IBSU International Refereed Multi-diciplinary Scientific Journal Ne 1, 2006

The classical integral operators in weighted Lorentz spaces with
variable exponent

D. M. IsrafilovlV), V. Kokilashvili®? and N. P. Tuzkaya!®
Abstract

In this paper the Lorentz spaces with variable exponent are introduced. These Banach
function spaces are defined on the base of variable Lebeszue spaces. Boundedness of
classical integral operators are proved in variable Lorentz spaces.

Introduction

The Lebesgue and Sobolev spaces with variable exponent have been studied intensively
by many mathematicians (see e. g. the survey paper [1]). The study of those spaces has
been stimulated by various problems of caleulus of variation and differential equations
with nonstandard growth conditions, theory of elasticity, Auld mechanics,

In this paper we study the mapping properties of classical operators arising in Har-
monic Analysis, PDE, and Boundary value problems for analytic functions in new Banach
function spaces with variable exponent.

1. On Some Banach Function Spaces

Let p be a measurable function on (0,a),0 < a < 0o such that

l<p=ecssinfp(t) <p(t) <esssupp(l)=7 < oc.
= (0,2 (1N

By L7 (0,a) we denote the space of measurable functions g (f) on (0,a) such that

(3
Lig) = f 19 ()9 dt < oo.
]

L2t} s a Banach function space with respect to the norm

gl = inf {3 >0:1, (g) <1},

[D.a] A=

Let £ be a bounded domain in R" and let f: @ — R! be a measurable function,
where £} is a bounded domain in B". By

[fit)=sup{e>0:m(ze Q:|f(2) >s >t}
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we denote the nonincreasing rearrangement of a function f, where m is the Lebesgue
measure. It is clear that f* (£) = 0 for § > m, since m < oo,
Variable Lorentz spaces A? () is introduced as a set of all measurable functions for

which

||f¥||[.\?-*(}(0‘mﬂ} < 0e

The last is a quasinorm. The norm in A" is defined throught the average

i
l * % TE
o= [row roseo.
0
Definition 1. The subsel of all measurable functions on @ for which

1f llaeer = IF* N o ro meyy < 00

is called the space APV ().
When the function p{z) is such that in L*") Hardy’s inequality holds, we conclude
that

17 N 2o < NN peer < & 1" g -

Note that || f**| .. is a norm. The triangle inequality follows from the inequality

(f+o" @) </ +9" (1),
(seee. g [2]).
In [3] it is proved that AP is a Banach space.

2. Integral Operators in A
In this section we present some results on boundedness of maximal functions, singular
integral and Riesz potential in APC.

In the sequel the main tool of our investigation will Hardy’s inequality in £70).
Theorem A [4] Let

f—=Pf

be the Hardy's operator

o
1
Pflx) = Ef'f () dy.
0
Let I =[0,a] for a < oo and let p: 1 — [1,00) be bounded, p(0) > 1 and

, 1
lim (p (=) - p(0))log S <™
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afd

P(oz,) = €88 sup p(z) = p(0)
[G.Q:-J}

for some zp € (0,a). If B € [O 1 - [m) , then Hardy's inequality

||']'3' 't‘- |LJ‘ ) S¢C ‘f{x |L.r-l'-‘a

holds.

We are interested in that function p(z) for which the conjugate to P is also bounded
in L2 0,

It should be noted Lhat if p continuous at ¢ = U, then with the conditions mentined in
Thecrem A the function p (z) satisfied the same conditions.

Consequently from the duality argument when 3 = 0 we conclude that if p is contin-
uous at zero, then under the conditions of Theorem A

1),

Qf (z) = )

is bounded in LM as well,

Definition 2. 1. The function p said to be of class D if it 15 continuous af t = U
and safisfies the conditions of Theorem A.

Theorem 2. 1. Let p be as in Theorem A. Then the Hardy-Littlewood function

1 |
Mf @) =sp—ree [ £l

ann

18 bounded in J"Lj;{-", i e
007" &l < el 2]
when Ugﬁfl—ﬁ.
Proof. The validness of this statement follows from the relation (see, e g [2] and

[5])
(M) f 7
and Theorem A,

Now we consider the mapping property of Calderon-Zygmund singular integrals

Kf(z)=V.P / E?f (z—y)dy, zEN
R‘l
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where K is an odd function on B" homogeneus of degree 0 and satisfying the Dini condition

on the unit sphere §7~1
Tols
[w{{; Jd& < 00,

0

where

w(d) = sup [K(z)-K(y)l
o, yE -1
|z—y|<b

As a particular case one may mention the finite Hilbert transform (n =105 = »‘-)

