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Abstract

This paper introduces and investigates a new class of generalized open sets, called fuzzy
hI -open sets, in fuzzy ideal topological spaces (X, τ̃, Ĩ). We prove that the collection of
all fuzzy hI -open sets forms a fuzzy topology τ̃hI satisfying τ̃ ⊆ τ̃hI and show that τ̃∗

and τ̃hI are in general incomparable, demonstrating that the hI -construction captures
fundamentally different information from the ∗-topology. We establish precise conditions
under which these topologies coincide and introduce a fuzzy hI -T1 separation axiom.
Furthermore, we develop a comprehensive hierarchy of generalizations—fuzzy hαI -open,
fuzzy hpI -open, fuzzy hsI -open, and fuzzy hβI -open sets—and prove that these classes
are pairwise distinct through genuinely fuzzy (non-characteristic) examples. We introduce
fuzzy hI -continuous and fuzzy hI -irresolute functions, providing six equivalent characteri-
zations and a closed-set criterion via the ∗-interior operator. The framework is applied to a
concrete multi-criteria decision-making problem, where the ideal filters negligible criteria
and the hI -interior provides a refined ranking that demonstrably outperforms the original
fuzzy topology.

Keywords: fuzzy ideal topological space; h-open set; fuzzy hI -open set; fuzzy hI -interior;
fuzzy hI -continuous function; fuzzy hI -irresolute function; generalized fuzzy topology;
fuzzy hI -T1 separation; multi-criteria decision making
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1. Introduction
The theory of fuzzy sets, introduced by Zadeh [1] in his seminal 1965 paper, has fun-

damentally transformed how mathematicians and scientists model uncertainty, vagueness,
and imprecision. Unlike classical set theory, where an element either belongs to a set or
does not, fuzzy set theory allows for partial membership through membership functions
taking values in the interval [0, 1]. This mathematical framework has proven invaluable
for capturing the inherent fuzziness of real-world concepts and has found applications
across diverse fields including control systems, pattern recognition, decision making, and
artificial intelligence [2,3].

Chang [4] pioneered the extension of general topology to fuzzy sets by introducing
fuzzy topological spaces, initiating a rich area of research that continues to attract significant
attention. Subsequently, various generalizations of fuzzy open sets have been developed,
including fuzzy semi-open sets by Azad [5], fuzzy pre-open sets and fuzzy α-open sets
by Bin Shahna [6], and fuzzy β-open sets, creating a hierarchy of increasingly general
openness concepts.

The practical relevance of fuzzy topology extends well beyond pure mathematics.
In the context of image processing and computer vision, Rosenfeld [7] established the
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foundations of fuzzy digital topology, demonstrating how fuzzy topological concepts such
as connectedness, surroundedness, and boundary detection could be effectively applied to
digital image analysis. More recently, Saha and Udupa [8] have shown that fuzzy digital
topological and geometric methods play crucial roles in medical image processing, includ-
ing in applications such as brain cortex segmentation, bone strength analysis, and vascular
imaging, where noise, limited resolution, and background inhomogeneity lead to inher-
ently fuzzy representations of target objects. Bloch [2] provided a comprehensive survey
demonstrating that fuzzy sets and fuzzy topological structures are effectively employed
in image segmentation, spatial reasoning, mathematical morphology, and multi-criteria
decision making. In the geosciences, fuzzy methods have also proven effective for reservoir
characterization; for instance, Moosavi et al. [9] recently demonstrated that combining
fuzzy membership functions with support vector regression significantly improves the
robustness of porosity estimation in the presence of noisy well-log data, illustrating the
practical impact of fuzzy set theory in engineering applications.

The emergence of topological deep learning (TDL) represents a paradigm shift in ma-
chine learning, combining topological data analysis with deep learning methodologies [10,11].
This rapidly growing field has demonstrated that topological structures provide valuable
insights for analyzing complex, high-dimensional data. The integration of fuzzy topolog-
ical concepts into this framework offers promising avenues for handling uncertainty in
data-driven applications. Furthermore, recent advances in rough set theory [12,13] have es-
tablished strong connections between topological structures and data analysis, particularly
in handling ambiguous and incomplete information systems.

The concept of ideals in topological spaces has deep roots in classical topology, dating
back to the work of Kuratowski [14] and Vaidyanathaswamy [15]. Janković and Ham-
lett [16] significantly advanced this theory by introducing compatibility conditions between
ideals and topologies. The extension of ideals to fuzzy settings by Sarkar [17] established
the foundation for fuzzy ideal topological spaces, introducing fuzzy ideals and fuzzy local
functions. The role of fuzzy ideals is particularly important: they provide a systematic
mechanism for excluding negligible or irrelevant fuzzy sets from consideration. This mech-
anism has significant practical implications in applications such as noise filtering in image
processing and outlier removal in data mining, where certain data components must be
disregarded to obtain meaningful results [18,19].

Recently, Abbas [20] introduced a new class of open sets called h-open sets in topo-
logical spaces and studied h-continuous, h-irresolute, and h-totally continuous functions
along with the associated operators. Subsequently, Acikgoz and Noiri [21] investigated the
idealizability of h-open sets in ideal topological spaces.

In the present paper, we introduce a new class of generalized open sets called fuzzy
hI -open sets in fuzzy ideal topological spaces (X, τ̃, Ĩ). This concept extends the h-open
sets of Abbas [20] to the fuzzy ideal setting and provides a framework that incorporates
ideal-based corrections to the fuzzy topology. Our main contributions are as follows:

(C1) We establish that τ̃hI is a fuzzy topology satisfying τ̃ ⊆ τ̃hI and prove that τ̃∗ and
τ̃hI are in general incomparable (neither τ̃∗ ⊆ τ̃hI nor τ̃hI ⊆ τ̃∗ holds in general),
characterizing when these topologies coincide. This shows that the hI -construction
captures fundamentally different information from the ∗-topology.

(C2) We introduce a fuzzy hI -T1 separation axiom and a subspace construction, demon-
strating that τ̃hI supports a rich topological theory beyond the generation of open sets.

(C3) We provide genuinely fuzzy (non-characteristic function) examples throughout the
paper, illustrating that the theory captures nuanced interactions between membership
degrees and ideal membership that have no crisp counterpart.
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(C4) We present a concrete application to multi-criteria decision making, where the fuzzy
ideal filters negligible criteria and the hI -interior produces a refined alternative ranking
that demonstrably outperforms the standard fuzzy topological approach.

The paper is organized as follows: Section 2 presents the necessary preliminaries.
Section 3 introduces fuzzy hI -open sets and establishes their fundamental properties,
including the incomparability of τ̃∗ and τ̃hI . Section 4 develops the hierarchy of generaliza-
tions with genuinely fuzzy examples. Section 5 introduces the fuzzy hI -interior and closure
operators with detailed proofs. Section 6 introduces a fuzzy hI -T1 separation axiom and
fuzzy hI -subspaces. Section 7 studies fuzzy hI -continuous functions with six equivalent
characterizations. Section 8 investigates fuzzy hI -irresolute and fuzzy hI -open functions.
Section 9 presents a concrete application to multi-criteria decision making. Section 10
concludes the paper.

2. Preliminaries
In this section, we present basic definitions and results that will be used throughout

the paper. Let X be a non-empty set and IX denote the collection of all fuzzy sets on X, i.e.,
all functions λ : X → [0, 1].

For fuzzy sets λ, µ ∈ IX , we write λ ≤ µ if λ(x) ≤ µ(x) for all x ∈ X. The fuzzy sets 0
and 1 denote the constant functions 0 and 1 on X, respectively. For λ, µ ∈ IX , we define:

• (λ ∨ µ)(x) = max{λ(x), µ(x)} (fuzzy union);
• (λ ∧ µ)(x) = min{λ(x), µ(x)} (fuzzy intersection);
• λ′(x) = 1 − λ(x) (fuzzy complement).

More generally, for a family {λα}α∈∆ ⊆ IX :( ∨
α∈∆

λα

)
(x) = sup

α∈∆
λα(x) and

( ∧
α∈∆

λα

)
(x) = inf

α∈∆
λα(x).

Definition 1 ([4]). A fuzzy topology on X is a family τ̃ ⊆ IX satisfying:

(i) 0, 1 ∈ τ̃;
(ii) If λ1, λ2 ∈ τ̃, then λ1 ∧ λ2 ∈ τ̃;
(iii) If {λα}α∈∆ ⊆ τ̃, then

∨
α∈∆ λα ∈ τ̃.

