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RESUME

Soit ¢ > 3 un nombre impair et soit H(iq) le groupe de Hecke associé a g. Soit m un
entier positif et soit H™(14) le sous-groupe des puissances m-iemes de H()q). Dans ce
travail, nous étudions les sous-groupes commutateurs des puissances sous-groupes H™ (iq)
de H(xg).

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction
In [4], Erich Hecke introduced the groups H()) generated by two linear fractional transformations

1 1
T —_—— d S = -,
(2) S, an (2) Y

where 1 is a fixed positive real number.
E. Hecke showed that H(}) is Fuchsian if and only if A = X4 =2cos %, for g > 3 integer, or A > 2. These groups have

come to be known as the Hecke groups. We consider the former case q > 3 integer and we denote it by H(Aq). Then the
Hecke group H(Aq) is the discrete group generated by T and S, and it has a presentation, see [3]:

Hag) =(T,S|T? =S =1)= 2 % Zg.
Also H(Aq) has the signature (0;2,q,00), that is they are infinite triangle groups. The first several of these groups are
H(x3) = I" = PSL(2, Z) (the modular group), H(x4) = H(+v/2), H(As) = H(# ), and H(xg) = H(+/3).

Let m be a positive integer. Let us define H™()q) to be the subgroup generated by the m-th powers of all elements
of H(Aq). The subgroup H™(Aq) is called the m-th power subgroup of H()y). As fully invariant subgroups, they are normal
in H(g).

The power subgroups of the Hecke groups H()4) have been studied and classified in [1,5,2]. For q > 3 odd integer and
for m positive integer, they proved the following results in [2].
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i) If (m,2) =1 and (m, q) =1, then the normal subgroup H™(Aq) is H(%¢), i.e.,

H™(3q) = H(Ag).

ii) If (m,2) =1 and (m, q) =1, then the normal subgroup H™(%4) is the free product of two finite cyclic groups of order
q, ie.,

H™ () =(S,TST | S9=(TST)! = 1) = Zg x Zy, (1)

and the signature of H™ () is (0; ¢@, 00).
iii) If (m,2) =1 and (m, q) =d, then the normal subgroup H™ (%) is the free product of d finite cyclic groups of order
two and the finite cyclic group of order q/d, i.e.,

H™(hg) = (T) % (STST ) (S2TST72) ... % (SI1TSI70HT) & (59), 2)

and it has the signature (0; 2@, q/d, c0).
iv) If (m,2) =2 and (m,q) =d > 2, then we do not know anything about the normal subgroup H™(%). But, if d =g,
then

H™(Aq) C H' (hg) (3)

and the normal subgroup H™ (%) is a free group.

In iii) and iv), if d = q then we can restate these cases as the following.

iii*) If (m,2) =1 and (m, q) = q, then the normal subgroup H™(Aq) is the free product of q finite cyclic groups of order
two, i.e.,

H™(Ag) = (T) % (STST™ ) % (S*TST72)x - % (SI7TS).
iv*) If (m,2) =2 and (m, q) =q, then

H™(Aq) C H' (hg) (4)

and the normal subgroup H™ (%) is a free group.

In [6], according to all the cases m positive integer, Sahin and Koruoglu obtained the group structures and the signatures
of commutator subgroups of the power subgroups H™ (i) of the Hecke groups H(iq), q > 3 a prime.

In this note, we generalize the results given in [6] for ¢ > 3 a prime number to ¢ > 3 an odd number. In fact, there are
similar cases between the case of prime q and the case of odd q. In the above cases i), ii), iii*) and iv*), then all results
for ¢ > 3 an odd number coincide with the ones for ¢ > 3 a prime number in [6]. In the case ¢ > 3 an odd number, there
are only two cases different from q > 3 prime number case in [6]. These are the cases iii) and iv) except for the cases iii*)
and iv*). Since we don’t know anything about the normal subgroup H™(Aq) in the case iv) except for the case iv*), we
investigate only the case iii) and obtain the commutator subgroups of the power subgroups H™(1q) of the Hecke groups
H(o).

2. Commutator subgroups of the power subgroups of Hecke groups H (14)

In this section, we study the commutator subgroups of the power subgroups HZ(Aq) and H9()q) of the Hecke groups
H(Aq), for g > 3 odd number.

Theorem 2.1. Let q > 3 be odd number. If (m, 2) =2 and (m, q) = 1, then

i) [H™ () : (H™Y (hg)| = 2,
i) the group (H™)'()q) is a free group of rank (q — 1)? with basis [S, TST], [S, TS?T], ..., [S, TSI~'T], [S?, TST], [S?, TS?T],
oo, [S%,TS91TY, L., (ST, TST), [S971, TS2T), ..., [S971, TS9-1T],
iii) the group (H™)'(Aq) is of index q in H' (Aq),
(iv) forn =2, |[H™(Aqg) : (H™)® (2q)| = c0.

Theorem 2.2. Let q > 3 be odd number. If (m,2) =1 and (m, q) =d, then

i) [H™ () : (H™) (Ag)| =294,
ii) the group (H™)'(q) is a free group of rank 1+ (q — 2)24-1,
iii) the group (H™)'(Aq) is of index 24~ in H' (q),

111
(iv) forn =2, [H™(Aq) : (H™)™ (3q)| = 00.

