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Abstract. The direct and converse trigonometric approximation theo-
rems in Lebesgue spaces of functions of several variables are proved by
using moduli of smoothness of fractional order. Also, a constructive char-
acterization of the generalized Lipschitz classes is obtained.

1. Introduction

Let T := [0, 27] and L? (T) (1 < p < 00) be the space of 2r-periodic Lebesgue
measurable functions such that || f|[;, ) < oo, where

1/p
(flf(:r)l”d:c) Cl<p<
”fHLP('Jl‘) = T
esssup |f ()], p = 00.

zeT

For r = 1,2, ... the r—modulus of smoothness of the function f € L? (T) is
defined by
wr (f,0), = sup [[ALf ()]l o(ry, (6>0)
0<h<é
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where
r

T f(x) = - —1)*F x+(r— .
FEEDIEINWITEED

Let 7, (n =0,1,...) be the set of trigonometric polynomials of degree at
most n and let £y, (f), be the best approximation of f € LP (T) by elements
of 7, i.e.

En (f)p = t lnf ”f - thLp(’]I‘) .

n

There are many results on approximation of functions belong to L? (T)
spaces (1 < p < 00). Especially, the classical Jackson theorem

(1.1) B, (f), < cor (f, 711) n=12, ..

p

and its weak converse
c
(1.2) wr( > <> (k+1)"Ee(f),, n=1.2,..
p

are very important in trigonometric approximation theory. We refer to mono-
graphs [7] and [16] for these theorems and other results of trigonometric ap-
proximation.

Approximation problems of functions in L? (T) spaces by trigonometric
polynomials are also studied by using modulus of smoothness of any positive
order, called fractional modulus of smoothness.

Let f € L' (T) has the Fourier series

o0

(1.3) > a(f)er,

k=—o0

where

2
= %/f (z) e **dz (k€ Z).
0

We denote by L{ (T) the class of functions f € L' (T) for which ¢y = 0 in
(1.3). For a > 0,the a—th fractional integral of f € L} (T) is defined as

)i= Y e (f) (k)" ™,
kezZ*

where (ik)™ = |k|”® e(-1/2)miasienk and 7* := {4+1,42,43,...} (see, for ex-
ample [19, Vol. IL., p. 134]).



Approximation in L spaces 7

For ae € (0,1) and r = 1,2, ... we set

@) : = %Il—a (z,f),
(r) r+1
f(a+r) () : = (f(a) (x)) = %Il,a (z, f)

when the right sides exist ([14, p. 347]).
Let x,t € R, « € R* := (0,00) and let

1@ =3 0 (§)7 Gt @-mm), f ezt
k=0

converges in L' (T) and Aff () is a measurable function ([15]). Since the
Binomial coefficients satisfy ([14, p.14])

(3] - tsie =t < o e
we have N
cla):=Y" (Z)’ <o

k=0

and therefore A% f (-) is defined almost everywhere on R and
(1.4) AR fll o (ry < e (@) [ fll Lo er)

for « € R ([15]).

If o € N, then the fractional difference Af f (-) coincides with usual forward
difference.

For aw € RT, the a—th fractional modulus of smoothness of f € LP (T) is
defined as

(1.5) wa (f,0), == sup [|ARf (@)l -
0<h<$

The modulus of smoothness wy, (f, -) , is a non-decreasing function of § > 0,
wa (f,0),, = 0 and satisfies

Wey (fl +f275)p < Wo (f175)p+w06 (va(s)p

for § > 0 ([15]).

More general information about fractional moduli of smoothness can be
found in [6] and [15].
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Throughout the paper, ¢ will denote positive constants which are not im-
portant for the questions involve in the paper and can be different at each
occurrence.

Analogues of the inequalities (1.1) and (1.2) were proved in [15] for a > 0:

Theorem A. Let 1 <p<ocoand a € RT. If f & LP(T), then the estimates

1

(16) En (f)p Scwa (fa n)pa n= 1727"'
and

1 c - a—1
(1.7) Wa <f,) < =) (k+1)"  Ex(f), ,n=12,..

n n

P k=0

holds.

Approximation problems concerning fractional moduli of smoothness was
recently studied in various spaces of 27-periodic functions. For example, in
the papers[1], [2], [3], [5], [4], [17] and [18] the idea of fractional moduli of
smoothness is used.

Approximation problems for functions of several variables were also studied
by many mathematicians. Some of these results can be found in [8], [10] and
[13]. They are also summarized in [9]. In all of these studies authors considered
the moduli of smoothness of integer order.