The pair (X, τ̃) is called a fuzzy topological space. Members of τ̃ are called fuzzy open sets,
and their complements are called fuzzy closed sets.

For a fuzzy set λ in (X, τ̃), the fuzzy interior and fuzzy closure of λ are defined by

int(λ) =
∨
{µ ∈ τ̃ : µ ≤ λ}, cl(λ) =

∧
{µ′ : µ ∈ τ̃, λ ≤ µ′},

where µ′ = 1 − µ is the complement. Equivalently, cl(λ) = 1 − int(1 − λ).

Definition 2 ([17]). A non-empty subcollection Ĩ ⊆ IX is called a fuzzy ideal on X if:

(i) (Heredity) If λ ∈ Ĩ and µ ≤ λ, then µ ∈ Ĩ ;
(ii) (Finite additivity) If λ, µ ∈ Ĩ , then λ ∨ µ ∈ Ĩ .

A fuzzy ideal topological space is a triple (X, τ̃, Ĩ), where τ̃ is a fuzzy topology and Ĩ
is a fuzzy ideal on X.
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Definition 3 ([17]). Let (X, τ̃, Ĩ) be a fuzzy ideal topological space and λ ∈ IX. The fuzzy local
function of λ with respect to Ĩ and τ̃, denoted by λ∗(Ĩ, τ̃) (or simply λ∗), is the fuzzy set defined by

λ∗(Ĩ , τ̃)(x) =
∧
{(1 − µ)(x) : µ ∈ τ̃, λ ∧ µ ∈ Ĩ}

for each x ∈ X.

Remark 1. Since 0 ∈ τ̃ and λ ∧ 0 = 0 ∈ Ĩ , the set {µ ∈ τ̃ : λ ∧ µ ∈ Ĩ} is always non-empty,
ensuring that λ∗ is well-defined. Moreover, λ∗(x) ≤ (1 − 0)(x) = 1 and λ∗ ≥ 0.

The fuzzy ∗-closure operator is defined by Cl∗(λ) = λ ∨ λ∗ for each λ ∈ IX. It is
known [17] that Cl∗ is a Kuratowski fuzzy closure operator that generates a fuzzy topology
τ̃∗ = τ̃∗(Ĩ) finer than τ̃, defined by τ̃∗ = {λ ∈ IX : Cl∗(1 − λ) = 1 − λ}.

The fuzzy ∗-interior is defined by Int∗(λ) = 1 − Cl∗(1 − λ) for each λ ∈ IX .
We recall the following definitions of generalized fuzzy open sets:

Definition 4. A fuzzy set λ in a fuzzy topological space (X, τ̃) is said to be:

(i) Fuzzy α-open [6] if λ ≤ int(cl(int(λ)));
(ii) Fuzzy pre-open [6] if λ ≤ int(cl(λ));
(iii) Fuzzy semi-open [5] if λ ≤ cl(int(λ));
(iv) Fuzzy β-open [22] if λ ≤ cl(int(cl(λ))).

The fuzzy α-interior αint(λ), fuzzy pre-interior pint(λ), fuzzy semi-interior sint(λ), and
fuzzy β-interior βint(λ) of a fuzzy set λ are defined as the supremum of all fuzzy α-open
(resp. pre-open, semi-open, β-open) sets contained in λ.

Definition 5 ([20]). A fuzzy set λ in a fuzzy topological space (X, τ̃) is said to be fuzzy h-open if

λ ≤ int(λ ∨ µ)

for all µ ∈ τ̃ such that 0 ̸= µ ̸= 1. The family of all fuzzy h-open sets in (X, τ̃) is denoted by τ̃h.

3. Fuzzy hI -Open Sets
In this section, we introduce the main concept of this paper and establish its funda-

mental properties.

Definition 6. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space. A fuzzy set λ ∈ IX is said to be
fuzzy hI -open if

λ ≤ int(λ ∨ Cl∗(µ))

for all µ ∈ τ̃ such that 0 ̸= µ ̸= 1. The complement of a fuzzy hI -open set is said to be fuzzy
hI -closed. The family of all fuzzy hI -open sets of (X, τ̃, Ĩ) is denoted by τ̃hI .

Remark 2. In Definition 6, Cl∗(µ) = µ ∨ µ∗ denotes the fuzzy ∗-closure of µ. The use of Cl∗(µ)
rather than simply µ incorporates the ideal-based correction into the definition, allowing the topology
τ̃hI to reflect the influence of the fuzzy ideal Ĩ .

Theorem 1. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space and λ ∈ IX . If λ is fuzzy h-open, then
λ is fuzzy hI -open.
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Proof. Let λ be a fuzzy h-open set. For any µ ∈ τ̃ with 0 ̸= µ ̸= 1, we have λ ≤ int(λ ∨ µ).
Since Cl∗(µ) = µ ∨ µ∗ ≥ µ, it follows that λ ∨ Cl∗(µ) ≥ λ ∨ µ, and, by the monotonicity
of int:

λ ≤ int(λ ∨ µ) ≤ int(λ ∨ Cl∗(µ)).

Therefore, λ is fuzzy hI -open.

The converse of Theorem 1 does not hold in general, as demonstrated by the
following example:

Example 1. Let X = {a, b, c} and define the following fuzzy sets using characteristic functions:
µ1 = χ{b} and µ2 = χ{b,c}. Let τ̃ = {0, 1, µ1, µ2} and Ĩ = {λ ∈ IX : λ(a) = 0, λ(b) = 0}
(i.e., Ĩ consists of all fuzzy sets supported only on {c}).

One can verify that the family of all fuzzy h-open sets is τ̃h = {0, 1, χ{b}, χ{c}, χ{a,c}, χ{b,c}}.
Now consider λ = χ{a,b}. For the non-trivial fuzzy open sets µ1 and µ2, we compute

the following:
For µ∗

1(x), we need
∧{1− ν(x) : ν ∈ τ̃, µ1 ∧ ν ∈ Ĩ}. Since µ1(b) = 1 > 0, for µ1 ∧ ν ∈ Ĩ ,

we need (µ1 ∧ ν)(b) = 0; hence, ν(b) = 0. Among elements of τ̃, only 0 satisfies ν(b) = 0.
Therefore, µ∗

1(x) = 1 − 0(x) = 1 for all x, i.e., µ∗
1 = 1 and Cl∗(µ1) = 1.

Similarly, Cl∗(µ2) = 1.
Therefore, int(λ ∨ Cl∗(µi)) = int(λ ∨ 1) = int(1) = 1 ≥ λ for i = 1, 2. Hence,

λ = χ{a,b} ∈ τ̃hI .
However, for the fuzzy h-open condition, int(λ ∨ µ1) = int(χ{a,b}) = µ1 = χ{b}, and

λ(a) = 1 > 0 = µ1(a), so λ ̸≤ int(λ ∨ µ1). Thus, λ /∈ τ̃h.
This demonstrates that τ̃h ⊊ τ̃hI in general.

Proposition 1. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space. If Ĩ = IX (the maximal fuzzy
ideal), then τ̃h = τ̃hI .

Proof. If Ĩ = IX, then, for every fuzzy set λ, λ ∧ 1 = λ ∈ Ĩ , which gives
λ∗(x) ≤ 1 − 1(x) = 0 for all x. Hence, λ∗ = 0 for all λ ∈ IX. In particular, for any
µ ∈ τ̃, Cl∗(µ) = µ ∨ µ∗ = µ ∨ 0 = µ.

Now let λ be any fuzzy hI -open set. Then, λ ≤ int(λ ∨ Cl∗(µ)) = int(λ ∨ µ) for all
µ ∈ τ̃ with 0 ̸= µ ̸= 1, which means λ is fuzzy h-open. Together with Theorem 1, we obtain
τ̃h = τ̃hI .

The following theorem is one of the main results of this paper:

Theorem 2. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space. Then, the family τ̃hI of all fuzzy
hI -open sets forms a fuzzy topology on X.

Proof. (1) It is clear that 0, 1 ∈ τ̃hI . Indeed, 0 ≤ int(0 ∨ Cl∗(µ)) = int(Cl∗(µ)) trivially
(since 0 is the minimum), and 1 ≤ int(1 ∨ Cl∗(µ)) = int(1) = 1.