-
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Proof. i) From (1.1), let k; = T, ky = STST™1, k3 = S2TS9-2, ..., kg = S 1TS9-4+1 [, 1 = S% The quotient group
Hm(kq)/(Hm)/(Aq) is the group obtained by adding the relation kjk; = kjk; to the relations of H™(Aq), for i # j and
i,je{1,2,...,d+ 1}. Then

H™(0g)/(H™) (hq) = Za X Z X -+ - X Lo X Zga.

d times

Therefore, we obtain |[H™(Aq) : (H™) (Aq)| = 29.4.

" 41 41
ii) Now we choose ¥ = {I,k],kz,...,I(d,kd+],’(§+1,...,kg+1 ,k]kz,k‘1k3,...,k]kd,k]kd+],k]k§+1,...,k]kdd_._.l Jkoks, ...,
q_1 q_1 q_1
kzkd, kzkd+1, kzkﬁ_H, ey kzk;+1 ey kdkd+l7 kdkﬁ_H, ey I(dl€g+1 N k]kzkg, ey k]kzkd, k]kzkd+], k]kzkﬁ_H, e ,k1k21€g+1 ey
q9_1 -1
k]kdkd+1, k1kdk§+l’ ey k1kdkg+1 . k2k3k4, ey kzkdkd+1, kzkdkiﬂ, ey klkdl<5+1 s ey k]kz ~~-kdkd+1, k]kz "'kdk§+1s ey

kiky - - ~kdk§+_11} as a Schreier transversal for (H™)'(Aq). According to the Reidemeister-Schreier method, we get the genera-
tors of (H™)'(1¢) as the followings.

There are (g) generators of the form kik¢kik; where i <t and i,t €{1,2,...,d}. There are 2 x (g) generators of the form
kikekikekiki, or kikekikikik; where i <t <1 and i,t,l € {1,2,...,d}. Similarly, there are (d — 1) x (g) generators of the form

kiky - - ~kdk1kdk,;1_1 -+-ky, or kiky - -kdkzkdkd_1 -+-kskq,or ..., or kiky-- 'kdkd—lkdkd—z - kokq.

dy§-1 b ppd—i i i g
Also, there are (1)('11 ) generators of the form kiky,  kik; 1 where i€ {1,2,...,d} and je {1,2,...,F — 1}.

q_ ) o
There are 2 x (g)(dll) generators of the form kil<tl<f1+1ktkz+{

and j€{1,2,..., % — 1}. Similarly, there are d x (g)(%;1) generators of the form k1k2~~~kdkg+1k1k

ki, or kil<tl<£+1kil<31{1<t where i,t € {1,2,...,d}, i <t
d—j
’ a4 : i d+1
k1k2---chlcfjﬂkzkdﬂlcdlcd,l -+ -kskq, ..., or k1k2~-~kdk(jjﬂkqud;{kdkd,z--~k2k1 where je{1,2,...,1 —1}. In fact, there
are totally 1+ (g — 2)29-! generators from the theorem of Nielsen.

iii) Since [H(Aq) : H™(Ag)| =d, |[H(.q) : H'(A)| = 2q and |H(Ag) : (H™) (h¢)| = q.2%, we obtain

kdkd—l .. ~k2, or

|H' () : (H™) (hg)| =297

iv) Please see the proof of the Theorem 2.2 iv). O

Also, we obtain the signature of (H™)'(1¢) as

((q—2)2072 = 2@29/4 4 1: 00 00, ..., 00) = ((q — 2)2972 — 2@=29/d | 1, 002",
— ——

20-1 times

Remark 2.1. In Theorem 2.2, if d =q then § —1=0. Then there is no (‘f)(%]_l) +2x (g)(%l_1) +oFdx (g)(%l_1) generators

given in the last paragraph of the proof of ii). Thus there are only (‘21) +2x (g) +o4+@d-1)x (g) =1+ (d—2)2¢1
generators of (H™)'(Aq). In this case, this result coincides with the Theorem 2.2 in [6].

Example 2.1. Let ¢ =9 and d = 3. Then |H3(ko) : (H?)(ho)| = 24. We choose X = {I, ki, kz, k3, ka, k3, kikz, k1ks, kika, k1k3,
kaks, koka, kokZ, kska, k3k2, k1koks, kikoka, k1kaokZ, k1kska, kiksk3, kokska, koksk3, kikokska, kikoksk3) as a Schreier transversal
for (H3)'(Ag). Using the Reidemeister-Schreier method, we get the generators of (H3)'(A9) as the following. There are 3
generators of the form,

kikaokiky, kikskiks, kokskoks,
2 generators of the form,
kikaokskoksk1, kikakskiksko,
6 generators of the form,
kikakik3, kakakokZ, kskakskj,
kikakiks, kak3koka, ksk3kska,
12 generators of the form,
kikakakik3ka, kikakakok3ki, kikok3kikaky, kikakikakaky,
kikskakik3ks, kikskaksk3ki, kiksk3kikaks, —kikskikskaky,

kakskakokiks, kaokskakskika, kakskikakaks, —kokskikskaka,
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and 6 generators of the form,

kikokskakikakska, kikakskikikakskz,
kikakskakokaksky, kikakskikokaksky,
kikakskaksk3kaky, kikaksk3kskakoks.

Therefore, the group (H3) (1) is a free group of rank 29.
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