0.

Proof For any £ > 0, combine (3.7) and (3.8) to get

(w1 — a&)ant1 + (w2 — YE)bpy1 + wscni1

3.6
< (-1t B an+ (w2 — ) bu+ (s — e OO
For now, we require that
¢ < min {wl, w2,w3} .
a’
Next, we additionally assume that
Wy — € w3 —

2 _wsm8 F(8) = €% — € (wa + yws) + wsea > 0. (3.7)

wo — € w3
Note that, since 2 < ws, the discriminant of f(£) = 0 is non-negative:
D = (WQ + ’)/CU3)2 — 4"}/00362 = w% —+ 2’7&)2&13 + ’)/2(.0% — 4’)/(.«)362 Z ((JJQ — ’)/W3)2.

Thus, f(£) = 0 has two positive roots 0 < &1 < ¢,. Therefore, choosing ¢ such that
5 < min {wla wzawi’ngl}
a’y
implies that (3.10) holds and

(wl - OZE)CLTH-l + (WQ - Vg)bn-‘rl + W3Cp+1 (38)

w3 —

< (w11 4 B) an + 8 [(wa — 78) b + wiea] (3.9)

Finally, assume that for some £ > 0 small enough there holds

wy —e1+ B¢ <w3—f

Wi — af s = (&) == a&? — £(wr + aws + Pws) +wzer > 0. (3.10)

Just like above, the discriminant of the equation g(£) = 0 is non-negative:
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D = (w; + (a4 B)ws)? — dawser > (w1 — (o + Bws)”.

Now denote the two roots of g(§) = 0as 0 < & < 52 Then choosing £ such that
g < min {Mv wzaw&glvéé}
a

ensures that

(wl - O‘E)an-‘rl + (WQ - 7§)bn+1 + w3Cnt1 (311)
< w?’wf < (w1 — a)an + (w2 — YE)bn + waey] - (3.12)
3

Then ¢, := (w1 — af)ay, + (wes — ¥€)b,, + wsc, is a contracting sequence with a

w3_§<1. O
ws

contraction factor k :=

Theorem 3.2 (Uniform boundedness) Assume that (wp, pr,0n) € (Xp, Qn, W) is
a solution of (2.21)-(2.23) and {u}, p}, 07} is the function sequence generated by
(3.1)-(3.3). If

Pr? Ra?C? 202 2A
Ay i =Pr— MyC, — P M Cr > Oandp, < 721,
2 2 MG (3.13)
My2C? 2A, '
andA2 = A1 — Pu 9 > Oande < m,

. . H'
then {u}, pit, 07} is uniformly bounded and u}} — wy, as n — oo.
Moreover, if

- M,2C3 2,
Ay :=Pr— . — Pr’Ra?C? — L dpy < —5—
1 r— MyC r“Ra C’p 5 > Oandp, < ./\/12203’
M2 . (3.14)
NN 2 Ly 2
G,TLdAQ = A1 — Pu 9 > Oande < m,

H! L? H'
then u;, — wp, p;, — prand T} — Trasn — oo.

Proof Subtracting (3.1)-(3.3) from (2.21)-(2.23) we get the error equation:
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1
;TW(#“ — 1), VSu) + bi(el, 0n, Sn)
+ b1 (uy, €t Sh) + (Ve v S,) (3.15)

- _bl (eZ7 fha Sh)v

1 )
—(Vept! — Ve, Vvy) + Pr(Vet, Vvy) + ba(el!, up, vi)

p'U/
+ *(V etV vy)  Abo(up, et )(316)
—(0p,V -vi) = PrRad(e "“,vl),
a(6 ™ =63, qn) + pu(V - i an) = 0, (3.17)
where ep =0, — 03, ey = up — Uy and 6} =pn —p. Choosing

Sp = eyt vy, = e} and gy, = 07 in(3.16)-(3.18)andusingbo (ull, e} 1, e 1) = 0
and by (uy, ef ™, e t) = 0, we have that

1 n n n n n n
sy IV = IV + I = ) I”) + 1960 = ~baleh 00+ T ™), (3.18)

i n+12 _ 2 n+1 ny||2 n+1)12 _ sn+l n+1
3, (IVE 17 = IV + V(™ = o)) + PrllVe ™7 = (4, V- ) 5.19)
= —by (e}, up,ep ™) + PrRad(ept!, ef ),

