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Abstract: In this study, we develop new efficient parallel techniques for solving both distinct and
multiple roots of nonlinear problems at the same time. The parallel techniques represent an innovative
contribution to the discipline, with local convergence of the ninth order. Theoretical research shows
the rapid convergence and effectiveness of the proposed parallel schemes. To assess the suggested
scheme’s stability and consistency, we look at certain biomedical engineering applications, such as
osteoporosis in Chinese women, blood rheology, and differential equations. Overall, detailed analyses
of convergence behavior, memory utilization, computational time, and percentage computational
efficiency show that the novel parallel techniques outperform the traditional methods. The proposed
methods would be more suitable for large-scale computational problems in biomedical applications
due to their advantages in memory efficiency, CPU time, and error reduction.
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1. Introduction

Nonlinear equations have been used for practical problem-solving from the time
of ancient civilizations such as Babylon and Egypt [1]. In ancient mathematics, they
were fundamental to astronomy, land measuring, building, and the computation of areas,
volumes, and geometric difficulties [2,3]. Methods for dealing with increasingly complex
nonlinear equations arose with contributions from Greek and Arab mathematicians [4],
resulting in advances in algebra [5,6].

In many branches of science and engineering today, nonlinear equations are still
essential. They are employed in mechanical and biomedical engineering to simulate bio-
logical systems [7], including pharmacokinetics and enzyme kinetics [8], which forecast
medication concentration over time [9]. Nonlinear models also help with medical imaging,
specifically reconstruction methods used in CT and MRI scans [10]. For effective man-
ufacturing, polynomials are used in chemical engineering to model material attributes,
improve process conditions, and define reaction rates. In order to ensure structural integrity
and performance efficiency, nonlinear equations in mechanical engineering help define
stress—strain relationships, characterize aerodynamic features, and support mechanical
design optimization [11,12]. Thus, nonlinear equations nevertheless serve as a link between
cutting-edge scientific and engineering applications and old mathematical truths.

Nonlinear equations are important because they may be used to describe and predict
complex systems precisely, which can lead to important advancements in a variety of
engineering and scientific fields [13]. Recent advances in computing technologies, as
well as the increasing complexity of current engineering issues, have highlighted the
importance of efficient and accurate solutions to nonlinear equations. Designing cutting-
edge technology in the fields of renewable energy, aerospace, and telecommunications
requires these solutions.
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Nonlinear equations are significant in biomedical engineering [14] because they repre-
sent complex systems and biological processes that are intrinsically nonlinear. They are
crucial in modeling physiological dynamics such as blood flow in arteries [15], oxygen
diffusion in tissues [16], and electrical activity in the heart and brain [17]. These equations
are fundamental to the design of medical devices such as pacemakers, artificial organs,
and prosthetics, guaranteeing that their functionalities are compatible with natural sys-
tems. Nonlinear models aid in the simulation of drug distribution and pharmacokinetics,
allowing therapies to be optimized. They also simplify the study of biomechanics subjects
including joint movement and tissue deformation [18]. Nonlinearities in biomedical engi-
neering also replicate sickness progression, resulting in improvements in specific treatment
and early detection. They are utilized in systems biology, which investigates the interac-
tions between biological networks [19] and bioinformatics [20] using nonlinear equations
to better data interpretation and simulations.

Despite its importance, solving nonlinear equations remains difficult due to their
intrinsic complexity and extensive processing resources required for advanced numerical
iterative methods to obtain approximate solutions; see, e.g., [21-23]. The underlying
non-locality of these models, in which the derivative at a location is determined by the
complete history of the function, makes them infamously difficult to solve both analytically
and numerically.

The main contribution of this research work is the development and analysis of par-
allel schemes designed specifically for solving nonlinear equations in diverse biomedical
engineering applications. Indeed, these strategies have been carefully tested against con-
ventional methods for computational efficiency, convergence rate, and even CPU time. The
results clearly demonstrate the practical benefits of our technique, demonstrating that it
is likely to handle biological problems in a computationally more effective manner than
direct approaches. In-depth examination of convergence behavior, memory consumption,
computation time, and computational efficiency as a percentage shows that the new parallel
approaches perform better than the current ones. Our findings demonstrate significant
improvements in CPU time, memory efficiency, and error reduction, which makes the
proposed approaches more suitable for complex computing problems in biomedical appli-
cations and demonstrates the field’s noval contribution. Consequently, the findings of this
study represent a significant advancement in the field of numerical methods, specifically in
biomedical engineering.

The rest of the study is structured as we develop and analyze the parallel method
in Section 2. Section 3 discusses percentage computational convergence analysis using
computational percentage efficiency, as well as certain biomedical engineering applications
to examine for efficiency and stability in terms of parallel processing time and memory
utilization. The paper concludes with the last section.

2. Parallel Computing Scheme Construction and Theoretical Convergence

Direct numerical methods, such as single-step methods [24,25], multi-step meth-
ods [26,27], and hybrid methods [28] as well as exact techniques [29] and analytical tech-
niques [30,31] have several drawbacks to solving nonlinear equations,

h(x) =0, (1)

such as high computational costs, stability problems, and sensitivity to small errors. These
methods are versatile and often simple to implement, but they have numerous impor-
tant disadvantages. While these methods converge quickly near initial guesses, they can
diverge if the guess is far from the exact solution or the function is complex. They are
time-consuming and computationally expensive since they rely on accurate estimates
for each root and are sensitive to initial assumptions. Computational costs rise while
evaluating the function and its derivative, particularly for complicated functions. Fur-
thermore, distinguishing between actual and complicated roots might be difficult without
adjustments. Parallel root-finding methods, in contrast, provide more stability, consistency,
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and global convergence than single root-finding methods. They can be implemented on
parallel computer architectures using many processes to approximate all solutions to (1)
simultaneously.

