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ARTICLE INFO ABSTRACT

Keywords: An inductive wireless power transfer (IWPT) system utilizing common compensation topologies-
Bifurcation series (SS), series—parallel (SP), parallel-series (PS), and parallel-parallel (PP)-forms a coupled
Zero phase angle (ZPA)

resonant system that exhibits either a single (w,) or three zero phase angle (ZPA) frequencies
(w;,,, and wy), depending on the load and coupling conditions. The bifurcation phenomenon
in such systems refers to the conditional emergence of two additional ZPA frequencies ( o,
and wy ) near the inherently present ZPA frequency (w,), leading to a total of those three
ZPA frequencies. Exact closed-form expressions for the bifurcation criteria, the inherent ZPA
frequency (w,), as well as the reflected resistance and reactance at w,, have been extensively
studied and are well-established for all four compensation topologies. However, precise closed-
form solutions for these parameters at the conditionally emerging ZPA frequencies ( w, and
o) remain incomplete.

In order to derive the missing closed-form solutions at the ZPA frequencies, this paper
reexamines four common compensation topologies in inductive wireless power transfer (IWPT)
systems. A circuit model based on mutual inductance is analyzed to establish the necessary
equations for the solutions. The primary contribution of this work is to present closed-form
expressions for the previously unavailable parameters at @, and w. In this context @, and wy
are formulated as functions of the circuit model parameters for all four compensation topologies.
Additionally, closed-form expressions for the input resistance ( R;, ) at @, and w, are derived
for all topologies except the PP configuration. The closed-form bifurcation conditions are also
presented as function of the circuit parameters for all four topologies. The accuracy of the
extracted formulas is validated using an RF circuit simulator.

Closed-form solution
Inductive wireless power transfer (IWPT)

1. Introduction

Inductive wireless power transfer (IWPT) systems enable the transmission of electrical energy between two objects without
physical contact, utilizing electromagnetic induction to transfer power between a transmitter and a receiver coil. This technology
has been widely applied in applications such as electric vehicle charging, consumer electronics, and biomedical implants [1,2]. To
enhance power transfer efficiency, IWPT systems commonly employ four compensation topologies: series—series (SS), series—parallel
(SP), parallel-series (PS), and parallel-parallel (PP) [3-7]. These configurations use capacitors to counteract the inductive reactance
of the coils. Depending on the load and coupling conditions, an IWPT system incorporating one of these topologies forms a coupled
resonant system with either a single (w,) or three (w;,w, and wy) zero phase angle (ZPA) frequencies [7]. ZPA frequencies
represent points where the system’s input impedance is purely resistive, maximizing power transfer. The phenomenon in which two
additional ZPA frequencies, w; and wy, emerge around w, resulting in a total of three ZPA frequencies is known as bifurcation.
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Extensive research has already established closed-form expressions for @, and the reflected resistance at w, across all four
compensation topologies [7-11]. However, precise closed-form solutions for w;,wy, and the input resistance (R;,) at these
frequencies remain incomplete. These solutions are crucial for system design, as operating under these conditions requires thorough
analysis. For instance, primary-side controllers and tunable circuits in IWPT systems often rely on tracking ZPA frequencies for
various control and optimization purposes [12-21]. Similarly, designing position-independent wireless power transfer systems,
utilizing a nonlinear compensation capacitor requires a thorough analysis of ZPA frequencies [22-24].

Several studies [25-33] have investigated bifurcation phenomena and the determination of closed form solutions of and at the w;
and wy. However, many have only provided partial solutions. In [25,26], the analysis was limited to the SS compensation topology
and instead of deriving precise values for w; and w, only their frequency difference (dw) was presented. Moreover, these works did
not include closed-form expressions for the input resistance (R;,) observed by the inverter at w; and wy. Studies in [27-31] derived
expressions for ; and wy by differentiating voltage or power gain with respect to frequency, assuming that resonance frequencies
align with peak gains. However, this approach may introduce inaccuracies, as peak gain frequencies can deviate from the actual
ZPA frequencies. Additionally, these studies focused exclusively on SS topology and did not derive closed-form expressions for R;,.
In [32], closed-form solutions for w; and w, were provided, along with exact expressions for R;, at these frequencies. However, as
with previous works, the analysis was restricted to the SS topology. Meanwhile, [33] identified bifurcation conditions and frequency
splitting criteria for constant voltage mode operation in only for the SS-compensation topology, but it did not provide closed-form
solutions for w;,wy and R;,. As evident from the literature, many key mathematical expressions related to bifurcation remain
unexplored, even for the four fundamental compensation topologies.

This paper aims to address these gaps by deriving exact closed-form solutions for all ZPA frequencies w;, w, and wy. Furthermore,
closed-form expressions for the input resistance (R;,) at the conditionally appearing ZPA frequencies (w” and wy ) are presented
for SS, SP, and PS compensation topologies. However, due to the complex nature of the expressions for w; and wy, the closed-form
solution for R;, in the PP topology could not be determined. We believe this work significantly advances the mathematical analysis
of bifurcation phenomena, building upon the foundational study [7], which originally provided solutions for .

The remainder of the paper is structured as follows: Section 2 discusses the four compensation topologies and provides a detailed
mathematical analysis for each. It also presents the derived ZPA frequencies, bifurcation conditions and R;, expressions. Section 3
verifies these solutions using an RF circuit simulator. Finally, Section 4 concludes the study, summarizing the findings and suggesting
directions for future research.