& n n n n n n
ﬁ(ll%ﬂll2 = ORI = 165" = 0R11*) + (V- e, 6) = 0. (3.20)

Choosing g5, = 6;""" — &7 in (3.18) also implies that
n Pu
1857 = dnll < SV e . (3.21)

Combining (3.19)-(3.22), and dropping some nonnegative terms produces

5 (V2 = IV + 96 = b)) + Pel VeI + 22 15+ = 1671)
o (I = VR + 96 = )P + 196 (322)
< |ba(elt, un, e )| + by (e}, 0y, + T, e + PrRad(ept ep ™).

The right-hand side of the equation (3.23) can be bounded by (2.3), (2.4), (2.25)
along with the Young’s inequality:

[b2(eh, un, e )| SMaCul|Vep [ Ve |

(3.23)
<MCy ([[V (e =)l + IVep ) [Ver |
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1 n 7 puM n
<o 9 = e+ (Mot + 228 o,

~ 3.24
by (e 6+ Tooo )] <MLCr Ve [V (3:24)

MO (IV(e ™ = )l + [IVerll) [ Veq |

n n PT + 1 n
<7HV(F )P+ = —M2CE|Ver | + *I\Vehl\zy
PrRad(e;, el ) <PrRaC2HVe"“HIIVe”“H (3.25)
Pr? Ra?C?
§§||V€Z+1H2 %HV ep 2.

Substituting (3.24)-(3.26) into (3.23), using the definition of Ay in (3.14), and drop-
ping the non-negative terms gives

(a0
2pu

M*C2] | M\*C3 a 1+ pp!
A= G 20O o "+1||2+—2p AR |
u

(3.26)

1 1+pT 1+p71
< (0 + LEEE MR ) 196G + 5 gl + 2 v,
2pu Pu 2

By assumption on p,, and pr, we recall that

22
C
Ay = Ay prLQZ u S,

which allows us to define

22
cz
A=Ay — PTM12 > 0. (3.27)

We note that A3 is postive thanks to (3.14). Then the inequality (3.27) gives

1 + , T+t o,
(g + Aot 2520 A02CH ) IV 4 5 4 2L 7

(3.28)

1 1+ 1+ ppt
< (—2p A ) VR + o+ L e
.

Now invoking the induction argument with triangle inequality implies the uniform
boundedness of the solution:

IVup|| < Ku, VO] < Ko, [VT}|| < Kp and |[py]| < K. (329)

Moreover, Lemma 3.1 implies that lim ||Ve}| = 0, where we take
n—oo
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an = |Vep|*, b, =0, ¢ = %H%HQ + =5 Verl?,
1 14+ pr
w1 = % +A3 + B M22C/12—" Wo = 1,

To show the convergence of other errors, we need to assume that (3.15) holds. Then
the buoyancy term error can be bounded as

PrRad(e} ™, ef ™) < ||Ve”+1||2+Pr Ra’Cy || Ve T2, (3.30)

instead of (3.26). Setting

Mo2C2

T, (3.31)

A3 *A2*PT

(3.29) is replaced by

1~ 1+ a 1.5+ pt
(2 + A5+ pTMch) ||Ve”+1\|2+§||52+1\\2+TPTHVGZHHQ (3.32)

1 1+ 1+p n
< (g0 + 52 M2CE) IVGRIE + IR+ LT TGP, (339

which implies that ILm (IVerll, IVer ) = (0,0), where we choose

«
an = [[Vep|[?, by = | Ver|?, e = 3, 157117,
Pu
1~ +pT ) 1547t
=—+A C? = —
w1 2pu + 3 M2 T, W 2 )

~ 1
g1 = Ag, Eg = 1
in Lemma 3.1.

The convergence of ||07|| to zero as n — oo follows from applying the inf-sup
condition in (3.17). O
Theorem 3.3 (Contractivity) Let (e}, 7', €) be as in the Theorem 3.2. Ifﬁz >0
and py, pr are small enough as in (3.15), then there exists w; > 0, j = 1,3, and

€ (0, 1) such that

U = wi|[VeR||* + wa |57 [|* + ws || Ver|? (3.34)

is a contractive sequence, i.e., it satisfies
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Y1 < Ky, (3.35)
Proof Let
an = [Ver|?, bn = [Verl?, en = 16717,
wy = % + R+ T M03, = 15%@1 =g (336)

g1 = Kg, g = 0.25.