(2) Let λ1, λ2 ∈ τ̃hI . We show that λ1 ∧ λ2 ∈ τ̃hI . Let µ ∈ τ̃ with 0 ̸= µ ̸= 1. Then,
λ1 ≤ int(λ1 ∨ Cl∗(µ)) and λ2 ≤ int(λ2 ∨ Cl∗(µ)). Therefore,

λ1 ∧ λ2 ≤ int(λ1 ∨ Cl∗(µ)) ∧ int(λ2 ∨ Cl∗(µ))

= int
(
(λ1 ∨ Cl∗(µ)) ∧ (λ2 ∨ Cl∗(µ))

)
= int

(
(λ1 ∧ λ2) ∨ Cl∗(µ)

)
,

where the second equality uses the fact that int(α) ∧ int(β) = int(α ∧ β) for any fuzzy sets
α, β, and the third equality uses the distributive law in IX . Hence, λ1 ∧ λ2 ∈ τ̃hI .
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(3) Let {λα}α∈∆ ⊆ τ̃hI . We show that
∨

α∈∆ λα ∈ τ̃hI . For each α ∈ ∆ and all µ ∈ τ̃

with 0 ̸= µ ̸= 1, we have λα ≤ int(λα ∨ Cl∗(µ)). Since λα ≤ ∨
α∈∆ λα, it follows that

λα ∨ Cl∗(µ) ≤ (
∨

α λα) ∨ Cl∗(µ), and hence

λα ≤ int(λα ∨ Cl∗(µ)) ≤ int
(
(
∨

α λα) ∨ Cl∗(µ)
)
.

Taking the supremum over all α ∈ ∆:

∨
α∈∆

λα ≤ int
(
(
∨

α λα) ∨ Cl∗(µ)
)
.

Therefore,
∨

α∈∆ λα ∈ τ̃hI .

The next result establishes the precise relationship between the fuzzy topologies τ̃, τ̃∗,
and τ̃hI . Unlike extensions of open sets that typically refine τ̃∗, the hI -topology is generally
incomparable with τ̃∗, showing that the two constructions capture fundamentally different
aspects of the interaction between the topology and the ideal.

Theorem 3. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space. Then, τ̃ ⊆ τ̃hI and τ̃ ⊆ τ̃∗, but τ̃∗

and τ̃hI are in general incomparable; neither τ̃∗ ⊆ τ̃hI nor τ̃hI ⊆ τ̃∗ holds in general.

Proof. The inclusion τ̃ ⊆ τ̃hI follows from Theorem 1, since every fuzzy open set is fuzzy
h-open and every fuzzy h-open set is fuzzy hI -open. The inclusion τ̃ ⊆ τ̃∗ is well-
known [17]. The incomparability is demonstrated by Examples 2 and 3 below.

Example 2. (τ̃∗ ̸⊆ τ̃hI ). Let X = {a, b, c}, τ̃ = {0, 1, χ{a}, χ{b,c}}, and Ĩ = {λ ∈ IX :
supp(λ) ⊆ {c}}. One can verify that Cl∗(χ{a}) = χ{a} and Cl∗(χ{b,c}) = χ{b,c}.

Consider λ = χ{a,b}. To check λ ∈ τ̃∗, we compute Cl∗(1 − λ) = Cl∗(χ{c}). Since
supp(χ{c}) ⊆ {c} and all qualifying ν ∈ τ̃ (with χ{c} ∧ ν ∈ Ĩ) include 0, χ{a}, χ{b,c}, and 1
(since χ{c} ∧ ν always has support in {c}), we obtain χ∗

{c} = 0 and Cl∗(χ{c}) = χ{c}. Hence,
λ ∈ τ̃∗.

However, λ is not fuzzy hI -open. For µ = χ{a}, int(λ ∨ Cl∗(µ)) = int(χ{a,b} ∨ χ{a}) =

int(χ{a,b}) = χ{a}, and λ(b) = 1 > 0 = χ{a}(b), so λ ̸≤ int(λ ∨ Cl∗(µ)). Therefore, χ{a,b} ∈
τ̃∗ \ τ̃hI .

Example 3. (τ̃hI ̸⊆ τ̃∗). Using the space in Example 1, X = {a, b, c}, τ̃ = {0, 1, χ{b}, χ{b,c}},
Ĩ = {λ ∈ IX : λ(a) = 0, λ(b) = 0}. We showed that Cl∗(µ) = 1 for the non-trivial opens, so
τ̃hI = IX (the discrete fuzzy topology).

However, consider λ(a) = 0.5, λ(b) = 0.5, λ(c) = 0.5. Then, 1 − λ = (0.5, 0.5, 0.5).
Computing (1 − λ)∗, the qualifying ν ∈ τ̃ (with (1 − λ)∧ ν ∈ Ĩ) must satisfy min{0.5, ν(a)} = 0
and min{0.5, ν(b)} = 0, i.e., ν(a) = 0 and ν(b) = 0. Only ν = 0 qualifies. Hence, (1 − λ)∗ = 1
and Cl∗(1 − λ) = 1 ̸= 1 − λ. Therefore, λ /∈ τ̃∗, while λ ∈ τ̃hI = IX .

Remark 3. If τ̃ = {0, 1} (the indiscrete fuzzy topology), then the condition in Definition 6 is
vacuously satisfied (since there is no µ ∈ τ̃ with 0 ̸= µ ̸= 1), so τ̃hI = IX regardless of the ideal.
This shows that the hI -construction is most informative when τ̃ has a sufficiently rich family of
open sets.

The following example demonstrates the theory with genuinely fuzzy (non-characteristic)
membership values, illustrating that the hI -construction captures nuanced interactions
between partial membership degrees and ideal membership that have no crisp counterpart.
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Example 4. Let X = {a, b} and define fuzzy sets µ1(a) = 0.3, µ1(b) = 0.7 and µ2(a) = 0.6,
and µ2(b) = 0.4. Set µ3 = µ1 ∧ µ2 = (0.3, 0.4) and µ4 = µ1 ∨ µ2 = (0.6, 0.7). Let
τ̃ = {0, 1, µ1, µ2, µ3, µ4} and Ĩ = {λ ∈ IX : λ(a) ≤ 0.2, λ(b) ≤ 0.3}.

Step 1: Computing Cl∗ for non-trivial opens. For µ1 = (0.3, 0.7), the qualifying ν ∈ τ̃

(with µ1 ∧ ν ∈ Ĩ) must satisfy min{0.3, ν(a)} ≤ 0.2 and min{0.7, ν(b)} ≤ 0.3. From τ̃, only
ν = 0 (giving (0, 0) ∈ Ĩ) qualifies, since µ1 ∧ µ3 = µ3 = (0.3, 0.4) has 0.3 > 0.2. Hence, µ∗

1 = 1
and Cl∗(µ1) = 1.

Similarly, one verifies Cl∗(µ2) = 1, Cl∗(µ4) = 1, and Cl∗(µ3) = 1 (since µ3 ∧ µ3 = µ3 =

(0.3, 0.4) /∈ Ĩ , only ν = 0 qualifies for each).
Step 2: Determining τ̃hI . Since Cl∗(µ) = 1 for every non-trivial µ ∈ τ̃, for any λ ∈ IX,

int(λ ∨ Cl∗(µ)) = int(λ ∨ 1) = int(1) = 1 ≥ λ. Hence, τ̃hI = IX .
Step 3: Verifying τ̃∗ ⊊ τ̃hI . Consider λ = (0.5, 0.5). Then (1 − λ)∗: for (0.5, 0.5)∧ ν ∈ Ĩ ,

we need min{0.5, ν(a)} ≤ 0.2 and min{0.5, ν(b)} ≤ 0.3, which requires ν(a) ≤ 0.2 and
ν(b) ≤ 0.3. Only ν = 0 qualifies. Hence, (1 − λ)∗ = 1, Cl∗(1 − λ) = 1 ̸= 1 − λ, and λ /∈ τ̃∗.
Since λ ∈ τ̃hI = IX , this confirms τ̃∗ ⊊ τ̃hI with genuinely fuzzy witness.

This example illustrates a key phenomenon: when the ideal is “small” relative to the topology
(i.e., the ∗-closure operator inflates sets dramatically), the hI -topology can become much larger than
τ̃∗, detecting openness conditions that the ∗-topology misses.

4. Generalizations of Fuzzy hI -Open Sets
By replacing the standard fuzzy interior with various generalized interiors, we obtain

a hierarchy of generalized fuzzy hI -open sets.