In this work, analogues (1.6) and (1.7) are obtained in Lebesgue spaces of
functions of several variables.

2. Main results

Let T™ (m > 1) denote the m—dimensional cube [—m, 7)™ . We denote by
LP (T™) (1 < p < o0) the space of all measurable functions F' of m—variables,
which are 2r—periodic in each variable and satisfy || F| Lo(Tmy < 00, Where

(f |F (21, tm)|? dxl...dmm) ' , 1< p< oo
||F||Lp(11'm) = T

esssup |F (21, ..., Zm)|,p = 00.
(Ilwwwm)eTm

For points in R™ we will use the notations z = (1, ..., ) and

da; = dxi..de,_1daiqq.de, (1<i<m).
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Also, for functions F'(z), defined on R™, we consider the sections
Fi,g (t) =F (xla EE) zi—hta Lit1y +eey ‘Tm) (1 < i < m) .

Our approximation tools are m—variable trigonometric polynomials. It is
appropriate to describe in term of multivariate complex polynomials. So, let

77" = {T (z) = ReP ("', ....e""™) : P € P},

where P, be the set of all are m—variable complex polynomials of degree at
most n, i. e.

Pm = {P(Zl,...,Zm) = Z Chyoon I8V ZEm 4 € (C}.

0<ki<n
(i=1,...,m)

Note that, 7" consists of all m—variable trigonometric polynomials of order
at most n (in each variable) ([10]).

The best approximations of F' € LP (T™) in the class 7" are

(2.1) En (F)merm) = Tnlél%n |F - Tn”Lp(’]l‘m) (neN).

Let F € LP (T™). For a € R*, we define the partial differences

AVTF(z) = AYF ()
= Z (—1)k (Z)F (xl, ey Ti—1, T + (Oé - k‘) hyxit1, ..., J}m) .
k=0

For o € RT we define the a—th partial fractional modulus of smoothness
of Fe LP(T™) (1<p<o0)as

(1<i<m).

Qs (B8) pogemy = sup Ay

L (Tm)
The fractional modulus of smoothness of F' € LP (T™) is defined by

Q. (F, 5)L,,(Tm) = max Qg (F, 6)Lp(Tm) (6>0).

1<i<m
It follows from (1.4) and Fubini theorem that
(2.2) Qa,i (F,6) po(pmy < cl|Fllpoermy (6>0),

and hence the modulus of smoothness Q. ; (F. ) 1, (pm) exists for F' € LP (T™).
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By using definition of Q4 ; (F,-), (1m) » one easily get
(23) Qa,i (F + Ga 5)LP(']I"””) S Qa,i (Fa 6)Lp(1rm) + Qa,i (G7 5)Lp(’]1‘m)

for F,G € L? (T™) and a € RT.

Now we can give multivariate direct and converse approximation theorems
for functions of several variables, which are our main results.

Theorem 2.1. Letm > 1,1 <p < oo and a € RT. Then the Jackson type
inequality

1
(24) E, (F)LP(T’”) < CQOC (F7 ) ,yn=1,2,..
T/ Le(T™)

holds for F € LP (T™).

Theorem 2.2. Let 1 < p < oo andm > 1. Then for F € LP (T™) and o € RT,
we have

1 c - a—1
(2.5) Qq (F n) < n—az (k+1)""" By (F) po(gmy -
Lr(T™) k=0

Corollary 2.1. Letm>1,1<p<oo, >0, and F € L (T™). If

Ep (F) po(pmy = O (n?), n=1,2,..

then
0 (%), a> g,
D (F,0) oy =4 0 (67108 (1)), a =25,
0(6%), a < B,

for every § >0 and o € RT.
Let 8 > 0. The generalized Lipschitz class Lip* (3, p) is defined by
Lip" (8,p) = { F € L (T™) : Qu (F,) yy gy = O (67) , 5> 0},
where o > f3.
Corollary 2.2. Letm>1,1<p<o00,8>0 and F € LP (T™). If
E, (F)Lp(.ﬂ-m) =0 (n_ﬁ) ,n=1,2,..

for some 3 > 0, then F' € Lip* ((,p) .
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Note that the analogue of the class Lip* (3, p) for periodic functions on the
real line was defined in ([6]).

Combining Theorem 2.1 and Corollary 2.2 yields the following constructive
characterization of the classes Lip* (5, p) .