Then (3.33) is equivalent to (3.7). Moreover, by applying the inf-sup condition in
(3.17), we obtain that

1 y , 1
10811 < | o+ Pro+ MoK + Cp%] Ives ™ + [; + M2Cu} IVeq | + PrRaC|[ Ve ™, (3.37)
which is equivalent to (3.8). The proof then directly follows from Lemma 3.2. O

4 Numerical experiments

This section presents numerical experiments designed to test the proposed schemes
and validate the theoretical findings. The first example is a standard convergence test
using a manufactured exact solution. The second experiment considers a well-known
benchmark problem: steady natural convection in a square and cubic cavity for the
2D and 3D cases, respectively [25, 36].

The spatial discretization employs Q2—Q1-Q2 elements for the velocity, pressure,
and temperature, respectively. All computations are carried out using deal.II, a
general-purpose, object-oriented finite element library [2]. For reproducibility pur-
poses, the source code for the experiments below is available at https://github.com/
maggul-research/IAH.

For comparison, we also consider two alternative approaches: (i) an alternative
AH method (Algorithm 4.1) and (ii) the classical Penalty—Picard Iteration (Algo-
rithm 4.2). The former can be viewed as a variation of Algorithm 3.1 in which the pr
terms are omitted, while the latter represents the standard technique widely used for
such simulations [6, 29].
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Algorithm 4.1. Alternative Arrow-Hurwicz Method (AAH): Let p, and « be positive parameters, and
initialize (u9,pl,09) = (0,0,0). Forn > 0, find (u,"l”*'l,pZHﬁZ’H) € (Xpn,Qn, W) such that, for all
(Vi qn, Sn) € (Xn, Qn, Wh),

bi(up, 00 Sy) + (VO VS,) = —bi(ull, Th, Su) — (VT, VSh),  (4.1)

Pu

;(V(uz*‘ —up), Vva) + Pr(Vup 't Vvy) + bo(uf, up ™ vy) — (o7, V- va) + - v up L Vevy)
= PrRad(07%!,v),) + PrRad(Th, vi),
(4.2)
alpp™ =ity an) + pu(V-up T ) = 0. (4.3)

Algorithm 4.2. Penalty-Picard Iteration (PPI): Let B > 0 and initialize (19, p,0%) = (0,0,0). For
n >0, find (up™, pptt 077 € (Xn, Qu, Wi) such that, for all (Vi,qn, Sn) € (Xn, Qn, Wa),

bu(ugl, 07, Sp) + (VO VSk) = —by(ull, Th, Sn) — (VTh, VSh), (4.4)
Pr(Vu™, Vi) + ba(up, uptt vi) — (pf, Veva) + B(V- w ™, Vv
= PrRad(07%!,v),) + PrRad(Th, v), (4.5)
1 T 7 n
E(p,;“ —phan) + (V-uptt qn) = 0. (4.6)

4.1 Convergence test

In this subsection, we present the convergence rate results. To begin, we consider the
following two-dimensional manufactured (exact) solution to the continuous problem
defined on the domain 2 = [0, 1] x [0, 1]:

3 3 3
u:<%) T=prn 2% —aly),  p=6Pray— 2aly® (47)

This manufactured solution is selected such that the velocity field is solely influenced
by the temperature, which is driven by an external force. Boundary conditions are
strongly enforced to coincide with the exact solution on all boundaries.

The parameter values used in this test are Pr = 1, Ra = 1000, p,, = 100, pr = 10,
a = 0.1, and 8 = 1000. A uniform mesh of size h = 1/2" is employed, where N
denotes the mesh refinement level. The iterative process is terminated once the fol-
lowing stopping criterion is satisfied for a tolerance 7 = 10~6:

n+l .. n 9n+1_9n n+l _  n
A N ET N AEL

[ N i I

(4.8)

For the proposed IAH method (Algorithm 3.1), we expect to achieve second-order
accuracy in the H'(2) semi-norm of the errors and third-order accuracy in the L?(2)
norm of the errors. summarized in Table lrates, summarized in Table 1 for IAH
method (similar results are obtained for AAH and PPI in both two and three dimen-
sions), confirm these theoretical expectations.