2. Bifurcation analysis of compensation topologies
2.1. SS-compensation topology

A mutual-inductance based circuit model for an IWPT system with an SS compensation topology is shown in Fig. 1. In this
model, the L, and C, represent coil’s self-inductance and compensation capacitance on the primary side. Similarly, the L, and C,
represent coil’s self-inductance and compensation capacitance on the secondary side. Magnetic coupling and the load is represented
by mutual inductance (M) and a load resistance (R; ) respectively. The R; is the resistance seen at the input of the rectifier and
basically represents the whole power electronics circuitry and the battery, as a whole, on the receiver side. The Z;, is the input
impedance seen by the inverter, and is a function of the circuit parameters as follows [7]:

i":jwc;+jWL”+Z’ @
where Z, is the reflected impedance taking into account the loading effect of the secondary on the primary circuit and is as
follows [7]:
p o*C2M?R; . @*CM? (0*CyLg - 1) @
r = - j .
(@C,L,—1)’ +@?C2R; 2 (0?C,L,— 1) + @?>C2R, >
By plugging (2) into (1), Z,, can be obtained as follows:

CIM*R;w* 1 @*C,M? (0*CyLy - 1)
n = ‘ sHi|lmcg T 3 3)
C2R2@? + (-1 + C,L,o?) »® (@*C L, —1)" + 0?C2R3

The system is operated at secondary the resonant frequency [7] given by
1

\% CSLS

For minimizing input VA rating and achieving maximum power transfer capability, primary side’s reactance is also compensated

with the primary side capacitance as follows [7]:

1
-
a)OLp

(4)

Wy =

C,= (5)
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Fig. 1. Schematic of an IWPT system with SS compensation topology.

Table 1
Closed form solutions for ZPA frequencies in SS-compensated IWPT system.
Closed-form solutions for ZPA frequencies Bifurcation conditions
—202+¢2 R, )~} [C, (~4C, RE +4C, M2 +C RS 2
1 0" s L™ %0 s s 3 0" s L% . .
\—E\/ TGy TE w, is real if \/C,Mw, > /C,R,
o 1

w; =
gy =

N CL, V Cﬂ LP
o = L —203+C2 R w0y +)
H \/E

w, is always real

C, (~4C, R: +4C, M2} +C3 RS o) 3 .
- wy is real if /C,Mw, > 1/C,R
~14+C,C, M2} H » 0 sBr

Closed-form solutions for Z;, at ZPA frequencies

C2M?R o}

VC0 X+C) (= L)} X+C,(C, M2 0} =2L, ) +C3 L, R o} + CH(L2 w0}~ R 0} +1

Zin(w =y Or o) =Ry, =
where
X = \[@l(4C, M2 + CIR}) ~ 4C,R;

Mo}

Zp(@ = @) = Ry = 7~

By plugging (4) into (3), ZPA frequencies can be obtained by solving roots of the imaginary part of the Z;, (Im(Z;, )) as follows:

2
1+2 CgM?e? (-1+‘°—2>
wo (UO
Im(Z,-,,) = o

-0 (6)
P ) »? g
(:ERL(O +{-1+ %>

One of the solutions of Eq. (6) is w,, which is the operating frequency of the system and exists unconditionally as long as the
primary side capacitor is chosen according to (5). The Eq. (6) yields two additional real solutions if the following condition, so
called bifurcation criteria, is satisfied;

\/Fpr > \/C.R, %)

Eq. (6) is solved for w, yielding three closed-form expressions for the zero-phase angle (ZPA) solutions: w;,®, and wy, which are
presented in Table 1 in ascending order. As shown in Table 1, the solution for @, always exists and remains independent of both
mutual inductance (M) and load resistance (R, ). This ensures that the ZPA frequency w, remains constant regardless of changes
in coil orientation or load conditions. In contrast, the other two ZPA frequencies, w; and wy, exist only when the bifurcation
condition is satisfied. These frequencies are highly dependent on all circuit parameters, including M and R;, causing them to vary
with changes in coil alignment and load conditions. The closed-form expressions for the real part of the input impedance (Re (Z;,)),
known as the input resistance R;,, are determined by substituting these ZPA solutions into Eq. (3) and are also listed in Table 1.
The impedance values at w; and wy are equal, resulting in a symmetric impedance profile around Z;, at w,. The input impedance
at w, depends solely on M and R;, whereas the dependencies at w; and wy are more complex, as indicated in Table 1.

In certain applications, identical coils are used, leading to equal inductances (L, = L, = L) and compensation capacitors
c, = C,= C) on both the primary and secondary sides, as inferred from Egs. (4) and (5). In this case, the expressions in Table 1 are
simplified as given in Table 2. As seen in Table 2, when coils are identical and the system meets bifurcation condition (Mw > R;),
the R, is directly reflected to the input of the system at the w; and w;, with exactly the same value. However, since these frequencies
are strongly dependent on M and R;, operating the system in these frequencies requires implementation of a frequency tracking
system [12-14].
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Table 2
Closed form solutions for ZPA frequencies in SS-compensated IWPT system with identical coils.
Closed-form solutions for ZPA frequencies for identical coils Bifurcation conditions
1 \/ZLC—(CR, )’-c:\/-4M3-4CLR,3+CZR,4 . Lif M R
o, =7 T w, is real if Mo > R,
I

@ w, is always real

ver
| \/ZLC—(CR,_)Z+C5\/—4M1—4CLR,_2+C2RL'
V2

w0y =
H (LC?+C2M?

wy is real if Mo > R,

Closed-form solutions for Z;, at ZPA frequencies in case of identical coils
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Fig. 2. Schematic of an IWPT system with SP compensation topology.