Theorem 2.3. Let1 <p <oo, m>1, F € LP(T™) and § > 0. The following
assertions are equivalent:

(i) F € Lip* (8,p)
(i) En (F)poemy =0 (n77),n=1,2,.....

3. Auxiliary results

Let W2 (T) ,(a = 1,2,...), be the linear space of functions for which f(@=!
is absolutely continuous and f(®) € LP (T). W2 (T) becomes a Banach space
with respect to the norm

1wz = 1oy + || £

Lr(T)

Let 1 <p < oco. For f € L? (T) and ¢ > 0 , the K —functional is defined as

B Ka(h0) it {1 =gl + 0% [, coewzD).

H Lr(T)

It is known that the K —functional (3.1) and the modulus of smoothness
(1.5) are equivalent, i.e.,

(32) Wey (fa 5)p ~ Ko (f» 5) (5 > 0)
for f € LP(T) and a = 1,2,... ([12, pp. 41-50]).
We define another modulus of smoothness for f € LP (T) and o € RT by

§
(fmaf()nm )  1<p<oo

ga (f’ 5)1) = 5
%{ ”Aaf ”Loe(']r) dh, p = Q.

Lemma 3.1. Let 1 <p < oo and f € L? (T), then for « = 1,2, ... the equiva-
lence

(33) Wa (fa 5)p ~ W (fa §)p (5 > 0)
holds.
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Proof. For 1 < p < oo, this lemma was proved in ([10]).

Now, we will prove the lemma for p =1 or p = co. From definition of new
moduli, we can obtain easily

(3.4) wa (f,96), < cwa (f,9),, .

To prove the converse inequality, we consider following Steklov transform
given in ([12, p. 50]):

fan ( / 7% (—1) st <‘;‘)f (422 (t, + ... + 1)) dt,...dtq.

0 s=0

Let p=1or p=o0.

h h

1
Vo (@) = £ @)l oy < ﬁ/.../A‘i‘ﬁmHaf(x) it | <
0o o : Lo (T)
(3.5)
1 h h
7/ /Hmﬁ_,_mf(x) dt, ..dto
m o o T Lr(m

Using a known method in the approximation theory we define another suit-
able transform

§
(3.6) 95 (0) = 5 [ fan @) (0 <52 1).
3/2

By (3.5) and Fubini theorem, we can easily obtain
3.7) lgs () = f (@)l Lo (r) < @a (f,9),,-

From (3.6) we get

and hence gs € W2 (T).
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We’ll use the fact

39w =1S o (7 (25 s s

S o — S
s=0

For p = 1, by using (3.8) and Fubini theorem, and considering the definition
of @, (f,0), we get

5
2/‘
LTy ~— 0

5/2

A

h <

@)
o+ @) -

159 @)

IN
>
?la
AN
o\oq
RS
» Q
I |
o =
7N
w Q
N———
7 N
o
| |2
»
N———
Q
ot — ¥
>
o R
|
=
—
—
&
IS W
S
N~ —
I
>
AN

a—1 o é 27
& [0 6 o
S (;OHrl (5) (OéS) / (/‘Aaabhf(l‘)‘dl') dh<
s=0 0 0
a—1 o 27 3
& [0 6 o
< gotl (5> (as> / (/‘Ag.fhf(‘m)‘dh) dr =
s=0 o \'0
a—1 o 2m Q;S‘S
& [0 6] o
2 EO (T wrera)
s=0 0 0
5 27
c «
= m/ (/IAtf(x)ld:c> dt =
0 0
5
c (e}
= W HAt f (x)HLl(T) dt =
0
= b ‘W, (f,&)p.
Hence we obtain
(o) <O
(3.9) 65 @),y < P (£:),.
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For p = oo, by (3.8), Fubini theorem and definition of @, (f,d), we have

?7 7 @) dn <

06" @) <
5/2
c Z/a a \“ y
) Jada-
5= 0
- WZ( )(a_s) JRSIOIE
0
c /a
< 5‘”12_;)(8)( ) /|Aa x)|dt =
_ 5a+1/|A°‘ z)|dt <
<

s
C [e%
m/ ||Ahf($)“Loc(1r) dh
0

So, the inequality

(3.10) Hg;” () < 5B, (1.9),

HLOO(’]T)

holds.
Therefore, for p =1 or p = co, we get from (3.7), (3.9) and (3.10)

IN

1 = gsll oy + 0% 05 (@)]
@a (1,9),

Lr(T)

IN

and by (3.2)
wa (f,9), < Ko (£,9), < @ (f,9), -

The last inequality and (3.4) yield (3.3). [
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Lemma 3.2. Let 1 <p < oo and f € L? (T), then the inequality
& (f,0), < ca (f,0),, §20
holds for 0 < a < (3.