Secondly, we perform a three-dimensional convergence analysis. To this end,
we consider the following exact (manufactured) solution, defined on the domain
2 =[0,1] x [0,1] x [0, 1] and using the same parameter values as in the two-dimen-
sional test:
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Table 1 Errors and Convergence Rates in 2D

Errors and CRs in u Errors and CRs in T
N DoFs@ D) [lu—u"| CR |[Vu—Vut|[CR [T —TH| CR ||vT—vTHER
162,81 6.68230e—04 - 2.82085¢-02 - 1.13127¢-06 - 4.80462¢-05 -
578,289 8.35291e—05 3.00 7.05212e—03 2.00 1.42030e—07 2.99 1.20099e—05 2.00
2178,1089 1.04411e—05 3.00 1.76303¢—03 2.00 1.77737¢-08 3.00 3.00237¢—06 2.00
8450,4225 1.30514e—06 3.00 4.40758e—04 2.00 2.22235¢—09 3.00 7.50585e¢—07 2.00

33282,16641 1.63142e—07 3.00 1.10189¢—04 2.00 2.77814e—10 3.00 1.87646e—07 2.00
132098,66049 2.03928e—08 3.00 2.75473e—05 2.00 3.47274e—11 3.00 4.69114e—08 2.00
526338,263169 2.54910e—-09 3.00 6.88683e—06 2.00 4.34094e—12 3.00 1.17279e-08 2.00

0 N N LW

Table 2 Errors and Convergence Rates in 3D

Errors and CRs in u Errors and CRs in 7
N DoFs(.7)  [ju—uhl| CR |[Vu—vur[CR [T—Th]| CR |vT—vThR
2 2187,729 5.63649¢—02 - 2.07844e-00 - 3.95800e—04 - 6.39580e—03 -
3 14739,4913 6.72006e—03 3.06 5.11922e—01 2.02 4.25569¢—05 3.21 7.18561e—04 3.15
4 107811,35937 7.97709¢—04 3.07 1.26426e—01 2.01 4.88796e—06 3.12 7.32771e—05 3.29
5 823875,274625 9.55344e—05 3.06 3.13547e¢—02 2.01 4.54229¢—07 3.42 6.62369¢—06 3.46
ay? 3022202 — 6axP
a~x — oaxrrr
u=1{ 0 |, T = J , p = 2axPr, a =100. (4.9)
axd PrRa

The errors and corresponding convergence rates, reported in Table 2 for TAH method,
align well with our theoretical predictions. As in the two-dimensional case, the
method achieves a second-order of accuracy in H'(£2) semi-norm and third-order
of accuracy in L?(2) norm of the errors. It is worth noting that the temperature
errors exhibit slightly higher convergence rates, indicating a mild super convergence
behavior.

4.2 Steady natural convection in a square/cubic cavity

We now present numerical results for steady natural convection in both a square
[20, 23, 25, 36] and a cubic cavity [17, 19]. Following the standard benchmark con-
figurations, we compare our results with those available in the literature. The results
obtained with IAH, AAH and PPI are reported for both the two- and three-dimen-
sional cases.

In this setup, fluid motion is driven by differentially heated vertical walls. The
Prandtl number is fixed at Pr = 0.71, while computations are performed for Ray-
leigh numbers ranging from 103 to 102, The stopping criterion follows (4.8) with a
tolerance of 7 = 10~%. The problem parameters, iteration counts, and computation
times required to achieve the prescribed tolerance for the 2D and 3D simulations are
summarized in Tables 3 and 4, respectively.
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Table 3 Number of Iterations and Computation Time in 2D

Ra 103 10* 10° 106 107 108

# of iters with IAH 84 77 76 83 252 1690
computation time IAH 13m 13m 13m 15m 43 m 4h:16 m
# of iters with AAH 88 79 80 * * *
computation time AAH 13m 13m 14 m * * *