2.2. SP-compensation topology

The circuit model of the SP-compensated IWPT system is shown in Fig. 2, where the secondary-side capacitor, Cg, is connected
in parallel with the secondary-side coil, L,. The input impedance, Z;, , seen by the inverter is a function of the circuit parameters,
as given in (1) [7]. The reflected impedance, Z,, in (1) accounts for the loading effect of the parallel-compensated secondary on
the primary circuit and is expressed as follows [7]:

_ @*M?R; _jw3M2 [CiR2 (0?CyLy - 1) + L] ®
"R (022G, L, - 1) + 0?12 R (02C,L,— 1)’ + 0?12
By plugging (8) into (1), Z;, can be obtained as follows:
o 0*M*R; N (__ Lo @*M? [C,R,? (0CyL,— 1) + Ly > . ©
TR (@G L - 1) + e L2 Co 7 R, (02C,L, —1)" + 0?12

The system operates at the secondary-side resonant frequency [7], as given by (4). To minimize the input VA rating and achieve
maximum power transfer, the primary-side reactance is also compensated using the primary-side capacitance, as follows [7]:
1
c=—— (10)
! (‘% (Lp - MZ/LX)
As seen in (10), C, is strongly dependent on M, which introduces practical challenges that will be discussed in detail in Section 3.
By substituting (10) into (9) and performing a complex expansion, the imaginary part of (Z;, (Im (Zj, )) can be obtained as follows:

2

M20® [ L+ C,R2 [ -1+ 25 M2\ 2
w<A+§L +w5 LP_T COO

- = -

2 1o
L20? + R} (—1 + w_0>

Eq. (11) is solved for w, yielding three closed-form expressions for the ZPA solutions (w;,w, and wy), which are provided in
Table 3. As shown in Table 3, the real o, solution always exists and is independent of M and R;, ensuring that this ZPA frequency
remains constant regardless of changes in coil orientation or load conditions. The other two real ZPA solutions (w, and wy) exist
only when the bifurcation condition is met, and their values strongly depend on all circuit parameters, including M and R;. Table 3

also presents the closed-form expressions for the real part of the input impedance (Re (Zin ) ), referred to as the input resistance R;,,
at all three ZPA frequencies. As seen in Table 3, Z;, at w, depends only on M and R;, whereas its dependence on circuit parameters

=0. (11
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Table 3
Closed form solutions for ZPA frequencies in SP-compensated IWPT system.
Closed-form solutions for ZPA frequencies Bifurcation conditions
- = - = o, is real if:
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[oN CIL w, is always real
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wy = 72 2 275 2
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Closed-form solutions for Z;, at ZPA frequencies
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2
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Fig. 3. Schematic of an IWPT system with PS compensation topology.

is more complex at w, and w;. When the coils are identical, the expressions in Table 3 can be further simplified; however, unlike
in SS-compensation, these simplifications are not as significant. Therefore, separate results for the SPcompensation case are not
provided in a different table.

2.3. PS-compensation topology

The circuit model for a PS-compensated IWPT system is shown in Fig. 3. In this model, both secondary side capacitor, C, and
primary side capacitor, C,, are connected parallel to L, and L,, respectively, as shown in Fig. 3. The Z,, is the input impedance
seen by the inverter, and is a as follows [7]:

Z; !

in = 7 1 :
oC —_—
Jot, + joL,+Z,

12)

The system operates at the secondary-side resonant frequency [7], as given by (4). To minimize the input VA rating and achieve
maximum power transfer, the primary-side reactance is also compensated using the primary-side capacitance, as follows [7]:

L,
Cp=—- 13)

2
2 M2
w:M
0 2712
< Ry > +w0Lp




S.A. Sis Journal of Computational and Applied Mathematics 473 (2026) 116847

Table 4
Closed form solutions for ZPA frequencies in PS-compensated IWPT system.

Closed-form solutions for ZPA frequencies Bifurcation conditions

| QLR G+ L, (M +C, L, M2 +C2 LERY o +C M3 (M24C, L, R )+ A
V2

w0, = _ w, is real if Eq. (17) is satisfied

L LR (L,~C,M2a2)’ L q. (17)

N X
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0~ VC.L, 0 y!

2L3 R} w3 +L, ( M*~C,L,M? R} ~C2 L2 R} )wjj—C,M*(M?>+C, L, R} )wfj+A . . . . e
wy =+ R L Lot , rr e w, is real if Eq. (17) is satisfied
V2 LR (L,~C,M*02)’

Closed-form solutions for Z;, at ZPA frequencies

4 2 2 2 4 2
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n n 2 2.2 2 p2 2
2Cs* R, 2@} (L3R + L,M*w})
2 2 272 p4 2
2C,Lp* R} + L,M?* (M* + C,L,M*R%: — C2L% R} ) 0§ — C;M® (M* + C,L,R} ) 0§ + M>A

Z, (w=wy)=Ry, = 5 sttt
n (@=0u) =R 2P R2a? (Lp* RS + L,M*a})
L2 R M2a?
Ziy (0=wy) =Ry, = -+ .
where

A =[ AL, R} (L, - C,M*})" (LyR: f + L,M o))

3p2 2 4 2p2 2712 p4 4
+ (2L R0+ L, (-M* + CL MR + CPL2R} ) )

stp
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As seen in (13), C, is strongly dependent on both M and R;, leading to practical challenges that will be discussed in detail in
Section 3. In (12), Z, represents the reflected impedance, which accounts for the loading effect of the secondary on the primary
circuit and was previously given in (2) for a series-compensated secondary [7]. By substituting (2) and (13) into (12), the Z,,, for
a PS-compensation is as follows:

1
Zin = . a4
n —j(u2+(i—CSRL(u)w(2) JLyw
Lywd—(Ly+iCs LR o+CyM?0?)w) L2(02+M4wg
() 2
RL

By performing a complex expansion of the expression in (14), the imaginary part of the input impedance is obtained as shown in
(15). In (15), the parameters K,T,U and F are defined in (16). Subsequently, the ZPA frequencies can be determined by solving
for the roots of the imaginary part of Z,,, (Im(Z,,)), with the solutions provided in Table 4.