Among parallel numerical schemes, the Weierstrass—-Durand—-Kerner approach [32] is
particularly attractive from a computational standpoint. This method is given by

y = = o (x), @)
where ( M)
o _ h(x; -
p(xl ) ]ﬁl(xl[z’] 7x][v]), (i,j=1,...,n) 3)
j#i

is Weierstrass’ correction. Method (3) has local quadratic convergence. Nedzibov et al. [33]
present the modified Weierstrass method,

also known as the inverse Weierstrass method, which has quadratic convergence. Inverse
parallel techniques outperform classical simultaneous approaches because they efficiently
handle nonlinear equations and use parallel processing to expedite convergence. It adjusts
dynamically to the particular characteristics of the problem, cutting down on computation
time and increasing accuracy. This approach is especially applicable in large-scale or
complex systems when traditional methods may be too slow or ineffective. The inverse
parallel scheme is presented by Shams et al. [34] as

o)
(1+ (1—an(x))) + ”’(:[f) (1+ (=)

1

Inverse Parallel Scheme (5) has local quadratic convergence.
In 1977, Ehrlich [35] introduced a convergent simultaneous method of the third order
given by

(6)

[0
where Ni(x.v]) = M
=)
Shams et al. [36] presented the fractional parallel approach with Convergence Order 2
for solving (6) as follows:

7 (7)
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v 1/
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where u =X I'(yp+1) T . The following parallel technique of conver-
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gence order four was developed by Nourien [36] as follows:

o
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The Zhang et al. method [37] is

X; —

1] _ w(xl[v])
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1
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j
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where Al¥] (xl[v]> =Yy (w(x’ )

=\
J#
accelerated the convergence order from three to six:

) . Using o7 = u][.v] as a correction in (9), Petkovic et al. [38]

1

o _ _[o] 1

1 _ 1
wr L (em)

where gl — o9 _ BE)=ACE) B e B
P (g ) ) T T ()
Motivated by the previously mentioned technique, the main aim of this research work
is to develop efficient parallel numerical techniques for simultaneously finding all solutions
of (1) at one time. This research work’s primary contributions are as follows:

¢  Construction and theoretical convergence study of parallel numerical schemes.

e  Calculate the percentage computational efficiency.

e Using relatively rough initial estimations to test the efficiency and consistency of the
parallel schemes.

*  Assessing the developed parallel scheme’s versatility and stability on random initial
approximations for biomedical engineering applications.

¢  Computing memory usage and computation time in seconds while applying the
techniques on parallel processors.

e  Estimating the number of basic arithmetic operations, number of functions and their
derivative evaluations, percentage convergence on each iteration steps using random
and rough starting values.

The parallel schemes approach is a powerful iterative technique for simultaneously
finding all the roots of a nonlinear equations. This approach has useful applications
in a variety of technical domains and is well known for its effectiveness and stability,
particularly when dealing with intricate roots. It aids in the design of stable systems
in control engineering by locating transfer function poles. In signal processing, it helps
with spectral analysis and filter construction. The technique is also utilized in biomedical
engineering to solve nonlinear equations in order to analyze various problems and forms
of biomedical treatment. Here, we consider the following scheme [39] for finding simple
root of nonlinear equations as
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o (x[v]) 431K (W}) ﬁ<y[v])

o — o] _
YT T () e (v 7R (v — 2 (x)

(11)

(1]
where yl?l = x[7] — % The order of convergence of (11) is five and satisfies the follow-

ing error equations:

el = (;’ (425‘5 - 6363) - c§c3> &40 (e6), (12)

where el = zlt) — 7, ¢ = x[t] — 7 and Cy = % 27((8, v > 2. We consider

n
A(x) = a,x" + A, X" tEy = 'H1(x -7 (13)
1=
to be a nonlinear polynomial equations with @,, @, 1, ...,d49 € C with root Z;. Thus,

B (xlly & 1 1 n 1

USCa — I — (14)

ﬁ(x[v]) ]; xlm — x][v] xl[v] — (i ]; xl[v] — C]-
i j#i

1
' ( (" =) ) .

(16)

This offers

[e]
]
new parallel scheme (BF[*]) for simultaneously finding all roots of (1) as

943111 i
A=Y NCRN
=1 ]

Therefore, replacing {; with x;*, we obtain (6). Using (3), and (14) in (11), we develop a

J#i 1
GG o[
seall [0 A il
AT AT
Zl[y] — yl[v] _ J#i j#i ) (17)
w(xl) i 1
W) S\ T
j#
where yz[v] = () L . For multiple roots the method can be written as
i (xl© n 1
(<] .Z< T )
(<) ’1;1 (i i )

54311 y’[v]fyf[v] ! 7211 7‘1”@]7%@] !
=1\ Pyl =1\ L7l
[v] [v] A N jAi N

(18)
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The following theorem defines the local order of convergence for the inverse frac-
tional scheme.

where y

Theorem 1. Let {1,..., (s, be simple roots of a nonlinear equation and assume that the initial

[0] [0]

distinct estimates x;°, ..., x, are sufficiently close to the true roots. Then, the BF (] method achieves
a convergence order of nine.