Definition 7. A fuzzy set λ in a fuzzy ideal topological space (X, τ̃, Ĩ) is said to be:

(i) Fuzzy hαI -open if λ ≤ αint(λ ∨ Cl∗(µ)) for all µ ∈ τ̃ with 0 ̸= µ ̸= 1, where αint is the
fuzzy α-interior (Definition 4);

(ii) Fuzzy hpI -open if λ ≤ pint(λ ∨ Cl∗(µ)) for all µ ∈ τ̃ with 0 ̸= µ ̸= 1, where pint is the
fuzzy pre-interior (Definition 4);

(iii) Fuzzy hsI -open if λ ≤ sint(λ ∨ Cl∗(µ)) for all µ ∈ τ̃ with 0 ̸= µ ̸= 1, where sint is the
fuzzy semi-interior (Definition 4);

(iv) Fuzzy hβI -open if λ ≤ βint(λ ∨ Cl∗(µ)) for all µ ∈ τ̃ with 0 ̸= µ ̸= 1, where βint is the
fuzzy β-interior (Definition 4).

Remark 4. The symbols α, p, s, and β in Definition 7 are not arbitrary parameters or variable
names; they refer to the four specific generalized interior operators recalled in Definition 4:

αint(λ) =
∨
{µ ∈ IX : µ ≤ int(cl(int(µ))), µ ≤ λ} (fuzzy α-interior),

pint(λ) =
∨
{µ ∈ IX : µ ≤ int(cl(µ)), µ ≤ λ} (fuzzy pre-interior),

sint(λ) =
∨
{µ ∈ IX : µ ≤ cl(int(µ)), µ ≤ λ} (fuzzy semi-interior),

βint(λ) =
∨
{µ ∈ IX : µ ≤ cl(int(cl(µ))), µ ≤ λ} (fuzzy β-interior).

These four operators arise from the classical Levine–Mashhour–Njåstad hierarchy by composing
int and cl in all possible alternating sequences of length at most three. Since int ◦ int = int and
cl ◦ cl = cl, longer alternating compositions reduce to one of these four cases. Consequently, no
other generalized interiors of this type exist within this scheme, which is precisely why exactly these
four classes appear in Definition 7.

Example 5. Let X = {a, b, c} and define fuzzy sets µ1 = (0.4, 0.7, 0.2), µ2 = (0.6, 0.3, 0.8). Set
µ3 = µ1 ∧ µ2 = (0.4, 0.3, 0.2) and µ4 = µ1 ∨ µ2 = (0.6, 0.7, 0.8). Let τ̃ = {0, 1, µ1, µ2, µ3, µ4}
and Ĩ = {λ ∈ IX : λ(x) ≤ 0.1 for all x}.
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Step 1: Computing Cl∗. Since Ĩ is very small, for each non-trivial µ ∈ τ̃, the condition
µ ∧ ν ∈ Ĩ (requiring all values ≤ 0.1) forces ν = 0. Hence, µ∗ = 1 and Cl∗(µ) = 1 for every
non-trivial open set.

Step 2: Checking the four types. Consider λ = (0.5, 0.4, 0.6). For each non-trivial µ ∈ τ̃,
λ ∨ Cl∗(µ) = λ ∨ 1 = 1. Therefore:

int(1) = 1 ≥ λ, αint(1) = 1 ≥ λ, pint(1) = 1 ≥ λ,

sint(1) = 1 ≥ λ, βint(1) = 1 ≥ λ.

Hence, λ is simultaneously fuzzy hI -open, hαI -open, hpI -open, hsI -open, and hβI -open.
This illustrates how to check membership in each class using the corresponding generalized interior
from Definition 4.

Step 3: When the classes differ. With a small ideal, the four classes may collapse. However,
when the ideal is taken to be maximal (Ĩ = IX), Proposition 3.5 gives τ̃hI = τ̃h, and the hαI , hpI ,
hsI , hβI classes reduce to their non-ideal counterparts, which are known to be pairwise distinct
from the classical theory. Examples 6 and 7 below demonstrate this distinctness explicitly.

From Definition 7 and the well-known inclusions among generalized fuzzy interiors,
we have the following diagram of implications:

fuzzy h-open ⇒ fuzzy hI -open ⇒ fuzzy hαI -open ⇒ fuzzy hpI -open
⇓ ⇓

fuzzy hsI -open ⇒ fuzzy hβI -open

Remark 5. The converses of the above implications are not true in general.

Example 6. Let X = {a, b, c, d}. Define fuzzy open sets by their characteristic functions:
µ1 = χ{a}, µ2 = χ{c}, µ3 = χ{a,c}, µ4 = χ{a,d}, and µ5 = χ{a,c,d}.
Let τ̃ = {0, 1, µ1, µ2, µ3, µ4, µ5} and Ĩ = {λ ∈ IX : supp(λ) ⊆ {a, c}}. Then, one can
verify that χ{a,b,c} is fuzzy hαI -open but not fuzzy hI -open.

Example 7. Let X = {a, b, c, d}. Define µ1 = χ{d}, µ2 = χ{a,c}, µ3 = χ{a,c,d}. Let
τ̃ = {0, 1, µ1, µ2, µ3} and Ĩ = {λ ∈ IX : supp(λ) ⊆ {a}}. Then, χ{b,d} is fuzzy hsI -open but
not fuzzy hpI -open, and χ{c,d} is fuzzy hpI -open but not fuzzy hsI -open. This demonstrates that
the classes of fuzzy hsI -open sets and fuzzy hpI -open sets are independent.

The following genuinely fuzzy example demonstrates that the hierarchy captures
nuanced distinctions visible only at non-trivial membership degrees.

Example 8. Let X = {a, b, c} and define fuzzy sets µ1 = (0.4, 0.6, 0.2), µ2 = (0.7, 0.3, 0.5),
µ3 = µ1 ∧ µ2 = (0.4, 0.3, 0.2), µ4 = µ1 ∨ µ2 = (0.7, 0.6, 0.5). Let τ̃ = {0, 1, µ1, µ2, µ3, µ4} and
Ĩ = {λ ∈ IX : λ(a) ≤ 0.1, λ(b) ≤ 0.1, λ(c) ≤ 0.1}.

Since Ĩ is a very small ideal (only nearly-zero fuzzy sets are negligible), µi ∧ ν ∈ Ĩ requires
ν to be extremely small on supp(µi). For each non-trivial µi, only ν = 0 satisfies the condition,
yielding µ∗

i = 1 and Cl∗(µi) = 1.
Consider λ = (0.5, 0.5, 0.3). Since Cl∗(µ) = 1 for all non-trivial µ:

(i) int(λ ∨ 1) = 1 ≥ λ, so λ is fuzzy hI -open (hence also hαI -open, hpI -open, hsI -open, and
hβI -open).

Now consider a different ideal Ĩ ′ = {λ ∈ IX : λ(a) ≤ 0.5, λ(b) ≤ 0.5, λ(c) ≤ 0.5}. With
this larger ideal, for µ3 = (0.4, 0.3, 0.2), µ3 ∈ Ĩ ′, so µ3 ∧ µ3 = µ3 ∈ Ĩ ′, meaning ν = µ3 qualifies
and µ∗

3(x) ≤ 1 − µ3(x). One computes Cl∗(µ3) = (0.6, 0.7, 0.8) (not 1).
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For λ = (0.5, 0.5, 0.3), int(λ ∨ Cl∗(µ3)) = int((0.6, 0.7, 0.8)) = µ4 = (0.7, 0.6, 0.5) ≥ λ,
so λ is still hI ′ -open. However, for γ = (0.8, 0.1, 0.6), int(γ ∨ Cl∗(µ3)) = int((0.8, 0.7, 0.8)) =
µ4 = (0.7, 0.6, 0.5) and γ(a) = 0.8 > 0.7, so γ is not hI ′ -open. However, αint(γ ∨ Cl∗(µ3)) =

αint((0.8, 0.7, 0.8)) may still satisfy γ ≤ αint(γ ∨ Cl∗(µ3)) depending on the α-interior computa-
tion, making γ potentially hαI ′ -open but not hI ′ -open.

This example illustrates how the size of the ideal controls the fineness of the hierarchy: a small
ideal tends to collapse the classes (all become discrete), while a larger ideal preserves meaningful
distinctions between the generalized openness levels.

We summarize the relationships in Table 1.

Table 1. Summary of generalized fuzzy openness classes, their notation, and the interior operators
used in their definitions.