Im(Z,) =

2p2 .2 4.4 6,20 2A2 R2 2,02 2 2 3 p2 4 4 2 2 2 p2 2 2
To (LR 0} + Mio}) (C MO0 o) + C LM R 02} (<207 +a2) + LY R K + L,M* @} (0} + o7 (<1 + C2 R} (o + }))) )

2TC,L,M°R} 0*wf — 2C, L3 M2 R} o* @}, (w? ~ )+ LIMAR} ) (0°(=2 + U) + 60'wg — 2023 + Uwy +2(1 + U)w) + MBiK + LR} FK

(15)

K = (a)4 + wg + wzwé (—2 + CszRiw(z))) (16a)

T = (0 — wy)(@ + wy) (16b)

U=CRo? (160)

F = (0 — 0p)* (@ + w)* (16d)
3p2 2 4 2 p2 2712 p4 4
(23R @2 + L, (-M* + C,L,M?R + CPL2R} ) o

+CM* (M2 + C,L,R2 ) f)’ a7

2 2 2\ (13R2 4 4.6
> 4L, (L, - CM*a}) (LIRS o+ L,M o)

As seen in Table 4, the real w, solution always exists and is independent of the M and R;, making this ZPA frequency stays
constant even if the coils’ orientation to one another and/or the load conditions vary as long as primary side capacitor is tuned
according to those variations as given in (13). The other two real ZPA solutions (w; and wj) exist only when bifurcation condition,
as given in (17), is met, and their values are strongly dependent on all circuit parameters including M and R;. The closed form
expressions for the real part of the input impedance (Re (Z,,)), namely, the input resistances, R,,, at all three ZPA frequencies are
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also given in Table 4. As seen in Table 4, the Z,, at o, is dependent on only the M, R, L, and w,, whereas it is dependency to
circuit parameters are more complex at the w; and wy.

2.4. PP-compensation topology

The circuit model of a parallel-parallel (PP) compensated inductive wireless power transfer (IWPT) system is illustrated in Fig.
4. In this configuration, both the secondary-side capacitor, Cs, and the primaryside capacitor, C,, are connected parallel to the
primary and secondary side inductors L, and L, respectively, as depicted in Fig. 4. Since both sides utilize parallel compensation,
the analysis is conducted using admittances to simplify the mathematical expressions. Accordingly, the imaginary component of the
input admittance is first derived as follows:

1

Y =J0Ct o 37,
P r

(18)

In Eq. (18), Z, represents the reflected impedance, which accounts for the loading effect of the parallel-compensated secondary

on the primary circuit. The expression for Z, was previously provided in Eq. (8) for a parallel-compensated secondary [7]. The

system operates at the secondary-side resonant frequency, as defined in Eq. (4) [7]. To minimize the input volt-ampere (VA) rating

and achieve maximum power transfer efficiency, the reactance on the primary side is also compensated using the primary-side
capacitance, as shown below [7]:
L,—M?/L

C,= £ . (19)

M2R; \? 2
( L%L) +) (L, - M?/Ly)

By substituting Eqs. (8) and (19) into Eq. (18), the input admittance Y;, for a PP-compensated IWPT system is derived in Eq.
(20). Expanding the expression in Eq. (20) into its complex components, the real and imaginary parts of the input admittance are
obtained in Egs. (21) and (22), respectively. As observed in Eq. (19), the primary-side capacitance C, is highly dependent on the
mutual inductance M, load resistance Ry, and coil inductances (w, and L,), which introduces certain practical challenges.

v il (L,L,—M*) o i 20)
in M4Ri + L% (_LpLs + Mz)Zw(z) ” <L B Mzwwg((iRLwa)w(z)JrCSR%_w(wwo)(w+w0))>
»

2
2.2 4, p2( 2_ 2
Liw m0+RL(w mo)

M?R;@?
Re (Y;y) = —_0 :
M4R2Lw2w3
D\ —7— + Dy
" (21)
where D, = L’0’0] + R} (0* — o),
Do Mza)coé (sta)(z) + CSRico(a)2 - cog))
2 P D1 .
(%) L,Lio- L3M’w
Im (,,) =
2 L)
M*R] + L2 (=L,L, + M?)" wj
_ p
2
MARZL“)Z("S L Mzwwg(LSwwg+CSR2Lw(w7wo)(w+w0))
o + -
(L%w2w3+R2L ((UZ_wLZ))2>2 ’ L§w2w3+Ri (mz—wg)z (22)

2R2 30 2 et 2R2
C M7 Ry o’y + LiM~ww; + C;M =R owy

2
M4Riw2‘ug < 3 Mzmmg(wangrCS Riw(wfwg)(w+w0)) >
0 p

(Li,w2w3+Ri (w2_w2)2) 2\?2 2.2 4.2 (w2 2\
(L?wzwngRzL(wsz(z)) ) Liw a)0+RL(a) —mn)

Finally, the ZPA frequencies can be determined by solving for the roots of the imaginary component of the input admittance,
(Im (Y;,)), with the results summarized in Table 5. As shown in Table 5, the fundamental ZPA frequency w, always exists and remains
independent of the mutual inductance M and load resistance R;. This ensures that o, remains constant regardless of variations in
coil alignment or load conditions, provided that the primary-side capacitor is properly tuned according to these changes, as specified
in Eq. (19). The other two ZPA frequencies, w; and wj only exist when the bifurcation condition, given in Eq. (24), is satisfied.
Table 5 further demonstrates that w; and wy are significantly influenced by all circuit parameters, including M and R;. Due to
the complexity of their expressions, the solutions for w; and wj; have been represented using a series of sub-expressions, provided
in Egs. (25)-(36).

The closed form expressions for the real part of the input admittance (Re (Yj,)), namely, the input conductance, Gy, , at wy, is
obtained by plugging the w, into (20) and is reduced to expression in (23). A closed-form expression for G;, at w; and wy could
not be derived, as the closed-form solutions for w; and wy are already too complex to substitute (21). Instead, one can directly use
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Fig. 4. Schematic of an IWPT system with PP compensation topology.

Table 5
Closed form solutions for ZPA frequencies in PP-compensated IWPT system with identical coils.