[v
i

[0]

Proof. We let ¢; = xl[v] — (i ey = yl[v] —(;and e[*] =0 I (i represent the errors in x; ",

i
[0] [0]

y; ,and v; ", respectively. From the first step of BFl*/, we have
1
R : (19)
' (xi ) i 1
() = (=)
1
€y =€ — ’ (20)
1 < 1 Y 1
Ptk ((M—g) 2\ T
J#i J#i
1
€y = € = , (21)
1 n i —i; +j
T,
J#
€y =€ - i , (22)
1+e€ -
(i)
n
20l
€ El € Q; j
€y = € — ii = ]#ln . (23)
l+e L &Q:  1+ey Q)
j=1 j=1
j#i J#i
Thus, assuming |¢;| = |¢j| = €, we have
v =0()) 2
In the second step, we obtain
w (4
943111 l[v] ][v]
J=1A x % 1
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This completes the proof. [

3. Computational Efficiency and Numerical Results

The computational efficiency of parallel numerical techniques is crucial in tackling
nonlinear biomedical engineering applications where distinct and many solutions must
be computed simultaneously. Efficient parallel numerical algorithms can handle a larger
number of nonlinear biomedical applications with higher degrees of nonlinearity, lowering
computational time and resource requirements, which is critical for applications that require
rapid processing, such as real-time systems and large-scale scientific computations. The
parallel technique, which was recently developed, can improve convergence rates while
minimizing errors in finding complex roots. High computational efficiency guarantees that
these techniques continue to be viable for systems with constrained resources as well as
high-performance computing environments. All simulations were performed on MatLab
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R2016a with the following hardware configuration to ensure the reliability and consistency
of the study findings:

e Processor: Intel(R) Core(TM) i7-8650U CPU @ 1.90 GHz (2.11 GHz);
¢ Installed RAM: 16.0 GB (15.8 GB usable);

e System Type: 64-bit operating system, x64-based processor;

*  Operating System: Windows 11 Pro.

In domains such as physics, engineering, and data science, efficient schemes enable
the interpretation and dependability of numerical results by lowering iteration counts and
computational overhead, improving memory management, and accelerating convergence.
These factors are critical for analyzing large systems and improving solution accuracy. The
information in Table 1 and the percentage computational efficiency [40]

log (Convergence order of parallel Scheme)
Computational Cost

¢[sBl, ¢| = [ % 100 (30)
can be used to evaluate the efficiency of the newly developed parallel schemes compared
to existing methods in the literature. The following numerical schemes of the convergence

order are compared in terms of percent computational efficiency, consistency, and stability.
In the Perkovic et al. [41] method,

[o+1] _ 1

X; . , (31)
1 (x)) . n 1
() ;i ( () )
h x[v]
h(x[v]) h (x][v]>ﬁ(sj[v]> (h/<(:[‘v]>) )
where s][.v] = x][-v] — — i U][-v] = s][-v] - 5 o] St
" (5") UCORICH)

©Y)?
(h(x/»] , the Wang-Wu

-1

()
e =t | L ACT (™ (v @)

and the Farmer-Loizou-like techanique [43] combined with the Newton method at the

first step.
<ﬁ<xw> B
1] _ o ()

ol _ 1_2<ﬁ(xm)> ) jﬁ<<u;v)2> () - (=8) 33)
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Table 1. Numerical results of parallel schemes for solving.

Scheme pml*! NN/ NF[*] BF[*
+,— 22gl¥+ 295[*#] 27gl¥+ 110+
X 18] 260 [*#] 26a[*# 15¢[+#]

ol = 2 4 O(n), where the number of division for all methods is the same, i.e., 2& [¥+]

Table 2 displays the percentage computing efficiency of the newly developed approach
in comparison to the previous method. It is evident from Table 2 that there are fewer basic
mathematical operations per iteration than with other approaches currently in use. In the
next sections, the efficiency, stability, and consistency of the newly devised approach in
comparison to the existing method for addressing biomedical engineering applications are
demonstrated using the data provided in Table 2 and the following stopping criteria:

xl[v-H] . xl[v]

(i) el = ] <107%, (34)

[0]

where €; " is error or norm ||.||,.

Table 2. Percentage computational efficiency of parallel schemes.

Parallel Schemes ¢ = PMM ¢ = NN ¢ = NFI ¢ = BF[]
¢(SBl, p) 45.34% 26.76% 26.45% 18.76%

In the experimental section, we compare our newly developed parallel techniques
with existing algorithms to assess their performance in nonlinear biomedical engineering
problems. Key variables such computational efficiency, convergence rate, memory utiliza-
tion, and CPU time are the focus of the experiments. In contrast to existing parallel schemes
in the literature, a few biomedical engineering applications are taken into consideration to
evaluate the method’s generalizability and applicability. In order to provide a thorough
study, the evaluation also includes error graphs and a comparison of percentage computa-
tional efficiency. Thus, it highlights the advantages of the proposed approach and provides
a clear explanation of the experimental setup and context for the numerical outcomes using
Algorithm 1.
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Algorithm 1 Parallel scheme for solving nonlinear equations

Require: Polynomial coefficients p, initial root guesses roots_guesses, tolerance tol, maxi-
mum iterations max_iter
Ensure: Computed roots, residual errors, convergence percentages, and resource usage
metrics
1: Initialize:
2: n < degree of p
3: iter <~ 0
4: Start CPU timer and record total available memory
5: Initialize arrays: residual errors, CPU time, memory usage, convergence percentage
6: while iter < max_iter do
7 iter < iter +1
8 Compute poly_val < p(roots_guesses) and poly_der < p’(roots_guesses)
9 fori =1tondo
10: Compute Newton correction:

poly_valli]
0 poly_der|i]

11: Compute Parallel correction:

1
roots_guesses[i] — roots_guesses|j]

sum_inv_dif f + Z
j#i

12: Update intermediate root:

1
" 1/6 — sum_inv_dif f

yli] < roots_guessesli

13: Compute final correction terms m and mjy:
my, my < using product of differences for corrections

14: Update root:

. my - my
1/6 — sum_inv_dif f

roots_guesses[i] < yli

15: end for
16: Compute residual error:
err < |p(roots_guesses)|
17: Record maximum residual error
18: Compute convergence percentage:
number of roots with err < tol
converged <— . x 100
19: Record CPU time and memory usage percentage
20: if max(err) < tol then
21: Terminate loop
22: end if
23: end while
24: Output:

25: Display computed roots and iteration statistics
26: Plot residual errors per root, CPU time, and memory usage vs iterations
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3.1. Biomedical Engineering Application 1: Osteoporosis in Chinese Women

Osteoporosis is a major health concern for Chinese women [44] who are at higher risk
due to genetic, nutritional, and lifestyle factors. Chinese women are more susceptible to
fractures when their bone density declines with age, which can result in lower quality of
life and disability. Discussing osteoporosis in this demographic is critical for increasing
awareness and encouraging preventative actions, as early interventions such as nutrition,
exercise, and medication can significantly lower risk. Addressing this issue also contributes
to public health strategies focused at reducing the burden of osteoporosis on China’s
aging populations. The osteoporosis designs are mathematically modeled, leading to the
following nonlinear equations [45]:

A =0.0039x% — 0.78x2 + 39.9x + 3383, (35)

where Al*l = 3850 offers the following nonlinear equations as

h(x) = 0.0039x% — 0.78x2 4 39.9x — 467. (36)
Non-linear Equation (36) has the following exact roots, accurate up to ten decimal places:
(1 = 16.7023433744267, ([, = 56.5740667166546, {3 = 126.723589908919. (37)

To determine the pace at which the suggested shemes converge, we conduct a very rough
initial approximation as

(617, 5", 28] = (300,400, 500] (38)

The numerical outcomes on these rough initial approximations are given in Table 3.

Table 3. Numerical results of parallel schemes using (38).

Method egv] e;v] e:[;’]
pmlH 0.1x10~% 6.1 x 10714 8.9 x 10~
NN 8.6 x 10732 9.1 x 10732 0.0
NF[* 7.1 x 10730 7.7 x 10731 0.0
BF[* 21 %1073 0.8 x 10~% 1.1x 1072

Table 3 and 4 illustrate that, in terms of residual error at rough initial approximation,
our technique relatively better approximates all biomedical solutions with greater deci-
mal places of accuracy when employing the defined stopping criteria (34). Figure la-d
graphically displays the residual error in relation to the number of iterations using (38) to
approximate all roots of (36) simultaneously. However, Table 4 and Figure 2a—d provide
the overall performance in terms of consistency and efficiency. Table 4 and Figure 2a—d
show that our method BF!*] outperforms existing methods PM!*], NNI*/, NF[*} in terms of
iterations, basic arithmetic operations [+, X, |, memory usage, percentage convergence,
and computer processing time (CPU time).

Table 4. Consistency analysis using (38) as starting values.

Scheme v Memory [£, X, +] Per-Con CPU Time
PMH 9 26.8092 27 66.76% 1.2234345464
NN/ 26 27.9222 25 55.65% 1.2342346757
NF 42 32.2344 42 33.32% 2.3434545746

BE[*] 7 24.0042 21 100% 0.32144346744
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To check the global convergence on random initial generated vectors for the consis-
tency and stability analysis of the scheme for solving biomedical engineering application,
the outcomes are presented in Tables 5-7 and Figure 3a—d, respectively.

Table 5. Iterations and percentage convergence on random initial values.

Scheme pmL*] NN NF[*] BF[*]
Iterations 32 95 37 20
Percentage Convergence 63.35433% 33.45453% 76.5435% 100%

Table 6. Memory and computational time in seconds.

Scheme pml*! NN/ NF[*] BF[*]
C-Time 3.45464 5.65466 4.23432 2.43532
Memory 28.765% 38.543% 27.232% 22.432%

Table 7. Consistency analysis of the parallel schemes for solving (36).

Scheme  Max-Error  Max-It  [f(x[?]), 7/ (x[?])] [£, %, +] Per-Divergence

pM¥ 0.1x10° 1! 32 42 21 66%
NN 8.6 x 10712 37 47 29 63%
NE[*] 7.1x 10710 95 56 42 34%
BF*] 21%x10°1 20 33 19 93%
08 CPU Time and Memory Usage per Iteration 23,0015 0.25 CPU Time and Memory Usage per Iteration 241985
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In Table 5, the numerical techniques for solving (34) using random initial approxima-
tions as provided in Table Al are displayed together with the number of iterations and
percentage convergence. In terms of iterations and percentage convergence, our method
BF!*| outperforms the existing methods PM[*/, NN/, NF[*| in the literature. The compu-
tational time and memory used to solve biomedical engineering applications using the
MatLab programming software are displayed in Table 6. Our recently developed method
finds all solutions parallel to the nonlinear equations using less memory and computational
CPU time, resulting in comparatively superior performance. Table 10 shows the overall
behavior of the proposed technique. Stability analysis is shown by the number of iterations
used and the basic arithmetic operations, and the functions and their derivative evaluations
in each iteration step are shown in Tables 6 and 7. Consistency analysis of the parallel
scheme is presented in Table 7 by presenting the overall error of the parallel schemes. By
using fewer iterations and fewer fundamental mathematical operations and functions, our
recently developed method is more stable in terms of stability than existing methods PM[*/,
NN, NE in the literature. Assessments for parallel approximating all of the roots of (36)
are presented; the output of Table 7 is also summarized in Figure 3a—d. In terms of memory
and CPU time, our method BF!*! outperforms other known parallel schemes pM[ NN
NFl*] that choose initial starting values randomly, as shown in Figures 2a—d and 3a—d.