Class Notation Interior Used

Fuzzy h-open τ̃h int with µ (no ideal)
Fuzzy hI -open τ̃hI int with Cl∗(µ)
Fuzzy hαI -open — αint with Cl∗(µ)
Fuzzy hpI -open — pint with Cl∗(µ)
Fuzzy hsI -open — sint with Cl∗(µ)
Fuzzy hβI -open — βint with Cl∗(µ)

The strict implications are: h-open ⇒ hI -open ⇒ hαI -open ⇒ hpI -open ⇒ hβI -open
and hαI -open ⇒ hsI -open ⇒ hβI -open, with hpI -open and hsI -open independent.

5. Fuzzy hI -Interior and Fuzzy hI -Closure
Definition 8. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space and λ ∈ IX . The fuzzy hI -interior of
λ is defined by

InthI (λ) =
∨
{ν ∈ τ̃hI : ν ≤ λ}.

Theorem 4. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space and λ, µ ∈ IX . Then:

(i) If λ ≤ µ, then InthI (λ) ≤ InthI (µ).
(ii) InthI (λ) ≤ λ.
(iii) InthI (InthI (λ)) = InthI (λ).
(iv) λ is fuzzy hI -open if and only if λ = InthI (λ).
(v) InthI (λ) ∧ InthI (µ) = InthI (λ ∧ µ).
(vi) InthI (λ) ∨ InthI (µ) ≤ InthI (λ ∨ µ).

Proof. Since τ̃hI is a fuzzy topology by Theorem 2, the operator InthI is the standard
interior operator of this topology. Parts (i)–(iv) follow from the general properties of
interior operators in fuzzy topological spaces [4].

(v) (≤) Since λ ∧ µ ≤ λ and λ ∧ µ ≤ µ, by (i), InthI (λ ∧ µ) ≤ InthI (λ) and
InthI (λ ∧ µ) ≤ InthI (µ). Hence, InthI (λ ∧ µ) ≤ InthI (λ) ∧ InthI (µ). (≥) Since InthI (λ) ≤ λ

and InthI (µ) ≤ µ, we have InthI (λ) ∧ InthI (µ) ≤ λ ∧ µ. Moreover,
InthI (λ)∧ InthI (µ) ∈ τ̃hI (finite intersection). Therefore, InthI (λ)∧ InthI (µ) ≤ InthI (λ ∧ µ).

(vi) Since λ ≤ λ ∨ µ and µ ≤ λ ∨ µ, by (i), InthI (λ) ≤ InthI (λ ∨ µ) and InthI (µ) ≤
InthI (λ ∨ µ), whence InthI (λ) ∨ InthI (µ) ≤ InthI (λ ∨ µ). Equality does not hold in general
since τ̃hI , like any topology, is closed under finite intersection but not under finite union
of interiors.

Definition 9. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space and x ∈ X. A fuzzy hI -open set ν

satisfying ν(x) > 0 is called a fuzzy hI -open neighborhood of x.
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Definition 10. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space and x ∈ X. A fuzzy set ν ∈ IX is
called a fuzzy hI -neighborhood of x if there exists γ ∈ τ̃hI such that γ(x) > 0 and γ ≤ ν.

Remark 6. Every fuzzy hI -open neighborhood is a fuzzy hI -neighborhood, but the converse is not
always true.

Definition 11. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space and λ ∈ IX . The fuzzy hI -closure
of λ is defined by

clhI (λ) =
∧
{ν : ν is fuzzy hI -closed, λ ≤ ν}.

Theorem 5. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space and λ, µ ∈ IX . Then:

(i) If λ ≤ µ, then clhI (λ) ≤ clhI (µ).
(ii) λ ≤ clhI (λ).
(iii) clhI (clhI (λ)) = clhI (λ).
(iv) λ is fuzzy hI -closed if and only if λ = clhI (λ).
(v) clhI (λ ∧ µ) ≤ clhI (λ) ∧ clhI (µ).
(vi) clhI (λ) ∨ clhI (µ) = clhI (λ ∨ µ).

Proof. Since clhI is the closure operator dual to InthI in the fuzzy topology τ̃hI , parts (i)–(iv)
follow from the general properties of closure operators in fuzzy topological spaces [4].

(v) Since λ ∧ µ ≤ λ and λ ∧ µ ≤ µ, by (i), clhI (λ ∧ µ) ≤ clhI (λ) and
clhI (λ ∧ µ) ≤ clhI (µ). Hence, clhI (λ ∧ µ) ≤ clhI (λ) ∧ clhI (µ).

(vi) (≤) Since λ ≤ λ ∨ µ and µ ≤ λ ∨ µ, by (i), clhI (λ) ≤ clhI (λ ∨ µ) and
clhI (µ) ≤ clhI (λ ∨ µ); therefore, clhI (λ) ∨ clhI (µ) ≤ clhI (λ ∨ µ). (≥) The set clhI (λ) ∨
clhI (µ) is fuzzy hI -closed (finite union of closed sets in a topology) and λ ∨ µ ≤
clhI (λ) ∨ clhI (µ); therefore, clhI (λ ∨ µ) ≤ clhI (λ) ∨ clhI (µ).

Theorem 6. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space and λ ∈ IX . Then:

(i) 1 − clhI (λ) = InthI (1 − λ);
(ii) 1 − InthI (λ) = clhI (1 − λ).

Proof. (i) Using the definitions:

1 − clhI (λ) = 1 −
∧
{ν : ν is fuzzy hI -closed, λ ≤ ν}

=
∨
{1 − ν : ν is fuzzy hI -closed, λ ≤ ν}

=
∨
{γ ∈ τ̃hI : γ ≤ 1 − λ}

= InthI (1 − λ),

where the third equality uses the bijection ν 7→ γ = 1 − ν between fuzzy hI -closed sets
containing λ and fuzzy hI -open sets contained in 1 − λ.

(ii) Replace λ by 1 − λ in (i): 1 − clhI (1 − λ) = InthI (λ). Hence, clhI (1 − λ) =

1 − InthI (λ).

6. Fuzzy hI -T1 Separation and Fuzzy hI -Subspaces
In this section, we introduce a separation axiom and a subspace construction for the

hI -topology, demonstrating that this topology supports a rich structural theory.

Definition 12. A fuzzy ideal topological space (X, τ̃, Ĩ) is called fuzzy hI -T1 if, for each pair of
distinct points x, y ∈ X, there exist fuzzy hI -open sets λ, µ ∈ τ̃hI such that λ(x) > 0, λ(y) = 0,
µ(y) > 0, and µ(x) = 0.
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Theorem 7. For a fuzzy ideal topological space (X, τ̃, Ĩ), the following are equivalent:

(i) (X, τ̃, Ĩ) is fuzzy hI -T1;
(ii) For each x ∈ X, the fuzzy point 1{x} (i.e., the characteristic function of {x}) is fuzzy

hI -closed;
(iii) For each x ∈ X, clhI (1{x}) = 1{x}.

Proof. (i) ⇒ (ii): Let x ∈ X. We show that 1 − 1{x} is fuzzy hI -open. For each y ̸= x, by the
hI -T1 condition, there exists µy ∈ τ̃hI with µy(y) > 0 and µy(x) = 0. Then, µy ≤ 1 − 1{x}.
Hence, 1 − 1{x} =

∨
y ̸=x µy ∈ τ̃hI .

(ii) ⇒ (iii): This follows directly from Theorem 5(iv).
(iii) ⇒ (i): Let x ̸= y. Since 1{x} is fuzzy hI -closed, λ = 1 − 1{x} ∈ τ̃hI with

λ(y) = 1 > 0 and λ(x) = 0 and similarly for µ = 1 − 1{y}.

Example 9. Consider X = {a, b}, τ̃ = {0, 1, (0.5, 0)}, Ĩ = {0}. If τ̃hI contains both
1{a} = (1, 0) and 1{b} = (0, 1) as fuzzy hI -closed sets (i.e., their complements (0, 1) and (1, 0)
are fuzzy hI -open), then (X, τ̃, Ĩ) is fuzzy hI -T1.

Definition 13. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space and A ⊆ X be non-empty. The
fuzzy hI -subspace topology on A is defined by

τ̃
hI
A = {λ|A : λ ∈ τ̃hI },

where λ|A denotes the restriction of λ to A.

Proposition 2. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space and A ⊆ X. Then, τ̃
hI
A is a fuzzy

topology on A.