Closed-form solutions for ZPA frequencies

o =

Y I | SR '
9 R0 6R0.23 13RO
LIRS W3 T LSRG W20 L3RG w?
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the numerical values of w; and wy in (21) to calculate the numerical value of G;, rather than attempting to find its closed-form
expression.
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Fig. 5. A circuit simulation setup in ADS.
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3. Validation and discussions of solutions in Section 2

The closed-form solutions for ZPA frequencies, bifurcation conditions, and input resistances are validated using the RF circuit
simulator ADS [34]. The MUTIND component in ADS, which models mutual inductance, is utilized to represent the coupled coils.
Separate circuit setups are designed for each of the four compensation topologies, with three distinct sets of component values
selected for each topology to simulate different operating conditions: weakly-coupled operation when the bifurcation criterion is
not met, critically-coupled operation at the bifurcation point, and strongly-coupled operation when the bifurcation criterion is met.
In this section, numerical results obtained from the closed-form solutions in Section 2 for these three sets of component values in
each compensation scheme are compared with those derived from ADS simulations to verify the accuracy of the proposed solutions.

3.1. Validation of SS-compensation topology

The circuit schematic for the SS-compensation shown in Fig. 1 is set up in ADS as given in Fig. 5. As seen in Fig. 5, the RF port
is connected instead of a high frequency voltage source seen in Fig. 1. An Sparameters simulation, in one-port configuration, is then
performed in the frequency range of 6 MHz-8 MHz.

In these validation simulations the resonance frequency of the system was set to 6.786 MHz. Nonidentical primary and secondary
coils with self-inductance values of L, = 1.5 pH and L =2 pH are chosen, respectively. Then, the primary side and secondary side



S.A. Sis Journal of Computational and Applied Mathematics 473 (2026) 116847

25 20
] M=425 nH o M=250 nH
] 810, B 15+
20 \~’ %,
E ‘g ol B g .‘.. (a) 10— i M=375 nH M=304 nH
15 & 1/, Ta, ~ o | M=a25nH
% s . o ] N w0
= ] Y A ‘.| o >
S 10+ At S e e S
& : o , S~ b . §
] -5
5 @
. : M=250 nH -10 i
- 5+—T@ e —
6.0 62 64 66 68 70 72 74 76 7.8 8.0 6.0 6.2 64 66 68 70 72 74 76 7.8 80
Frequency (MHz) Frequency (MHz)

Fig. 6. SS-compensation simulation results for non-identical coils. (a) Real and (b) imaginary parts of the input impedance (Zin) obtained from ADS simulations
for four different mutual inductance values: 250 nH, 303 nH, 375 nH and 425 nH.

compensation capacitors, C, and C;, are calculated using (4) and (5) as 367 pF and 275 pF, respectively. The load resistance R is
set to 15 Q. The mutual inductance value initially started from 250 nH, and then increased all the way up to 425 nH. Fig. 6 shows
real and imaginary parts of the input impedance (Z;, ) obtained from ADS simulations for four different mutual inductance values:
250 nH, 303 nH, 375 nH and 425 nH As seen in Fig. 6(b), there is only one ZPA frequency at f;, = 6.786 MHz when mutual inductance
value is 250 nH. When the mutual inductance is above 303 nH, which is the bifurcation point (critically coupling point), then two
more ZPA frequencies, f; and fy, emerge resulting in a total of three ZPA frequencies (f;, f, and fy).

For SS compensation, numerical values are obtained from the closed-form solutions in Table 1, presented in Section 2, using the
specified component values. Table 6 compares the numerical results for ZPA frequencies, input resistances (R;,), and bifurcation
conditions between ADS simulations (shown in Fig. 6) and the closed-form solutions (refer to Table 1 and Eq. (7)). It is important
to note that the ZPA frequencies (w;,w, and wy) in Section 2 are expressed as angular frequencies in radians per second and have
been converted to standard ZPA frequencies (f;, f, and fy) in hertz (Hz). The comparison demonstrates a very good agreement
between the closed-form solutions and ADS simulations.

As shown in Table 6, when the mutual inductance (M) is 250 nH, the split ZPA frequencies (f; and f) do not appear because
the bifurcation condition in Eq. (7) is not met. This situation is known as the weakly coupled regime [12]. When M increases to 304
nH, the split frequencies still do not appear, but this is the point where both sides of the bifurcation inequality in Eq. (7) become
equal, marking the bifurcation or critical coupling point [12]. For values of M greater than this, such as 375 nH and 425 nH, the
bifurcation condition is satisfied, leading to the appearance of the split ZPA frequencies (f; and fy), as shown in Fig. 6(b) and
Table 6.

The comparison of R;, values at ZPA frequencies also demonstrates excellent agreement between the closed-form expressions and
ADS simulations. The R;, at f0 (6.786 MHz) increases continuously with increasing M. However, in the strongly coupled regime,
R;, at f; and fy stays nearly constant as M increases. This behavior is a typical characteristic of input resistance at ZPA frequencies
and is well captured by the derived closed-form expression.

Another important characteristic of the SS-compensation topology is that, when coils are identical, then the load resistance is
directly reflected to the input resistance (R;, = R;) at the split ZPA frequencies (f; and f), when the system is in strongly
couple regime. Here both primary and secondary side inductor values are set to 1.5 pH (L, = Ly = L = 1.5 uH). The C, and C,, are
calculated using (4) and (5) as 367 pF. Rest of the components are of the same value for the simulation results in Table 6. Fig. 7
shows the input impedance from ADS simulations for these identical coils.

Table 7 compares the numerical results for ZPA frequencies, input resistances (R,-,,) at ZPA frequencies, and bifurcation conditions
obtained from ADS simulations (Fig. 7) with the closed-form solutions for identical coils (Table 2). The comparison reveals a high
level of agreement between the simulation results and the closed-form expressions. Notably, the R;, values at f; and fj are 15 Q,
which matches R; (R, = Ry = 15 Q), irrespective of the value of M, provided the system remains in the strongly coupled regime
(i.e., the bifurcation criteria are satisfied). This is clearly reflected in the closed-form expressions presented in Table 2 for identical
coils. This direct reflection of R; to R;, at f; and fj has been exploited for implementing frequency-tuned coupling independent
wireless power transfer systems [12-18].