3.2. Biomedical Engineering Application 2: Blood Rheology Model

Blood is a non-Newtonian fluid with changing viscosity under various flow circum-
stances according to the Blood Rheology Model, which characterizes its flow characteristics.
The shear-thinning characteristic of red blood cell alignment, which causes blood viscosity
to drop at higher shear rates, is taken into account by this model. Understanding thermody-
namics, assisting with medical diagnostics, and enhancing computer simulations of blood
flow—especially in vascular illnesses where changing flow can affect health outcomes—all
depend on blood rheology models [46] as

1 g 8 5 16

= % — = %% 0.05714285714x* + —x% — 3.6244897 3.
h(x) it gt 0.05714285 ot x 3.624489796x + 0.3 (39)

Non-linear Equation (39) has the following exact roots, accurate up to fifteen decimal places:

(1o = —227743963097943 £ 1.988772978814941, (40)
(34 = —1.23790259736887 £ 3.40818022390552i,
(56 = 1.56054635811839 + 0.946326198047388i,

7 = 3.82315818240685,

s = 0.0864335580529672.

To determine the global convergence behavior, we assume a very rough initial approx-
imations to exact roots as

2 )| = (150,24 2i,..., 4 6i] (41)

Table 3 shows the numerical outcomes of these crude initial approximations.

Tables 8 and 9 show that in terms of residual error at rough initial approximation, our
method relatively better approximates all the solutions in biomedical applications with
higher decimal places of accuracy using the defined stopping criteria. Figure 4a—d graphi-
cally illustrates the residual error verse number of iterations using (41) to approximate all
roots of (39) simultaneously. The overall performance in terms of consistency and efficiency
are given in Table 8 and Figure 4a—d. Table 4 and Figures 4a—d and 5a—d, clearly indicate
that in terms of iterations, basic arithmetic operations [+, X, <], memory visualizations,
percentage convergence and computer processing time our method BF!*! perform better
than existing methods PM[* NN NFLH.
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Table 8. Error of parallel schemes for solving (39).

Method 6{0] egu] ecgv] €£v] ega] egu] egv] eév]
PMI*| 51x1075%  61x107* 89 x10733 0.0 0.0 07x1072 03x10°1 0.0
NN 43 %1072 81x107%2 61x10718 0.0 0.0 0.9 x 10-% 0.0 0.0
NE 71x10720  81x10 1 1.0 0.0 0.0 1.0x10%# 55x10°1° 0.0
BF[*] 21x107Y  08x107 11x10°18 0.0 0.0 9.1 x 1072 0.0 0.0

Table 9. Consistency analysis using (41) for solving (39).

Scheme v Memory [£, X, +] Per-Con CPU Time
pMm 27 39.2343% 37 37% 3.3453776
NN 27 38.5674% 36 35% 4.4325767
NE 100 48.4563% 82 13% 5.6565456
BE[*] 10 18.3456% 28 100% 2.3453556

104 PM"‘]:Hesidual E‘rror of Each‘Roo( vs Itera‘lion 102 . EF”:‘ResidL‘!al Erro‘rof Eaf:h Roo‘t Vs Ilera(ion .
() N —O- Root 1 —©- Root 1
- Bl 100 S
~\\‘\t§\* :8:5535 102 :8:555‘% q
E \\\\:\\\\\\\\\ . Root 8 E ol Root8] |
: \\\\\ ASH g v
1074 "y ~ : \\\\Q 1ot
) 0
o ‘ N ) S N S ‘
1 1.2 1.4 1.6 1.8 2 0 2 4 6 8 12 14 16
Iteration Iteration
(a) Residual error of BF[*] (b) Residual error of pMI#
105 NF!: Residual Error of Each Root vs lteration 108 NF!'): Residual Error of Each Root vs lteration
B B
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1o° B S g o°r Batioll
. -©-Root 7 _ -©-Root 7
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Iteration

(d) Residual error of NF[*!

Figure 4. (a—d) Error graph of parallel scheme for solving (39).

The results for the consistency and stability study of the system for resolving biomedi-
cal engineering applications are shown in Tables 10-12 and Figure 6a—d, respectively, to
verify the global convergence on randomly generated initial vectors.
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Table 10. Iterations and percentage convergence on random initial values.
Scheme PM[*] NN NEF[*] BE[*]
Iterations 18 19 19 12
Percentage Convergence 63.35433% 33.45453% 36.5435% 100%
Table 11. Memory and computational time in seconds.
Scheme PMI*] NN NE[*] BE[*]
C-Time 2.48776 4.65867 4.200445 1.49876
Memory 38.765% 40.5433% 41.2312% 17.002%
Table 12. Consistency analysis of the parallel schemes for solving (39).

Scheme Max-Error ~ Max-It [A(xt]), 7 (x[71)] [+, X,+]  Per-Divergence
Ml 0.1 x 1073 32 31 20 78%
NN 0.9 x 1071 37 32 22 55%
NE 0.7 x 10~%0 95 29 42 54%

BE[*) 13 x 10731 20 19 13 95%

Table 10 displays the number of iterations and percentage convergence of the numeri-
cal schemes for solving (39) with random initial approximations, as shown in Table A2. In
terms of iterations and percentage convergence, our method BF*] outperforms the existing
methods PM*/, NN/, NF[*] in the literature. The computational time and memory used to
solve biomedical engineering applications using the MatLab programming software are
displayed in Table 11. In terms of memory use and computational CPU time, our novel
method performs better than previous methods, taking less CPU time and requiring less
memory to locate all solutions parallel to the nonlinear equations. Table 12 depicts the
overall behavior of the proposed technique. The consistency analysis of the parallel scheme
is shown in Table 12 by displaying the total error of the parallel schemes, and the stability
analysis is shown by the number of iterations used and the fundamental mathematical
operations. Table 12 also includes the functions and their derivative evaluations in each
iteration step in Tables 11 and 12. In terms of stability, our recently created approach
BF!*] is more stable than existing literary methods PM[*], NN[*],NF[* since it uses fewer
iterations and fewer fundamental mathematical operations and their functions. Assess-
ments for concurrently approximating all of the roots of (39) in the output of Table 12 are
also summarized in Figure 6a—d. In terms of memory and CPU time, our method BF!*]
outperforms other known parallel schemes PM[*/, NN!*/, NE[*! that choose initial starting
values randomly, as shown in Figures 5a-d and 6a-d.