# of iters with PPI 6 * * * * *
computation time PPI 11 m * * * * *

* does not converge

Table 4 Number of Iterations Ra 103 104 105 106 107
and Computation Time in 3D

#of iters 88 78 80 99 258
with IAH

computa- 4h:30m 4h23m 4h27m 5h30m 16h:llm
tion time

IAH

#of iters 91 81 81 * *
with

AAH

computa- 4h:39m 4h2lm 4h38m x *
tion time

AAH

F#ofiters 5 * * * *
with PPI

computa- 2h:32m =x * * *

tion time
PPI

* does not converge

The parameter selection process follows a systematic strategy. For the alternative
method AAH, the parameters « and p,, were chosen to ensure stable and robust con-
vergence across a wide range of Rayleigh numbers, leading to the choice v = 10™*
and p, = 107 !. These values were then fixed for both proposed IAH and AAH, while
the remaining parameter was set to p7 = 2 x 1071, This choice intentionally favors
AAH to demonstrate that TAH maintains superior performance even under conditions
where AAH already converges reliably. Additionally, 5 = 1000 was selected for PPI
in this study.

Under these settings, however, AAH fails to converge for Ra = 10°, whereas IAH
continues to converge up to Ra = 10® in two dimensions and Ra = 107 in three
dimensions. To achieve convergence at such high Rayleigh numbers, p was reduced
to 2 x 1072 and 2 x 1073 for Ra = 107 and Ra = 108, respectively. This corre-
sponds to a parameter refinement strategy in which pr decreases by an order of mag-
nitude as Ra increases by the same factor. Furthermore, these results reveal a clear
pattern: maintaining the ratio p, /o = 10 is crucial for achieving rapid convergence,
while pr should be progressively reduced in proportion to increasing Ra.
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4.2.1 Square cavity

In the two-dimensional case, the computational domain consists of a square cavity
with vertically oriented walls that are differentially heated to induce fluid motion.
Specifically, the left wall is maintained at a hot temperature, while the right wall
is kept cold. The horizontal walls are thermally insulated, thereby preventing heat
transfer across them. No-slip boundary conditions are imposed for the velocity field
on all walls, i.e., u(z,y) = 0. For the temperature, Dirichlet boundary conditions
are prescribed on the vertical walls as T'(z,y) = 1 — x, while adiabatic (Neumann)
boundary conditions, VT - n = 0, are applied on the horizontal walls. All computa-
tions are carried out on the uniform coarse mesh shown in Fig. 1, with a mesh size
of h =1/64.

As shown in Table 3, AAH method fails to converge beyond Ra = 10°. In con-
trast, IAH successfully converges and provides reliable results even at Ra = 107 and
Ra = 108. It is important to note that, at such high Rayleigh numbers, the small-data
assumptions underlying the theoretical analysis are no longer strictly valid; neverthe-
less, the desired convergence is still achieved. These results highlight the robustness
and effectiveness of the proposed algorithm, which maintains stability and accuracy
under challenging conditions. By comparison, AAH fails to converge for Ra = 106,
and PPI breaks down at considerably lower Rayleigh numbers, consistently failing
for Ra > 104,

Fig. 1 2D Mesh for h = 1/64
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Table 5 Comparison with the reference values of [36]

Ra 103 10* 10° 106 107 108
’ief 3.6434 15.967 33.51 65.55 145.06 295.67
,ymazx
Yref 0.8167 0.8167 0.85 0.86 0.92 0.94
u{{}nf{m 3.6475 16.1775 34.7123 64.4707 145.705 313.492
YIAH 0.8125 0.8281 0.8594 0.8437 0.8750 0.9375
uAAH 3.6459 16.1744 34.6863 * * *
1,mazx
YAAH 0.8125 0.8281 0.8594 * * *
PPI 3.6495 * * * * *
1,mazx
yrPPI 0.8125 * * * * *
;ef 3.686 19.98 70.81 227.24 714.47 2290.13
,max
Tref 0.183 0.117 0.070 0.040 0.021 0.013
ué’ﬁ,fﬂz 3.6899 19.6044 68.5285 215.533 658.554 2065.66
TIAH 0.1719 0.125 0.0625 0.0312 0.0156 0.01562
uAAH 3.6893 19.6053 68.5158 * * *
2,max
TAAH 0.1719 0.125 0.0625 * * *
PPI 3.6944 * * * * *
2,max
YypPPI 0.1719 * * * * *