3.2. Validation of SP-compensation topology

The SP-compensation topology circuit schematic, depicted in Fig. 2, is implemented in ADS as well. An S-parameter simulation
is conducted in a one-port configuration over the frequency range of 5 MHz to 8 M Hz. A load resistance, R;, of 300 Q is used,
along with identical primary and secondary coils, each having a self-inductance of L, = L, = 1 pH. The secondary capacitor, C,,
is calculated to be 550 pF using Eq. (4), targeting an operating frequency of 6.786 MHz. The primary side compensation capacitor,
C,, which is highly dependent on the mutual inductance (M), is determined using Eq. (10). In practical IWPT system, this capacitor
needs to. be tuned if the distance and/or alignment between coils vary during the operation. This means additional complexity needs
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Table 6

Comparison between closed-form solution and ADS simulation for SS-compensation.
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Parameter

Closed-form solution (based on Eq. in Table 1)

ADS simulation (see Fig. 6)

ZPA frequencies M =250 nH f; = not exists fp = not exists
f, = 6.786 MHz f, = 6.782 MHz
[r = not exists fr = not exists
M =303 nH f1 = not exists fp = not exists
fo =6.786 MHz fo =16.782 MHz
fu = not exists [y = not exists
M =375 nH ;. =6.431 MHz L =6.431 MHz
fo = 6.786 MHz fo =6.783 MHz
[y =7.322 MHz fy =7.326 MHz
M =425 nH fL =6.306 MHz f. =6.308 MHz
» = 6.786 MHz » = 6.785 MHz
fu =7.52 MHz fu =7.524 MHz
Input resistance (R;,) M =250 nH R, =7.56 Q at f, Ry, =754 Q at f,
M =303 nH R, =1112Qat f, Ry, =1110 Q at f,
M =375 nH Ry, =11.14 Q at f, Ry, =11.14 Q at f,
Ry, =17.02 Q at f, Ry, = 17.00 Q at f,
Ry, =1114 Q at fy Ry, =1115Q at fy
M =425 nH R,=112Qat f, Ry, = 11202 Q at f,
Ry, =21.85 Q at f, Ry, =21.86 Q at f,
Ry =112Qat fy Ry, =11.26 Q at fy
M at bifurcation condition 304 nH 304 nH
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Fig. 7. SS-compensation simulation results for identical coils. (a) Real and (b) imaginary parts of the input impedance (Zin) obtained from ADS simulations for
four different mutual inductance values: 250 nH, 350 nH, 425 nH and 475 nH.

to be added to the system as compared to SScompensation scheme in which C, is just dependent on the primary side inductor, L,
as seen in (5).

The mutual inductance is initially set to 100 nH and is then incrementally increased to 300 nH. Fig. 8 illustrates the real
and imaginary components of the input impedance (Z;, ) obtained from ADS simulations for four mutual inductance values:
100 nH, 140 nH, 250 nH, and 300 nH. As seen in Fig. 8(b), there is only one ZPA frequency at f;, = 6.786 MHz when mutual inductance
value is 100 nH. When the mutual inductance is above 140 nH, which is the bifurcation point (critically coupling point), then two
more ZPA frequencies, f; and fj;, emerge resulting in a total of three ZPA frequencies (f;.f, and fy).

For SP-compensation, numerical values are calculated using the closed-form solutions in Table 3 presented in Section 2 for the
specified component values. Table 8 provides a comparison of the numerical results for ZPA frequencies, input resistances (R;, ), and
bifurcation conditions between ADS simulations (see Fig. 8) and the closed-form solutions (refer to Table 3). A very good agreement
is obtained between the closed form solutions and ADS simulations for the SP-compensation as well. It should be noted that the coils
here in these simulations for SP-compensation validations are chosen identical for simplicity; however, the closed-form expressions
in Table 3 works perfectly for non-identical coils, different component values and design frequencies.

3.3. Validation of PS-compensation topology

The PS-compensation topology circuit schematic, depicted in Fig. 3, is implemented in ADS. An Sparameter simulation is
conducted in a one-port configuration over the frequency range of 6 MHz to 8 MHz. A load resistance, R;, of 5 Q is used, along with
identical primary and secondary coils, each having a self-inductance of L, = L, = 1 pH. The secondary capacitor, Cs, is calculated to
be 550 pF using Eq. (4), targeting an operating frequency of 6.786 MHz. The primary side compensation capacitor, which is highly

11
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Table 7
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Comparison between closed-form solution and ADS simulation for SS-compensation (Identical coils).

Parameter Closed-form solution (Table 2) ADS simulation (Fig. 7)
ZPA frequencies M =250 nH fp = not exists f1 = not exists
fo =6.786 MHz fo = 6.784 MHz
[n = not exists 'y = not exists
M =350 nH ;. = not exists ;. = not exists
fo =6.786 MHz fo =6.783 MHz
fn = not exists fn = not exists
M =425 nH fr =6.371 MHz fL =6.371 MHz
o = 6.786 MHz o = 6.785 MHz
[y =7.530 MHz fy =7.531 MHz
M =475 nH fp =6.224 MHz fr =6.226 MHz
fo =6.786 MHz fo =6.786 MHz
fy =7.790 MHz Sy =7.791 MHz
Input resistance (R;,) M =250 nH Ry, =7.55 Q at f, Ry, =7.55 Q at f,
M =350 nH Ry, = 1498 Q at f, Ry, = 1487 Q at f,
M =425 nH Ry=15Qat f, Ry=15Qat f,
Ry, =21.859 Q at f, Ry, =219 Q at f,
R, =15Qat fy Ry, =15Qat fy
M =475 nH R, =1499 Q at f, Rp,=15Qat f,
R, =273 Qat f, Ry, =27.305 Q at f,
Ry, =15Qat fy Ry, =15Qat fy
M at bifurcation condition 350 nH 350 nH
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Fig. 8. SP-compensation simulation results. (a) Real and (b) imaginary parts of the input impedance (Zin) obtained from ADS simulations for four different
mutual inductance values: 100 nH, 140 nH, 250 nH and 300 nH.