]
and the Riesz transform (n >2,K(z)= i |,J =1, 2. )

Theorem 2. 2. Let p € D. Then the operator K 13 bounded in AP0 ().
Proof. Thanks to the known estimate we have that

) il
| ET
k7 @ <e| ¢ frwans [F
1] i

Now it is sufficient to apply Theorem A and the remark to this statement.
Theorem 2. 3, Let p € D Then the Ries: potential

] —”"’rl_.,dy
|z — y]
i

over the bounded domain acts boundedly from A*C) into itself.
Proof. We use the estimate (see [2])

t mil
(If) (t) <c f.o‘"ff" (u) du + ]f'{u) w1y

Then 1t 18 easy to see that

mil
(Iaf)" (t) < 6(m®)° ff w[ffm

The proof we complete as in previous theorem.
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3. On Canchy Singular Integrals in Lorentz Spaces
with Variable Exponent

In this section we consider the Cauchy singular integral

5O == [T0ar, =10 <s<1,
r

T —

where [" is a finite rectifiable Jordan curve on which the are length is chosen as a parameter,
starting from any fixed point,

[ is called Lyapunov curve if £ (s) € Lipn,0 < & < 1. When t (5) is a funetion of
bounded variation, I' is called a curve of bounded turning.

The aim is to study the mapping properties of Sp in Lorentz spaces with variable
exponent.

We assume that p(s) is defined on [0,1], where [ is the length of I'. In previous
sections we introduced the class of p functions: p € D, if the functions p and p satisty
the conditioms of Theorem A,

By I74) (I') we denote the space of all measurable functions f (¢ (s)) = fo (s) on [0,1],
for which

I, (fo) ]Iﬁ.[sllp”" ds < 00.

u

[P(T) is a Banach function space with respect to the nerm
(V[ ir;f{)\. >0: 10, (:) < l}.
By A?0) (T') we denote the space of all measurable functions on I' for which

||f'||m-3 <0G,

where ' denotes the non-increasing rearrangement of a function f,
APU) (T is a Banach function space by the norm

1F ety = IF* Nl o

where as above

t
1
rwm=;]}%mma
0
Since p £ T, the Hardy's inequality holds, thus

Il ser = 1 g -
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[t means that to state boundedness of some integral operator T in A1) it is sufficient to
estimate of quasinorms ||(T'f)" || ) -

Theorem 3. 1. Let p € D and let [ is a Lyapunov curve Then Sp iz bounded in
ARCT

Proof. In the case of Lyapunov curve the estimate

|
; fu( |fu(3 _ ;
u&nun{(lg /h HW“ ) i)

holds with e € (0,1) (see, e. g [6]).

Hence

((Se/N)* () < c((Hfo)" + (Uafo)) s

where H is the finite Hilbert transform and [, 15 the fractional integral of order o

Now applying the Theorems 2. 2 and 2. 3 we obtain the desired resuli,

Theorem 3. 2. Let ' be a curve of bounded turning without cusps, Let p € T. Then
the operator Sp is bounded in APV,

Proof. It is obvious that

i fm i+ f( ﬂ_ﬂs Jis)hwﬁm,t=ﬂﬂ,

as i (s) is a function of bounded variation, we have

t(8) =t (o)) <V (5) -V ()],
where V () is the total variation of  on [0,s]. Let

i

TWFfWWﬁwmt=ML
L]
where

te) 1

Figys) = tlo)—t(s) eo—s

Sinee [" is a curve of hounded turning without cusps we have

t(s) —t(o)

&—a

0=<m<

Therefore we can derive the estimate (see, e. 2. [3])
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t (o) 1
[ho,8)l < ‘t{o’}—t{s}_o'—.s
m[ £ (5) 1 ()] | < (3_ f[v _Viullda
< e(s—o)  (V(s) -~V (a)
Thus
'[ra"
T () < fi%j—imu

7

v fhw fl Lio(e),

Now since V' is bounded, passing to the noninereasing rearrangement in the last inequality,
in virtue of Theorem 2. 2 we conclude the boundedness of Sy in AP
Note that for the constant funetion p (s) = p the boundedness of Sr on Lyapunov curve
and on curve of bounded turning without eusps was proved in [6] and [T], respectively.
It should be noted that the paper [3] is pioneering in which it has been introduced
weighted variable Lorentz spaces and proved the boundedness of classical integral opera-
tors but under more restrictive condition for the function p(s).
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