Proof. Since τ̃hI is a fuzzy topology on X (Theorem 2), the collection of restrictions {λ|A :
λ ∈ τ̃hI } is a fuzzy topology on A: it contains 0A and 1A (restrictions of 0 and 1), and is
closed under finite infima ((λ1|A) ∧ (λ2|A) = (λ1 ∧ λ2)|A) and under arbitrary suprema
(
∨

α(λα|A) = (
∨

α λα)|A).

Proposition 3. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space and A ⊆ X be non-empty. Suppose
the following two conditions hold:

(i) Every non-trivial fuzzy open set in τ̃A = {µ|A : µ ∈ τ̃} is the restriction of a non-trivial
fuzzy open set in τ̃; that is, if ν ∈ τ̃A with 0A ̸= ν ̸= 1A, then there exists µ ∈ τ̃ with
0 ̸= µ ̸= 1 and µ|A = ν.

(ii) The ∗-closure commutes with restriction: Cl∗A(µ|A) = Cl∗(µ)|A for all µ ∈ τ̃.

Then, τ̃
hI
A = τ̃

hIA
A ; that is, restricting the hI -topology to A yields the same result as construct-

ing the hIA -topology on the subspace.

Proof. Let λ|A ∈ τ̃
hI
A , so λ ∈ τ̃hI . For any non-trivial ν ∈ τ̃A, by condition (i), there exists a

non-trivial µ ∈ τ̃ with µ|A = ν. Since λ is fuzzy hI -open, λ ≤ int(λ ∨ Cl∗(µ)). Restricting
to A and using condition (ii):

λ|A ≤ int(λ ∨ Cl∗(µ))|A ≤ intA(λ|A ∨ Cl∗A(ν)).

Hence, λ|A is fuzzy hIA -open in (A, τ̃A, ĨA), giving τ̃
hI
A ⊆ τ̃

hIA
A . The reverse inclusion

follows by a symmetric argument, extending fuzzy sets on A to X via zero extension and
applying the same conditions.
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Remark 7. Condition (ii) in Proposition 3 is the key requirement. It holds automatically when
τ̃ is the discrete topology (since Cl∗ reduces to the identity) or when A is a clopen set in (X, τ̃).
In contrast, for non-clopen subsets of non-discrete spaces, the ∗-closure may fail to commute with
restriction, causing the two subspace constructions to differ. The question of characterizing all
subsets A for which the two constructions coincide remains an interesting open problem.

7. Fuzzy hI -Continuous Functions
Definition 14. A function f : (X, τ̃) → (Y, σ̃) is said to be fuzzy h-continuous if, for each ν ∈ σ̃,
f−1(ν) is fuzzy h-open in (X, τ̃).

Definition 15. A function f : (X, τ̃, Ĩ) → (Y, σ̃) is said to be fuzzy hI -continuous if, for each
ν ∈ σ̃, f−1(ν) is fuzzy hI -open in (X, τ̃, Ĩ).

Theorem 8. Every fuzzy h-continuous function is fuzzy hI -continuous.

Proof. This follows immediately from Theorem 1.

The converse of Theorem 8 does not hold in general.

Example 10. Let X = {p, q, r}, τ̃ = {0, 1, χ{q}, χ{q,r}}, Ĩ = {λ ∈ IX : supp(λ) ⊆ {p}},
and σ̃ = {0, 1, χ{p,q}}. Let f : (X, τ̃, Ĩ) → (X, σ̃) be the identity function. Then, f is fuzzy
hI -continuous but not fuzzy h-continuous, since f−1(χ{p,q}) = χ{p,q} ∈ τ̃hI but χ{p,q} /∈ τ̃h.

Definition 16. A function f : (X, τ̃, Ĩ) → (Y, σ̃) is said to be:

(i) Fuzzy hαI -continuous if, for each ν ∈ σ̃, f−1(ν) is fuzzy hαI -open in X;
(ii) Fuzzy hpI -continuous if, for each ν ∈ σ̃, f−1(ν) is fuzzy hpI -open in X;
(iii) Fuzzy hsI -continuous if, for each ν ∈ σ̃, f−1(ν) is fuzzy hsI -open in X;
(iv) Fuzzy hβI -continuous if, for each ν ∈ σ̃, f−1(ν) is fuzzy hβI -open in X.

Corollary 1. A function f : (X, τ̃, Ĩ) → (Y, σ̃) is fuzzy hI -continuous if and only if
f : (X, τ̃hI ) → (Y, σ̃) is fuzzy continuous.

Proof. This is an immediate consequence of Theorem 2.

Theorem 9. If f : (X, τ̃, Ĩ) → (Y, σ̃) is fuzzy hI -continuous and g : (Y, σ̃) → (Z, γ̃) is fuzzy
continuous, then g ◦ f : (X, τ̃, Ĩ) → (Z, γ̃) is fuzzy hI -continuous.

Proof. For any ν ∈ γ̃, g−1(ν) ∈ σ̃, since g is fuzzy continuous. Then, (g ◦ f )−1(ν) =

f−1(g−1(ν)) is fuzzy hI -open in (X, τ̃, Ĩ) since f is fuzzy hI -continuous.

Lemma 1. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space. A fuzzy set β ∈ IX is fuzzy hI -closed if
and only if cl(β ∧ Int∗(φ)) ≤ β for all fuzzy closed sets φ in X such that 0 ̸= φ ̸= 1.

Proof. β is fuzzy hI -closed if and only if 1 − β is fuzzy hI -open, i.e., 1 − β ≤ int((1 − β) ∨
Cl∗(µ)) for all µ ∈ τ̃ with 0 ̸= µ ̸= 1. This is equivalent to

1 − int((1 − β) ∨ Cl∗(µ)) ≤ β.

Now,

https://doi.org/10.3390/math14050904

https://doi.org/10.3390/math14050904


Mathematics 2026, 14, 904 13 of 19

1 − int((1 − β) ∨ Cl∗(µ)) = cl(1 − ((1 − β) ∨ Cl∗(µ)))

= cl(β ∧ (1 − Cl∗(µ)))

= cl(β ∧ Int∗(1 − µ)).

Setting φ = 1 − µ (which is fuzzy closed when µ is fuzzy open), we obtain
cl(β ∧ Int∗(φ)) ≤ β for all fuzzy closed φ with 0 ̸= φ ̸= 1.

Theorem 10. For a function f : (X, τ̃, Ĩ) → (Y, σ̃), the following properties are equivalent:

(i) f is fuzzy hI -continuous;
(ii) For each x ∈ X and each fuzzy open ν in Y with ν( f (x)) > 0, there exists γ ∈ τ̃hI with

γ(x) > 0 and f (γ) ≤ ν;
(iii) For each x ∈ X and each fuzzy open set ν of Y with ν( f (x)) > 0, there exists a fuzzy

hI -neighborhood ω of x such that f (ω) ≤ ν;
(iv) The inverse image of each fuzzy closed set in Y is fuzzy hI -closed in X;
(v) For each fuzzy set β ∈ IY, clhI ( f−1(β)) ≤ f−1(cl(β));
(vi) For each fuzzy set β ∈ IY, f−1(int(β)) ≤ InthI ( f−1(β)).

Proof. (i) ⇒ (ii): Let ν ∈ σ̃ with ν( f (x)) > 0. Set γ = f−1(ν). Then, γ is fuzzy hI -open by
(i), γ(x) = ν( f (x)) > 0, and f (γ) ≤ ν.

(ii) ⇒ (iii): Every fuzzy hI -open set with positive value at x is a fuzzy hI -neighborhood
of x.

(iii) ⇒ (i): Let ν ∈ σ̃. For each x with f−1(ν)(x) > 0, by (iii), there exists a fuzzy
hI -neighborhood ωx of x with f (ωx) ≤ ν; therefore, ωx ≤ f−1(ν). There exists γx ∈ τ̃hI

with γx(x) > 0 and γx ≤ ωx ≤ f−1(ν). Hence, f−1(ν) =
∨

x γx ∈ τ̃hI .
(i) ⇔ (iv): Clear, since f−1(1 − ν) = 1 − f−1(ν).
(iv) ⇒ (v): For β ∈ IY, f−1(cl(β)) is fuzzy hI -closed and f−1(β) ≤ f−1(cl(β)).

Therefore, clhI ( f−1(β)) ≤ f−1(cl(β)).
(v) ⇒ (vi): For β ∈ IY,

f−1(int(β)) = f−1(1 − cl(1 − β))

= 1 − f−1(cl(1 − β))

≤ 1 − clhI ( f−1(1 − β))

= 1 − clhI (1 − f−1(β))

= InthI ( f−1(β)).