Table 8

Comparison between closed-form solution and ADS simulation for SP-compensation.

Parameter Closed-form solution (based on Eq. in Table 3) ADS simulation (see Fig. 8)
ZPA frequencies M =100 nH fp = not exists  f, =6.786 MHz  f, = not exists fp = not exists  f, =6.786 MHz  f; = not exists
M =140 nH f1 = not exists o =6.786 MHz  f; = not exists fr = not exists  f, =6.785 MHz  f; = not exists
M =250 nH frp =6.095 MHz f, =6.786 MHz [, =7.556 MHz fL =609 MHz f,=6.786 MHz f, =7.557 MHz
M =300 nH fr =59 MHz f,=6786 MHz f, =7.8 MHz fr =5901 MHz f,=6.786 MHz f, =7.805 MHz
Input resistance (R;,) M =100 nH R, =3 Qat f, Ry, =3 Q at f,
M =140 nH Ry, =588 Q at f Ry, =588 Q at f,
M =250 nH Ry, =565 Q at f; R, =5.678 Q at f;
Ry, = 18.75 Q at f, Ry, = 18753 Q at £,
Ry, =5.66 Q at fy Ry, =5.683 Q at fy
M =300 nH Ry, =549 Q at f, Ry, =5.516 Q at f;

Ry, =27 Qat f,
Ry, =554 Qat fy

Ry =27 Qat f,
Ry, =552 Qat fy

M at bifurcation condition

140 nH

140 nH

12
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Fig. 9. PS-compensation simulation results. (a) Real and (b) imaginary parts of the input impedance (Zin) obtained from ADS simulations for four different

mutual inductance values: 80 nH, 118 nH, 150 nH and 200 nH.

Table 9
Comparison between closed-form solution and ADS simulation for PS-compensation.

Parameter Closed-form solution (based on Eq. in Table 4) ADS simulation (see Fig. 9)

ZPA frequencies M =80 nH f. = not exists  f, =6.786 MHz  f, = not exists fL = not exists  f, =6.786 MHz  f, = not exists
M =118 nH fL = not exists  f, =6.786 MHz  f, = not exists fL = not exists  f, =6.785 MHz  f;; = not exists
M =150 nH fp =6.612 MHz f, =6.786 MHz [, =7.255 MHz frL =6.611 MHz f,=6.786 MHz f, =7.255 MHz

M =200 nH 1 =6.555 MHz f, =6.786 MHz f =7.733 MHz 1 =6.556 MHz f, =6.786 MHz f, =7.73 MHz
Input resistance (R;,) M =80 nH R;, =783.57 Q at f, R;, =783.33 Q at f,
M =118 nH R;, =364.15 Q at f, Ry, =363.95 Q at f,
M =150 nH Ry, =31023 Q at f; Ry, =31034 Q at f,
Ry, =2304 Q at f, Ry, =230.17 Q at f,
Ry, =4164 Q at f, Ry, =416.8 Q at fy
M =200 nH Ry, =230.8 Q at f; Ry, =230.8 Q at f;

Ry, = 13954 Q at f,
Ry, = 5499 Q at fy

Ry, = 13952 Q at f,
Ry, =550 Q at fy

M at bifurcation condition

118 nH

118 nH

dependent on the mutual inductance (M), and load, R;, is determined using Eq. (10). In practical IWPT system, this capacitor
needs to be tuned not only with the distance and/or alignment between coils but also the varying load conditions such as state of
charge and battery capacity. This means even further complexity needs to be added to the system as compared to SP-compensation
topology.

In ADS simulations the mutual inductance is initially set to 80 nH and is then incrementally increased to 200 nH. Fig. 9 illustrates
the real and imaginary components of the input impedance (Z;, ) obtained from ADS simulations for four mutual inductance values:
80 nH, 118 nH, 150 nH, and 200 nH. As seen in Fig. 9(b), the input impedance is inductive at low frequencies, which is opposite to the
behavior of SS and SP topologies where input impedance is capacitive at the low frequency range. There is only one ZPA frequency
at f, = 6.786 MHz when mutual inductance value is 80 nH. When the mutual inductance is above 118 nH, which is the bifurcation
point (critically coupling point), then two more ZPA frequencies, f; and fj, emerge resulting in a total of three ZPA frequencies
(f-fo and fy).

For PS-compensation, numerical values are calculated using the closed-form solutions in Table 4 presented in Section 2 for the
specified component values. Table 9 provides a comparison of the numerical results for ZPA frequencies, input resistances (R;,), and
bifurcation conditions between ADS simulations (see Fig. 9) and the closed-form solutions (refer to Table 4). A very good agreement
is obtained between the closed form solutions and ADS simulations for the PS-compensation as well. It should be noted that the
coils here in these simulations for PS-compensation validations also are chosen identical for simplicity; however, the closed-form
expressions in Table 4 works perfectly for non-identical coils, different component values and design frequencies.