3.3. Viscosity, Deformability, and Flow: Investigating Blood Rheology

The rheological properties of blood are critical for understanding the circulatory
dynamics of a fluid that deforms as it flows. Blood is a non-Newtonian fluid that has
shear thinning properties. Viscosity fluctuates with shear rate; elements such as hematocrit
content, plasma protein content, and temperature all influence it. It is mostly the result of
red blood cells creating rouleaux structures at low shear rates, which increases viscosity. At
higher shear rates, these structures rupture and thereby reduce viscosity. Viscoelasticity
is another characteristic of blood, which exhibits both fluid and elastic behavior when
deformed. The transportation of oxygen and nutrients in physiology depends on these
characteristics, but they are also critical in a number of diseases, including diabetes and
cardiovascular disorders, where altered rheology affects circulation. The central region’s
blood viscosity is significantly higher than that of the peripheral concentric plasma layer.
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Plasma viscosity is determined by [46]

2
$core =14+ (1 - x2) ,
inlet x2 |:2(1 _ xZ) + xZ pcore:|

©inlet

(42)

where peore is the core region of hematocrit, i, is the hematocrit, which is 0.44 at the
blood vessel’s inlet. Further,

0
§core = % (1 - plasma ) ’ (43)

Bcore

where 0p1asma 18 resistivity of blood, and
Oplasma = 1.2cP, (44)

where cP = centiPoise and 1 Poise (g/(cm S) = 100 cP, 6core is selected in such a way that pcore
is always less than 0.6. Putting pcore = 0.5 in (1), we have the following nonlinear equations:

: 1-22)?
05 _ (=) — (45)
0.44 x2[2(1 — x2) 4+ x? 55|
Nonlinear Equation (45) has the following exact roots up to four decimal places:
{1 =0.8024, 7, = —0.8024, {3 = 1.1787, {4 = —1.1787. (46)

Table 3 shows the numerical outcomes of these crude initial approximations.

Tables 13 and 14 show that in terms of residual error at rough initial approximation,
our method relatively better approximates all the solutions of biomedical applications with
higher decimal place of accuracy using the defined stopping criteria. Figure 7a—-d graphi-
cally illustrates the residual error verse number of iterations using (47) to approximate all
roots of (45) simultaneously. The overall performance in terms of consistency and efficiency
is given in Table 13 and Figure 7a—d. Table 15 and Figures 8a—d and 9a—d clearly indicate
that in terms of iterations, basic arithmetic operations [+, X, <], memory visualizations,
percentage convergence, and computer processing time our method BF*| performs better
than existing methods PM* NN NFLH.

To determine the global convergence behavior, we assume a very rough initial approx-
imations to exact roots as

[xgo],xgo],xgo],qu =153,2,—4]. @

Table 13. Error of parallel schemes for solving (45).

Method egv] eE’] €£v] ez[xv]
PM*| 9.8 x 1015 0.1 x 10714 0.7 x 1038 02 x 1024
NN 0.4 x 1022 0.3 x 10722 7.1x10°18 7.9 x 10727
NF+ 1.9 x 10~ 0.8 x 10711 1.0 x 10712 1.8 x 1072

BF[* 0.1x 102 0.7 x 1018 1.1x 10718 9.1 x10°%
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Table 14. Consistency analysis using (41) for solving (45).

Scheme v Memory [£, X, +] Per-Con CPU Time
pMmI* 100 31.7675% 76 7% 6.7678653
NN/ 30 36.0004% 26 35% 4.4325767
NF] 30 38.8221% 62 35.1% 2.88787675

BF[¥ 29 18.0056% 37 100% 2.6335346

The results of the consistency and stability study of the system for resolving biomedical
engineering applications are shown in Tables 15-17 and Figure 9a—d, respectively, to verify
the global convergence on randomly generated initial vectors.

Table 15. Iterations and percentage convergence on random initial values.

Scheme pMm[*] NN NFl*l BFL*]
Iterations 100 29 19 14
Percentage Convergence 5.356643% 39.1154% 39.654% 100%

Table 16. Memory and computational time in seconds.

Scheme Ml NN NEF[*] BE[*]

C-Time 5.87574 3.87556 4.76654 0.34232

Memory 69.6575% 39.6546% 27.7643% 11.4352%
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Figure 9. (a—d) CPU time and memory consumed by parallel schemes for solving nonlinear

Equation (45) using random initial values.
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Table 17. Consistency analysis of the parallel schemes for solving (45).
Scheme Max-Error ~ Max-It [A(x)), 7 (x[71)] [£, X,+]  Per-Divergence
pml+ 51x107° 32 55 107 100%
NN/ 9.9 x 10718 37 41 56 36%
NF!) 8.8x 1071 95 34 47 48%
BFl*) 7.9 x 10-% 20 23 28 0%