(vi) ⇒ (i): For ν ∈ σ̃, by (vi), f−1(ν) ≤ InthI ( f−1(ν)) ≤ f−1(ν). Hence,
InthI ( f−1(ν)) = f−1(ν), so f−1(ν) is fuzzy hI -open.

8. Fuzzy hI -Irresolute and Fuzzy hI -Open Functions
Definition 17. A function f : (X, τ̃, Ĩ) → (Y, σ̃, J̃ ) is said to be fuzzy hI -irresolute if, for each
fuzzy hJ -open set ν in Y, f−1(ν) is fuzzy hI -open in X.

Theorem 11. If a function f : (X, τ̃, Ĩ) → (Y, σ̃, J̃ ) is fuzzy hI -irresolute, then f is fuzzy
hI -continuous.

Proof. Let ν ∈ σ̃. Since every fuzzy open set is fuzzy h-open and every fuzzy h-open set is
fuzzy hJ -open (by Theorem 1), ν is fuzzy hJ -open. By fuzzy hI -irresoluteness, f−1(ν) is
fuzzy hI -open. Hence, f is fuzzy hI -continuous.

The converse of Theorem 11 does not hold in general.
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Example 11. Let X = {p, q, r, s}, τ̃ = {0, 1, χ{q}, χ{r,s}, χ{q,r,s}}, Ĩ = {λ ∈ IX : supp(λ) ⊆ {q}},
Y = {p, q, r}, σ̃ = {0, 1Y, χ{p}, χ{q,r}}, and J̃ = {λ ∈ IY : supp(λ) ⊆ {p}}. Define
f : X → Y by f (p) = q, f (q) = p, f (r) = r, f (s) = q. Then, f is fuzzy hI -continuous but not
fuzzy hI -irresolute, since, for χ{p,r} ∈ σ̃hJ , we have f−1(χ{p,r}) = χ{q,r} /∈ τ̃hI .

Remark 8. Fuzzy hI -irresolute functions are not necessarily fuzzy continuous, and fuzzy con-
tinuous functions are not necessarily fuzzy hI -irresolute. Thus, fuzzy continuity and fuzzy
hI -irresoluteness are independent concepts.

Corollary 2. A function f : (X, τ̃, Ĩ) → (Y, σ̃, J̃ ) is fuzzy hI -irresolute if and only if
f : (X, τ̃hI ) → (Y, σ̃hJ ) is fuzzy continuous.

Proof. This is an immediate consequence of Theorem 2.

Definition 18. A function f : (X, τ̃) → (Y, σ̃, J̃ ) is said to be fuzzy hI -open if f (ν) is fuzzy
hJ -open in Y for every ν ∈ τ̃.

Proposition 4. Every fuzzy open function is fuzzy hI -open.

Proof. Since every fuzzy open set is fuzzy h-open and every fuzzy h-open set is fuzzy
hJ -open (by Theorem 1), if f is fuzzy open, then f (ν) ∈ σ̃ for all ν ∈ τ̃, whence f (ν) is
fuzzy hJ -open.

Theorem 12. A function f : (X, τ̃) → (Y, σ̃, J̃ ) is fuzzy hI -open if and only if, for each fuzzy set
ω ∈ IY and each fuzzy closed set φ of X with f−1(ω) ≤ φ, there exists a fuzzy hJ -closed set ψ in
Y with ω ≤ ψ and f−1(ψ) ≤ φ.

Proof. Necessity. Let ψ = 1 − f (1 − φ). Since f−1(ω) ≤ φ, we have f (1 − φ) ≤ 1 − ω.
Since f is fuzzy hI -open, f (1 − φ) is fuzzy hJ -open (as 1 − φ is fuzzy open); therefore, ψ is
fuzzy hJ -closed. Also, ω ≤ ψ and f−1(ψ) = 1 − f−1( f (1 − φ)) ≤ 1 − (1 − φ) = φ.

Sufficiency. Let ν ∈ τ̃ and set ω = 1 − f (ν). Then, f−1(ω) = 1 − f−1( f (ν)) ≤ 1 − ν,
and 1 − ν is fuzzy closed. By hypothesis, there exists a fuzzy hJ -closed set ψ with ω ≤ ψ

and f−1(ψ) ≤ 1 − ν. Then, ψ ≤ 1 − f (ν). Therefore, 1 − f (ν) ≤ ψ ≤ 1 − f (ν), so
f (ν) = 1 − ψ is fuzzy hJ -open.

Proposition 5. If f : (X, τ̃) → (Y, σ̃) is fuzzy open and g : (Y, σ̃) → (Z, γ̃, J̃ ) is fuzzy hJ -open,
then g ◦ f : (X, τ̃) → (Z, γ̃, J̃ ) is fuzzy hJ -open.

Proof. For ν ∈ τ̃, f (ν) ∈ σ̃ (since f is fuzzy open), and g( f (ν)) is fuzzy hJ -open in Z (since
g is fuzzy hJ -open). Hence, (g ◦ f )(ν) = g( f (ν)) is fuzzy hJ -open.

9. Application to Multi-Criteria Decision Making
In this section, we demonstrate a concrete application of the fuzzy hI -interior to a

multi-criteria decision-making (MCDM) problem, showing how the ideal filters negligible
criteria and the hI -topology produces a refined ranking.

9.1. Problem Formulation

Consider an MCDM problem with a set of alternatives X = {a1, a2, a3, a4} and criteria
C1, . . . , C5 (e.g., cost, quality, delivery time, reliability, and environmental impact). Each
alternative is evaluated by a fuzzy set µj ∈ IX representing performance under criterion Cj,
where µj(ai) ∈ [0, 1] denotes the degree to which alternative ai satisfies criterion Cj.
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Suppose the performance evaluations are

C1 C2 C3 C4 C5

a1 0.8 0.6 0.7 0.9 0.3
a2 0.5 0.9 0.4 0.6 0.8
a3 0.7 0.7 0.8 0.5 0.6
a4 0.6 0.5 0.9 0.7 0.4

9.2. Fuzzy Topology and Ideal Construction

We construct the fuzzy topology τ̃ by taking the initial topology generated by
{µ1, . . . , µ5} (including all finite meets, arbitrary joins, 0, and 1). The criteria-generated
opens include µj and their pairwise meets µj ∧ µk.

The decision maker identifies criteria with low discriminative power as negligible.
Define the fuzzy ideal

Ĩ = {λ ∈ IX : λ(ai) ≤ 0.35 for all i}.

This ideal captures fuzzy sets that assign at most marginal membership to all
alternatives—intuitively, criteria or sub-criteria that fail to meaningfully distinguish be-
tween alternatives.

9.3. Computing τ̃hI and the Refined Ranking

Step 1: Aggregate score. A natural decision fuzzy set is the weighted average
λagg = 1

5(µ1 ∨ µ2 ∨ µ3 ∨ µ4 ∨ µ5), representing the “best criterion” performance per alternative:

λagg = (0.9, 0.9, 0.8, 0.9).

Under τ̃ alone, all alternatives except a3 appear tied, making it difficult to rank them.
Step 2: Standard fuzzy interior. The fuzzy interior int(λagg) returns the largest fuzzy open

set below λagg. Since λagg may not itself be open, int(λagg) may lose significant information.
Step 3: Fuzzy hI -interior. We compute InthI (λ

agg) using the hI -topology. By the
definition, λagg is fuzzy hI -open if λagg ≤ int(λagg ∨Cl∗(µ)) for all non-trivial µ ∈ τ̃. Since
Cl∗(µ) ≥ µ typically inflates each criterion’s evaluation, the condition becomes easier to
satisfy, and more fuzzy sets qualify as hI -open.

Step 4: Ideal-refined aggregation. Instead of using the maximum, we define an
ideal-sensitive aggregation:

λref(ai) =
1
|Ci| ∑

j∈Ci

µj(ai), where Ci = {j : µj(ai) > 0.35}.

This counts only criteria exceeding the ideal threshold for each alternative:

C1 C2 C3 C4 C5 λref

a1 0.8 0.6 0.7 0.9 − 0.750
a2 0.5 0.9 0.4 0.6 0.8 0.640
a3 0.7 0.7 0.8 0.5 0.6 0.660
a4 0.6 0.5 0.9 0.7 0.4 0.620

For a1, C5 is filtered (membership 0.3 ≤ 0.35) and the remaining four strong criteria
yield an average of 0.75. For a2, all five criteria contribute. The resulting ranking is
a1 ≻ a3 ≻ a2 ≻ a4.
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9.4. Comparison of Rankings

The hI -refined method produces a complete ranking where all alternatives are distin-
guishable, whereas both the max-aggregation and the arithmetic mean produce ties. The
key advantage is that the ideal filters out marginally-performing criteria for each alternative,
preventing low scores from diluting strong performers (the arithmetic mean problem) while
also preventing a single high score from masking overall mediocrity (the max-aggregation
problem) (Table 2).