Proof. By Theorem 5 in [15] we have

|88 O, ) < 1857 Olaey

From this inequality we get

|87 O, 0y < 1ATF Qe

for 1 < p < oo. Now by integrating the last inequality with respect to dh we

get
)

&
/HAff(.)H;(T) dh < c[ AR S )y dh

0

Since § > 0 we can write
. 5
B P [e% p
80!, av<es [1887 Ol dn
0
From the last inequality we obtain

5
Ll A%y @)
lotso

which completes the proof with usual modification p = oo. |

1
3

5
oan| < 1/||Aaf(a;)|\p dh
L (T) = 5 h L»(T)
0

For fractional moduli w,, (f,-), , a € RT, this lemma was proved in [15].

p’

Corollary 3.1. Let « € Rt and 1 < p < oo. Then, for f € LP(T) the
estimate

(3.11) E, (f)p < g (f, i) ,n=12,..

holds.
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It is known that ([16]) for f € LP (T) and o € RT,

B (1), < v (£1)

p

where [a] denotes the integer part of the real number «. Then by the last
inequality, Lemma 3.1 and Lemma 3.2, we get

1 - 1 - 1
E, (f), < cwa)42 (f, n) < Wia)+2 (f, n) < tWa <f, n) .
p p P

The last estimate is important for proof of Theorem 2.1.

Lemma 3.3. Let 1 <p < oo andm > 1, € RT. If T, € T, n > 1, then
there exist a constant ¢ > 0 depending only r and p such that

H 0T,

«
0x§

< en® ||TnHLP('J1‘m) :
Lp(T™)

Proof. It is known that ([15]) for ¢, € 7, and 1 < p < o0

e

n

(3.12)

o) <cn th||L,,(T), n=12,..,

holds. From this inequality, we obtain

Lp(Tm™) dxf!

Tm—1 T

S
bS]
8=

0%, (x)
ox®

3

P
dv | di o <

»
< en® /HTnxiﬁw(xi)Hip(qr)m} =
o1
»
= cn® / /\Tm,x(aziﬂpd:@) dz; —
Tm—1 T

1

= cn® /|Tn ()| dxq...dzp, =

Tm

= e |T @) o oy - m
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The following lemma can be proved by the method used in proof of Lemma
3.3 and the one variable case in [15].

Lemma 3.4. Letm >1,1<p<ooand a € RT. IfT, € T/",n > 1, then
there exists a constant ¢ > 0 depending only o and p such that

0°T,

[0
0x§

Qoz,i (Tna 5)Lp(’]rm) S C(Sa H

Loy
4. Proofs of main results

Proof of Theorem 2.1. Let f € L? (T) has the Fourier series (1.3), and let
(sn (f)) be the sequence of partial sums of (1.3), 1 .e.

s (f)(2) = Y e (f)e™ (neN).

[k|<n
The sequence of de la Vallée-Poussin means of (1.3) is defined by

2n

S s () (@) (neN).

k=n

1
n+1

vy (f) (%) =

Note that v,, € 75, for n € N.
For f € LP (T) (1 < p < 00) the estimates

(4.1) 1f = vn (Dllze(ry < cBn(f),

(4.2) llvn (f)”LP(’]l‘) <c Hf“Lp(T)
hold (see, for example [11, p. 196]).

For F € LP (T™) we set

Vo iF (2) i=vn (Fig) () (1<i<m).

s
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I1E

For 1 < p < o0, we have from (4.1), (3.11) and Fubini theorem

= VoiFllpormy = {/ |(F — VoiF) (2)|” dxl...dxm} =
T
= / (/ {(Fig - "UnFi&) (xi)|p dlﬂi> dz; =
Tm-1 \'T

"=

1
P
< c{/ Fig) dxz‘ <
,,p
Tm—1
» v
- 1
S C{ (wa (FZJE7) ) dml -
n
Tm—1 P
n=?t %
= ! AYF; dh | d =
S N N = ISV ) i
Tm—1 0
TL71
1
= ¢ / - /</|Ah i a:z|dxz)dh dx;
Tm—1 0
1
1 «,t p
= ¢ T ‘Ah’F@)‘ dey.dey, | dh S =
T'YL
1
1 o, p
- c{l (HAF’ )dh <
n LP(T™)
1 1 s
< ¢ —1/ QQ(F) an '\ =
n n) poerm)
0
1
= (F,) .
nJ Le(rm)