Table 15 displays the number of iterations and percentage convergence of the numeri-
cal schemes for solving (45) with random initial approximations, as shown in Table A3. In
terms of iterations and percentage convergence, our method BF[*] outperforms the existing
methods PM*/, NN[*|, NF[*] in the literature. The computational time and memory used to
solve biomedical engineering applications using the MatLab programming software are
displayed in Table 16. In terms of memory use and computational CPU time, our novel
method performs better than previous methods, taking less CPU time and requiring less
memory to locate all solutions parallel to the nonlinear equations. Table 17 depicts the
overall behavior of the proposed technique. The consistency analysis of the parallel scheme
is shown in Table 17 by displaying the total error of the parallel schemes, and the stability
analysis is shown by the number of iterations used and the fundamental mathematical
operations. Table 16 also includes the functions and their derivative evaluations in each
iteration step in Tables 16 and 17. In terms of stability, our recently created approach
BF*l is more stable than existing literary methods PM[*/, NN*/, NE[*| since it uses fewer
iterations and fewer fundamental mathematical operations and their functions. Assess-
ments for concurrently approximating all of the roots of (45) in the output of Table 17 are
also summarized in Figure 9a—d. In terms of memory and CPU time, our method BE!*!
outperforms other known parallel schemes PMU, NN, NEl* that choose initial starting
values randomly, as shown in Figures 8a—d and 9a-d.

3.4. Biomedical Engineering Application

Many biomedical engineering applications use differential equations [47] in their math-
ematical models, which play an important role in describing dynamic systems that change
over time. They are frequently used in pharmacokinetics, where differential equations are
used to explain changes in drug concentration in the body, which helps with dosage opti-
mization and the effectiveness of treatment. In addition, IVPs are essential for predicting
the course of diseases, modeling their transmission, and assessing the effectiveness of inter-
vention tactics. Initial value problems (IVPs) are utilized in cardiovascular studies to model
heart movements and blood flow, which aids in surgical planning and prosthetic device
design. The development of medical devices such as pacemakers and neurostimulators is
also improved by IVPs, which help simulate electrical activity for muscles and neurons as

P 420 =0 <x <1, 8)
y(0)=0,...,¢'(eg) = 1.

Using the approach described in [48], we simulate the solution by using the following
polynomial as

_1 X _ 2 x _
80 =5+ 4<x—s>¢ s+ £ 4 (x— )~ Lsds, (49)

where I' is gamma function, and for ¢ = 2, we have

h(x) = %x3 - %xz —X. (50)
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Nonlinear Equation (50) has the following exact roots up to three decimal places:
{1 = —1.137458609, {, = 2.637458609, (3 = 0. (51)
We consider the following rough starting values as
(1, 2, | = (15, 15,4 (52)
The numerical results using (52) are given in Tables 18 and 19.
Table 18. Numerical results of parallel schemes using (50).
Method egv] €£v] egv]
PML* 2.35646 x 1071 6.11064 x 10~ 14 1.00603 x 10~13
NN 2.35464 x 10712 0.0 7.09861 x 10~11
NEL] 9.54643 x 10710 7.3456767 x 10~ 11 0.1004 x 10~ 11
SBl*| 0.0 0.0 1.87891 x 1017
Table 19. Consistency analysis using (52) for solving (50).

Scheme v Memory [£, %, +] Per-Con CPU Time
PMLI*] 32 46.8092 37 66.76% 3.453544675
NN/ 37 57.9222 40 55.65% 3.754767856
NE 45 44.2344 64 33.32% 5.856757464
sBl+ 20 14.0042 16 100% 1.32144324

In terms of residual error at rough initial approximation, Tables 18 and 19 demonstrate
that our method, when utilizing the defined stopping criteria, approximates all solutions
for biomedical applications with greater decimal place of accuracy. Figure 10a—d visu-
ally displays the residual error verse number of iterations using (52) to approximate all
roots of (50) concurrently. The overall performance in terms of efficiency and consistency
is provided in Figures 11a—d and 12a-d and Table 20. Table 19 and Figure 10a—d show
that our method SB!*! outperforms existing methods PM*/, NN/, NF[*] in terms of itera-
tions, basic arithmetic operations [+, X, <], memory usage, percentage convergence, and
processing time.

The outputs are shown in Tables 20-22 and Figure 12a—d to check the global conver-
gence on random initial generated vectors for the consistency and stability study of the
scheme for solving biomedical engineering applications.

Table 20. Iteations and percentage convergence on random initial values.

Scheme pmI*] NN NE[*] :1
Iterations 9 42 26 7
Percentage Convergence 63.35433% 33.45453% 76.5435% 100%

Table 21. Memory and computational time in seconds.

Scheme Pml*! NN NEF[*] SBl*l

C-Time 4.43364 6.65464 7.87465 3.40096
Memory 48.765% 68.543% 47.232% 32.432%
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Table 22. Consistancy analysis of the parallel schemes for solving (50).

Scheme Max-Error Max-It [A(xl)), 7 (x21)] [+ x,+] Per-Divergence
pMHi 31x10° 1 32 52 27 86%
NN/ 0.6 x 10712 37 55 30 73%
NF[*] 7.9 x 10710 95 50 62 44%
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Figure 11. (a—d) CPU time and memory consumed by parallel scheme for solving (50).
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The number of iterations and percentage convergence of the numerical schemes for
solving (50) using random initial approximations, as Harowded in Table A4, are displayed
in Table 20. Compared to the existing methods PM*/, NN/, NFl*] in the literature, our
approach BE!*! performs better in terms of iterations and percentage convergence. The
computational time and memory used to solve biomedical engineering applications using
the MatLab programming software are displayed in Table 20. Our recently developed
approach finds all solutions parallel to the nonlinear Equation (50) and has comparatively
better performance in terms of memory use and computational CPU time. Table 20 depicts
the overall behavior of the proposed technique. The stability analysis is shown by the
number of iterations used and the basic arithmetic operations, and the functions and their
derivative evaluations in each iteration step are presented in Tables 20-22. The consistency
analysis of the parallel scheme is presented in Table 22 by displaying the overall error of
the parallel schemes. In terms of stability, our recently created approach BF[*] is more stable
than existing literary methods PM[*], NN*/, NE[*! since it uses fewer iterations and fewer
fundamental mathematical operations and their functions. Assessments for concurrently
approximating all of the roots of (50) of the output of Table 22 are also summarized in
Figure 12a-d. In terms of memory and CPU time, our method BF!* outperforms other
known parallel schemes PM[*/, NN/, NF[*] that choose initial starting values randomly, as
shown in Figures 11a—d and 12a-d.
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Figure 12. (a—d) CPU time and memory consumed by parallel schemes for solving (50) utalizing
random initial vectors.