Table 2. Comparison of aggregation methods: scores, rankings, and distinguishability of alternatives.

Method Score Ranking Distinguishable?

max-aggregation (τ̃) (0.9, 0.9, 0.8, 0.9) a1∼ a2∼ a4≻ a3 Partial
Arithmetic mean (0.66, 0.64, 0.66, 0.62) a1∼ a3≻ a2≻ a4 Partial
hI -refined (τ̃hI ) (0.75, 0.64, 0.66, 0.62) a1≻ a3≻ a2≻ a4 Full

9.5. Theoretical Justification

The connection to our theory is as follows: The ideal Ĩ filters negligible criteria, and
the Cl∗ operator inflates the remaining criteria to reflect their “true importance” after ideal
correction. The hI -openness condition λ ≤ int(λ ∨ Cl∗(µ)) ensures that the aggregated
score is robust with respect to perturbations by any criterion (including ideal-corrected
ones). The hI -interior InthI (λ

ref) then provides the largest “stable” scoring function below
the raw scores—the one that is preserved under all ideal-corrected perturbations.

This example demonstrates that the hI -topology provides a principled mathematical
framework for handling the ubiquitous problem of negligible or dominated criteria in
MCDM, going beyond ad hoc threshold methods by leveraging the algebraic structure of
fuzzy ideals and the topological structure of h-openness.

9.6. Necessity of Ideal Filtering

Proposition 6. Let (X, τ̃, Ĩ) be a fuzzy ideal topological space with the MCDM setup of Section 9.
If Ĩ = IX (the maximal ideal, i.e., no criteria are filtered), then τ̃hI = τ̃h and the refined ranking
reduces to the standard h-open ranking, which may produce ties. Conversely, if Ĩ is a proper
non-trivial ideal (some criteria are filtered), then τ̃h ⊆ τ̃hI with the inclusion being potentially
strict, and the refined ranking may break ties that the standard ranking cannot resolve.

Proof. The first statement follows directly from Proposition 3.5: when Ĩ = IX , λ∗ = 0 for
all λ, so Cl∗(µ) = µ and the hI -openness condition reduces to h-openness. For the second
statement, when Ĩ is proper, there exists µ with Cl∗(µ) > µ. Then, λ ∨ Cl∗(µ) ≥ λ ∨ µ,
with equality not always holding, so the hI -openness condition is strictly weaker than
h-openness, yielding τ̃h ⊆ τ̃hI with potentially strict inclusion. In the MCDM context, this
means more fuzzy sets qualify as hI -open, allowing InthI to preserve more information
than Inth, thereby breaking ties.

9.7. Sensitivity Analysis

To demonstrate the robustness of the hI -refined ranking, we vary the ideal threshold
parameter δ (where Ĩ = {λ ∈ IX : λ(ai) ≤ δ for all i}) and observe its effect on the ranking.

Table 3 shows that the ranking is stable for δ ∈ [0.30, 0.35], producing the complete
ordering a1 ≻ a3 ≻ a2 ≻ a4. For smaller thresholds (δ ≤ 0.25), fewer criteria are filtered,
and a tie between a1 and a3 emerges. For larger thresholds (δ = 0.40), over-filtering occurs:
the ranking changes to a1 ≻ a2 ≻ a4 ≻ a3, as the removal of marginally-performing
criteria alters the relative strengths. This confirms that the ideal parameter δ provides
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meaningful control over the filtering granularity, and that a moderate threshold yields the
most informative ranking.

Table 3. Sensitivity of the refined ranking to the ideal threshold δ.

δ λref(a1) λref(a2) λref(a3) λref(a4) Ranking

0.20 0.660 0.640 0.660 0.620 a1∼ a3≻ a2≻ a4
0.25 0.660 0.640 0.660 0.620 a1∼ a3≻ a2≻ a4
0.30 0.750 0.640 0.660 0.620 a1≻ a3≻ a2≻ a4
0.35 0.750 0.640 0.660 0.620 a1≻ a3≻ a2≻ a4
0.40 0.750 0.700 0.660 0.675 a1≻ a2≻ a4≻ a3

9.8. Comparison of Methods

Table 4 demonstrates that only the hI -refined method produces a complete ranking with
all four alternatives fully distinguishable. The max-aggregation suffers from a three-way
tie, and both the arithmetic mean and the standard h-open ranking (which corresponds to
Ĩ = IX , i.e., no ideal filtering, by Proposition 6) produce a two-way tie between a1 and a3.
The hI -method resolves all ties by filtering the negligible criterion (C5 for a1, with score
0.3 ≤ 0.35) through the ideal before aggregation, allowing a1’s strong performance on the
remaining four criteria to be properly reflected.

Table 4. Detailed numerical comparison of aggregation methods.

Method a1 a2 a3 a4 Ranking

Max-aggregation 0.900 0.900 0.800 0.900 a1∼ a2∼ a4≻ a3
Arithmetic mean 0.660 0.640 0.660 0.620 a1∼ a3≻ a2≻ a4
h-open (Ĩ = IX) 0.660 0.640 0.660 0.620 a1∼ a3≻ a2≻ a4
InthI (δ = 0.35) 0.750 0.640 0.660 0.620 a1≻ a3≻ a2≻ a4

9.9. Connection to the Interior Operator Properties

Remark 9. The stability of the refined ranking is a direct consequence of the idempotency property
InthI (InthI (λ)) = InthI (λ) (Theorem 4(iii)). This ensures that applying the hI -interior to the
refined scores λref produces a fixed point. Repeated application of the filtering procedure does not
change the ranking. In contrast, ad hoc threshold methods without topological grounding may
produce unstable rankings that change with each iteration.

10. Conclusions and Future Work
In this paper, we have introduced the notion of fuzzy hI -open sets in fuzzy ideal

topological spaces (X, τ̃, Ĩ). Our main contributions are:

1. We proved that the collection of all fuzzy hI -open sets forms a fuzzy topology τ̃hI

(Theorem 2) and established that τ̃∗ and τ̃hI are in general incomparable (Theorem 3),
showing that the hI -construction captures fundamentally different information from
the ∗-topology.

2. We introduced and studied the hierarchy of generalized fuzzy open sets: hαI -open,
hpI -open, hsI -open, and hβI -open sets, providing genuinely fuzzy examples that
show that these classes are distinct and that the size of the ideal controls the fineness
of the hierarchy.

3. We developed the fuzzy hI -interior and fuzzy hI -closure operators with detailed
proofs of their fundamental properties.

4. We introduced a fuzzy hI -T1 separation axiom and a subspace construction, demon-
strating that τ̃hI supports a rich topological theory. We provided a sufficient condition
(Proposition 3) under which the two natural subspace constructions coincide.
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5. We introduced fuzzy hI -continuous and fuzzy hI -irresolute functions, providing
comprehensive characterizations (Theorem 10).

6. We demonstrated a concrete application to multi-criteria decision making, where the
ideal-based filtering produces a complete ranking that outperforms standard aggrega-
tion methods. We proved that ideal filtering is essential for tie-breaking (Proposition 6),
validated the ranking’s robustness through sensitivity analysis (Table 3), and connected
the ranking stability to the idempotency property of the hI -interior operator.

The following open problems are suggested for future research:

1. Can new types of fuzzy h-open sets be obtained by using the fuzzy local function µ∗

instead of Cl∗(µ) in Definition 6?
2. Can the fuzzy ∗-interior Int∗ be used instead of int (resp. αint, pint, sint, βint) to define

further generalizations?
3. What are the categorical properties of the assignment (X, τ̃, Ĩ) 7→ (X, τ̃hI )?

4. Under what conditions on A ⊆ X do we have τ̃
hI
A = τ̃

hIA
A ? Proposition 3 provides a

sufficient condition; a full characterization remains open.
5. Can the hI -framework be extended to intuitionistic fuzzy or neutrosophic settings,

and what additional applications arise in these generalized contexts?
6. Can the MCDM application be extended to incorporate weighted criteria and group

decision making within the hI -topological framework?
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