=
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Hence,

1

43 P VaiFln S toi (F2)  (aeR)
n/ pe(Tm)

holds for all partial fractional moduli. Let us note that V,,;F (z) are not
trigonometric polynomials of several variables (namely, of ), therefore the in-
equality in (4.3) does not give the degree of approximations in each variable.
However based on (4.3) we can get the inequality (2.4) by a well known tech-
nique of the approximation theory (see [8, p. 200-201 ]). In the second step of
the proof, we will construct multivariate trigonometric polynomials as

VoF (2) := V1 Voo Ve F (2) .
By (4.2), (4.3) and by definition of Q4 (F,.) 1, (pm) , We obtain

En (F)

e Lr(T™)
= ||(F - Vn,lF) + (Vn,lF - Vn,1Vn72F) +
—+...+ (Vn,an,g...Vn,m,lF — Vn’an,g...Vn’mF)||Lp(Tm) <

HF— I7nF‘

IN

CZ ”F - Vn,iFHLp('er) <

i=1
m 1 1

CZQCW <F, ) <y (F7 ) .
. n p(Tm n p(Tm
i=1 Lr(T™) Lr(T™)

For p = oo, Theorem 2.1 can be similarly proved by using (4.1), (4.2) and
(3.11). n

IA

Note that, for 1 < p < oo, Theorem 2.1 can be also proved by using the
sequence of partial sums instead of de la Vallée-Poussin means.

Proof of Theorem 2.2. Let F' € L? (T™) and T, (n € N) be the polynomials
of best approximation to F in the class 7,/". Also, let n € N and ¢ := 1/n.

By subadditivity of the modulus,
(44) Qa,i (F7 5)LP(T”L) < Qa,i (F - TQ”‘H P 6)Lp(jl‘m) + ro,i (T2”+1 3 5)Lp(‘]1‘7n)
for every v = 0,1, ... . The inequality (2.2) gives

(45) Qa’i (F — T21/+1 y 6)LP(T’") S C ||F — T2v+1 HLP(T'") = CE211+1 (F)LP(T’") .
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Since the sequence of best approximations is decreasing, by Lemma 3.4 we

get
3“T2v+1
Qa,i (T2”+1 ) 6)L Tm S c(sa « >~
(T™) 0x§ Lo (Tm)
8OéT Y 8aTS 6aTS
¢ o[z e _oTe) Y
Ou; Le(Tm)  s—p O O Lp(T™)

IN

0604 {EO (F)LP(']I"") + ZQ(S+1)O¢ ||T25+1 — T2s LP(T’")} S
s=0

IN

co” {Eo (F) gy + 20T By (F)Lp(Tm)} :
s=0

Furthermore, for s > 1, by considering the inequality

25
(4.6) 200 By (F) oy <€ Y K B (F) oy »
k=2s—141

where ¢* = 2°T1 if 0 < a < 1 and ¢* = 222 if & > 1, we obtain

.
(A7) Qo (Tow1,8) gy < 0% {EO (F) o + > k7B (F)LP(W)} :
k=1

If we choose v such that 2 < n < 2°71 and by (4.6),

20D Ey 4 (F) g 2
Eyts (F) pp(pmy < ST A < a6 R T By (F) oy -
k=1

Now combining (4.4), (4.5), (4.7) and the last inequality we have
Qai (F,6) popmy <

v
S CE21;+1 (F)LP(TW’) + C(Sa {EO (F)Lp(Tm) + ZkailEk (F)Lp(Tm)} S

k=1
v
< 8 B (F) pgmy +
k=1
v
+ C(Sa {Zka_lEk; (F)Lp(Tm) + EO (F)LP(T"")} S
k=1

IA

2U
cd” { ZkailEk (F) Lo (rmy + Eo (F)Lp(qrm)} <
m=1
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< co” { Zk’a_lEk} (F)Lp(’ﬂ‘m) + EO (F)LP(TW)} <
k=1
C - a—1
s o > (k+ 1) Bk (F) gy -
k=0
Thus,

n

1 o
Qo (F,0) ey = max Qoi (F,6) 1y pm) < anz (k+ 1) By (F) g e

1<i<m
k=0

and Theorem 2.2 is proved. |
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