* does not converge

The comparison results with the benchmark study [36] are summarized in Table 5.
The listed quantities are introduced to validate the present numerical results against
the reference data. Let u; = u - ¢; for ¢ = 1, 2, where e; are the standard basis vec-
tors. We define
ui‘_’max =u1(0.5,y5) = m;xx {ui‘(O.S, y)} , ué\ﬁmax = uz(zy,0.5) = max {u%‘(w, 0.5)} ,
where A = ref denotes the reference values from [36], and A = AAH, IAH, PPI cor-
respond to the results obtained using Algorithms 3.1, 4.1, and 4.2, respectively.

Table 5 demonstrates the strong agreement between the present results and the
benchmark data reported in [36]. All three algorithms yield nearly identical results
in cases where AAH and PPI achieve convergence. In regimes where convergence
is obtained only with IAH, the results remain in close agreement with the reference
values.

A qualitative comparison with the reference visualizations further confirms this
consistency. Because the plots produced by all three algorithms are visually indistin-
guishable, only the results obtained using AAH are presented here. The contour plots
of velocity magnitude, velocity components (z— and y—), and temperature fields
exhibit excellent agreement with the patterns reported in the literature, [25, 36].
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4.2.2 Cubic cavity

Similarly, in the three-dimensional case, the computational domain consists of a
cubic cavity with vertically oriented sidewalls that are differentially heated. The left
and right walls are maintained at hot and cold temperatures, respectively, while the
remaining four walls (front, back, top, and bottom) are thermally insulated to prevent
any heat transfer. Homogeneous no-slip velocity boundary conditions are enforced
on all six walls. For the temperature field, Dirichlet boundary conditions are pre-
scribed on the vertical sidewalls as T'(z,y, z) = 1 — x, while adiabatic (Neumann)
boundary conditions, VT - n = 0, are applied on the remaining walls.

The same parameter sets used in the two-dimensional study are adopted here. As
shown in Table 4, the number of iterations required for convergence closely matches
those of the 2D simulations. The computations are performed on a uniform mesh with
mesh size h = 1/32, as illustrated in Fig. 2. Despite this relatively coarse resolu-
tion, corresponding to a total of 1,134,437 degrees of freedom, the numerical results
exhibit strong agreement with the reference visualizations reported in [17].
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Fig.2 3D Mesh for h = 1/32
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Ra Velocity (u x-Velocity (u}

S
-

y-Velocity (uf)

Temperature (T")

10°

10*

10°

106

107

108
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Ra Velocity (u”) (u") on the mid-z-y-z plane  Temperature (T") (T") on the mid-z-y-z pla

10°

10*

10°

100

107

5 Conclusion

In this work, we developed and analyzed an Improved Arrow—Hurwicz (IAH) method
for the steady Boussinesq equations with nonhomogeneous partitioned Dirichlet
boundary conditions. By introducing an AH-type update for the temperature equa-
tion, we established that the proposed formulation overcomes the limitations of the
classical Arrow—Hurwicz approach when applied solely to the momentum equation.
This modification is essential for achieving robust convergence in buoyancy-driven
flows, particularly in high—Rayleigh number regimes where continuation strategies
are typically required.

We proved existence, uniqueness, uniform boundedness, and convergence of the
finite element approximation under standard small-data assumptions, and derived
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error estimates for the discrete scheme. The resulting algorithm is fully decoupled
and avoids solving saddle-point systems at each iteration, leading to a computation-
ally efficient alternative to classical projection-type and penalty-based methods.

Comprehensive two- and three-dimensional numerical experiments demonstrated
the accuracy and efficiency of the IAH method, confirming superior performance
compared to the alternative AH scheme and the Penalty—Picard iteration. In particu-
lar, the proposed approach consistently achieved stable convergence at high Ray-
leigh numbers, highlighting its effectiveness as a scalable solver for steady natural
convection.

Future work includes the extension of the method to adaptive mesh refinement
strategies, and the development of accelerated variants incorporating multilevel or
Anderson acceleration techniques. The analysis and computational evidence pre-
sented here show that the improved Arrow—Hurwicz method provides a promising
framework for efficient solution of more complex thermally driven incompressible
flow systems.
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