3.4. Validation of PP-compensation topology

The PP-compensation topology circuit schematic, depicted in Fig. 4, is implemented in ADS. In PPcompensation simulations,
the higher split ZPA frequency (fy) varies in wider frequency range, therefore, simulations were also performed in a wider
frequency range. An S-parameter simulation is conducted in a one-port configuration over the frequency range of 3 MHz to 20
MHez. A load resistance, R;, of 75.26 Q is used, along with identical primary and secondary coils, each having a self-inductance of
L, = L; =310 nH. The secondary capacitor, C,, is calculated to be 1.774nF using Eq. (4), targeting an operating frequency of 6.786
MHz. The primary side compensation capacitor, which is highly dependent on the mutual inductance (M) and R;, is determined

13
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Table 10
Comparison between closed-form solution and ADS simulation for PP-compensation.
Parameter Closed-form solution (based on Eq. in Table 5) ADS Simulation (see Fig. 10)
ZPA frequencies M =38 nH fp = not exists  f, =6.786 MHz  f; = not exists fr = not exists  f, =6.786 MHz  f; = not exists
M =52 nH f. = not exists  f, =6.786 MHz f, = not exists fL = not exists  f, =6.785 MHz  f; = not exists
M =100 nH f, =6614 MHz f,=6.786 MHz f, = 8.819 MHz fL =6614 MHz f,=6.786 MHz f}, = 8.820 MHz
M =120 nH [ =6.869 MHz f, =6.786 MHz f, = 10.302 MHz frL =6870 MHz f, =6.786 MHz f, = 10.30 MHz
M = 150 nH fi =7404 MHz f, =6.786 MHz f;; = 1427 MHz f, =7403 MHz f, =6.786 MHz f;; = 1427 MHz
Input resistance (Ry,) M =38 nH Ry, =151.1 Q at f, Ry, =151 Q at f
M =52 nH Ry, = 80.04 Q at f, Ry, = 80.04 Q at f,
M =100 nH Ry, =33.04 Q at Ry, =33.04 Q at f;
R, =258 Qat f, R, =258 Q at f,
R, =220.6 Q at fy Ry, =220.6 Q at fy
M =120 nH Ry, = 19817 Q at f; Ry, =1982 Q at f;
Ry, = 2247 Q at f, Ry, =2247 Q at f,
R, =487.7 Q at fy Ry, =487.7 Q at f,
M =150 nH Ry, =9.427 Q at f, Ry, =943 Qat f;
Ry, =23.43 Q at f, Ry, =23.43 Q at f,
R, = 1855 Q at f, Ry, = 1855 Q at fy,
M at bifurcation condition 52 nH 52 nH

using Eq. (19). As in PS-compensation topology, this capacitor needs to be tuned with both the distance and/or alignment between
coils and varying load conditions.

In ADS simulations, the mutual inductance is initially set to 38 nH and gradually increased to 150 nH. Fig. 10 displays the
real and imaginary components of the input impedance (Z;,) obtained from ADS simulations for five different mutual inductance
values: 38 nH, 52 nH, 80 nH, 120 nH, and 150 nH. To clearly differentiate the simulation data for each mutual inductance value in the
PP-compensation topology, separate impedance graphs are plotted for each M (see Fig. 10). As seen in Fig. 10, the input impedance
is inductive at low frequencies, which is opposite to the behavior of SS and SP topologies where input impedance is capacitive at
the low frequency range. There is only one ZPA frequency at f, = 6.786 MHz when M value is 38 nH. When the mutual inductance,
M, exceeds 52 nH, which corresponds to the bifurcation point (critical coupling point), two additional ZPA frequencies, f; and f,
appear, resulting in a total of three ZPA frequencies: f;, f, and fj. These frequencies are represented by triangular markers in Fig.
10. When M reaches 100 nH and 120 nH, two of the ZPA frequencies are very close to each other, causing their markers to appear
almost overlapped (see Fig. 10(c) and (d)).

For PP-compensation, numerical values are obtained from the closed-form solutions in Table 5 presented in Section 2 for the
specified component values. Table 10 provides a comparison of the numerical results for ZPA frequencies and bifurcation conditions
between ADS simulations (see Fig. 10) and the closed-form solutions (refer to Table 5). A very good agreement is obtained between
the closed form solutions and ADS simulations for the PP-compensation as well. It should be noted that the coils here in these
simulations for PS-compensation validations also are chosen identical for simplicity; however, the closed-form expressions in Table
5 works perfectly for non-identical coils, different component values and design frequencies.

A key observation from the PP-compensation simulation results is that the behavior of the split ZPA frequencies changes
differently as the mutual inductance (M) increases. In SS, SP, and PS compensation simulations, when the bifurcation criterion
is met, the split ZPA frequencies, f; and fy, appear below and above f,, respectively. However, in the PP-compensation topology,
once the bifurcation criterion is satisfied and M exceeds a certain threshold, both f; and f; emerge above f,. This trend is clearly
illustrated in Fig. 10 and Table 10. Specifically, when M is 100 nH, f; is 6.614 MHz, which is lower than f,(6.786 MHz). In
contrast, for M values of 120 nH and 150 nH, f; shifts to 6.869 MHz and 7.404 MHz, respectively, both of which are higher than
£,(6.786 MHz).

4. Conclusion

This paper effectively addresses significant gaps in the mathematical analysis of bifurcation phenomena in inductive wireless
power transfer (IWPT) systems. The derived closed-form expressions for ZPA frequencies, input resistances, and bifurcation criteria
can be readily applied to various control algorithms used in wireless power transfer systems and other inductively coupled systems.
For instance, the ZPA solutions presented in this paper can be integrated into the control algorithms of frequency tracking controllers,
particularly for operating the system at conditionally existing ZPA frequencies. Likewise, the derived input impedances at the ZPA
frequencies can be utilized to accurately calculate the input current at these frequencies. The accuracy of the derived formulas
was validated through simulation, confirming their practical applicability. Future research could extend the analysis to other
compensation topologies, driving improvements in the efficiency and optimization of IWPT systems.
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Fig. 10. PP-compensation simulation results. (a) Real and (b) imaginary parts of the input impedance (Zin) obtained from ADS simulations for four different

mutual inductance values: 38 nH, 52 nH, 100 nH, 120 nH and 150 nH.
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