3.5. Advantages and Limitations of the Proposed Parallel Scheme

The study provides a novel technique to solve nonlinear equations encountered in
biomedical engineering applications by building parallel algorithms. The results indicate
significant improvements in computational time, convergence rate, and memory utilization
when compared to existing schemes. However, these findings must be placed within the
larger framework of numerical methods for nonlinear biomedical engineering problems.
The newly developed parallel method’s strengths include:
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-  Computational Efficiency: Parallel techniques save significant calculation time, as
demonstrated by their use in four separate biological applications.

—  Better Convergence Rate: Compared to conventional schemes, the suggested scheme
assures fast convergence by determining solutions more effectively in fewer iterations.

-  Memory Efficiency: A comparison of memory utilization demonstrates the scheme’s
applicability in resource-constrained environments.

- Error Analysis: Including error graphs shows how accurate the solutions are and
confirms that the approach is reliable.

—  The Percentage Computational Efficiency: The quantitative comparison highlights a
method’s competitive advantage, especially in large-scale problems.

Although the suggested parallel approaches improve computational efficiency [49,50],
convergence rate, and memory optimization in three biomedical applications, there are
significant drawbacks to the method. Its applicability to extremely high-dimensional issues
and reliance on parallel hardware may limit its utility in resource-constrained settings. It is
necessary to investigate the error behavior at the edge cases, like ill-conditioned systems.
The method will be optimized for various computer architectures, its scalability will be
improved, and experiments with applications to stochastic and multi-scale models will be
conducted in the future.

4. Conclusions

Here, we developed new parallel techniques to simultaneously locate all the roots of
nonlinear equations. The newly created parallel scheme has a ninth-order convergence
according to the convergence analysis. In order to solve biomedical engineering problems,
the effectiveness and stability of recently established parallel schemes are evaluated by
analyzing rough initial starting values. The global convergence behavior is further in-
vestigated with random starting test vectors. In terms of memory, number of iterations,
percentage convergence, number of basic arithmetic operations, function and derivative
evaluations in each iteration, residual error graph, and computational time in seconds, our
newly developed methods BE*! outperform existing methods PM*/, NNI*/, NFE],

In the future, we will develop higher-order inverse parallel algorithms to address
more complex problems in epidemic modeling and biomedical engineering. In order
to increase the accuracy and efficiency of computational models, additional fractional
derivative notations will be used. Advanced methods will be employed to forecast and
model dynamic, complex systems. They will also contribute to the development of novel
methods for minimizing epidemics and improving health outcomes. Finally, in the future,
we aim to bridge the gap between theoretical advances and practical applications in
biomedical sciences.
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Abbreviations

The following abbreviations are used in this manuscript:

CPU time Computational Time Seconds
Max-It Maximum Iterations
Max-Error Maximum Error

Per-Con Percentage Convergence
PM[*], NN[*], NEF[* Existing Parallel Methods

€£v] Residual Error

sl Newly Developed Methods
Appendix A

The random initial starting vector is employed in biomedical engineering Appliaction
1 to show the global convergence of the numerical schemes, as presented in Table Al.

Table Al. Random initial vectors.

Ran-Test [x [0] ng] ,

1 X3
1 [0.222, 0.191, 0.097]
2 [0.021, 0.098, 0.004]
3 [0.044, 0.063, 0.153]
4 [0.106, 0.152, 0.253]
5 [0.001, 0.253, 0.053]

The random initial starting vector is employed in biomedical engineering Appliaction
3 to show the global convergence of the numerical schemes, as presented in Table A2.

Table A2. Random initial vectors.

Ran-Test [xgo] , xgo] , xgo] xLo] x{[io] ]
1 [0.732, 0.091, 0.007 0.181 0.097]
2 [0.822, 0.048, 0.131 0.104 0.634]
3 [0.083, 0.243, 0.224 0.590 0.823]
4 [0.076, 0.432, 0.046 0.913 0.643]
5 [0.011, 0.283, 0.057 0.703 0.253]

The random initial starting vector is employed in biomedical engineering Appliaction
2 to show the global convergence of the numerical schemes, as presented in Table A3.

Table A3. Random initial vectors.

Ran-Test [xgo] , x£0] , x:[;o] x‘[lo} ]
1 [0.972, 0.001, 0.007 0.097]
2 [0.872, 0.041, 0.021 0.004]
3 [0.003, 0.203, 0.210 0.823]
4 [0.016, 0.432, 0.046 0.003]
5 [0.091, 0.283, 0.017 0.203]

The random initial starting vector is employed in engineering Application 4 to show

the global convergence of the numerical schemes, as presented in Table A4.
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Table A4. Random initial vectors.

Ran-Test [xgo] , xgo] , x:[,’o] ]
1 [0.052, 0.101, 0.097]
2 [0.071, 0.048, 0.674]
3 [0.078, 0.003, 0.173]
4 [0.106, 0.102, 0.243]
5 [0.001, 0.203, 0.003]
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