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Let G c C be a finite domain with a quasiconformal boundary L and let AP(G,u) be a 
weighted Bergman space of analytic functions in G. In this work, the generalized Faber 
series for the functions in AP(G,w) are defined and its approximation properties are 
i~wstig2te.l. 

Keywurdr: Generalized Faber polynomials; Generalized Faber serics; Approximatio:: 
proprriea; Quasiccnfomal boundary; Weighted Bergman spaces 

1. INTRODUCTION 

Let EC C be a finite continuum with more than one point whose 
complement is connected and D := {W : Iwi < 1). W-e denote by w = &) - - 
the conformal mapping of CE := C\E onto C b  := C\D with normal- 
ization cp(oo) = =, q1(m) > 0, where and b are the closures of the 
complex plane C and D respectively. The inverse mapping we denote 
by $J = cp I .  For an arbitrary fixed number R > 1 we put 
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Let g be an analytic function in CE, g(oo) > 0. As known (Ell], 
p. 60), the generalized Faber polynomials F,(z,g), n = 1,2,. . . 
associated with E and g, are defined through the expansion 

which converges uniformly and absolutely on compact subsets of 
{CD, CE). Differentiation of ( 1 )  with respect to z gives 

It is easy to verify that, for every natural number ni _F,(z,g) is a 
polynomial of degree n. 

Let G be a finite domain with a quasiconformal boundary L, 0 E G, 
and let w be a weight function given on G. We recall that L is a 
quasiconformal curve if there exists a quasiconformal homeomorph- 
ism of the complex plane onto itself that maps a circle onto L. 

For functions f analytic in G we set 

If w = i we denote kn(G j :=,Pie, i). 
We refer to the spaces AP(G, LJ) as "weighted Bergman spaces". As 

known the usual "Bergman spaces" are denoted by A?(;)= .AP(G,w) 
becomes a normed space if we define 

As is known the Faber polynomials and Faber series, and their 
generalizations have been used to provide polynomial and rational 
approximations on the domains of the complex plane. Here for the 
expansion of the functions to the Faber or generalized Faber series 
were used usually the familiar Cauchy integral representation of 
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analytic functions. This integral representation is correct only on the 
domains with the rectifiable boundaries. Approximation properties of 
these series are described in the books of Sniiriim- and Lebedev [10]. 
Gaier [6] and Suetin [l 11. 

In this work for the expansions of the analytic functions to the 
generalized Faber series in the domains with a quasiconformal 
boundary we use the integral representation 

given by Bc!;yi !4] f ~ r  the functions f, analytic and bounded on the 
domain G. Note that the quasiconformal boundaries may be eve:: 
locally nonrectifiabie. Here y =y{rj is a quasiconformal reflection 
across the Boiinb~iy L, and a follows from Ahlfors lemma [I] (see [2], 
p. 26, Corollary 1.3), can always be chosen canonical in the sense that 
it is differentiable on C almost everywhere, except possibly at the 
points of the curve L and for any sufficiently small fixed 6 > 0 it 
sztirfies the relations 

- $ COn?;i"GI,~g 3 ~ i y  tee <.;ir,:.?ilr:-.;l: < ~ : : : - ; ~ ~ ~ ~ f - . ~ m z !  Wtictc!!i~ri.. 

Baichajiev [2' J J  su lF .Y  ;mnrr..id .-- R e i ~ i ' ~  :c;-suftj f?aviag proved iha: q u a j q  

(3) is fulfilled if and only if SE A(G). The accurate proof of the 
cited Batchaev's result is given in [2] (see [2], p. 110, Th. 4.4). Here 
and in the following y wiii be ciinside:e:! as 2 canonical reflection 
across the bc.ur?dary L. 

Tkt fc A(G)I. Denoting E := cl in particular, and substituting 
F = $(w) in (3) we get 



From (2) and (5) it follows that 

where 

Since the series (6) is a derivative series of a generz!ized Faber series, 
then for simplicity, we also call this series a genera!izerl Faber s e r i s  

and the coefficients a,(f,g), m = 1,2,. . . generalized Faber coefficients 
,c 4- 
Ill J .  

Let p and q he the co~? j~ga te  c x p ~ n e n t ~ ,  i e . ,  ( I /p)+(! /q)  = 1 ,  aiid !ct 

~EFIXTION 1 Let g be an analytic function in c"e with g(m) r 0. We 
, -. 

say ihai g E Bp [CG) i f  

, * .-, DE~INITICJN 2 FUT every p > i an6 g E 4 (LC;) We define a weight 
function w in the following way 

As follows from this definition the class of weight functions w is 
described iv terns cf the f ~ n c t i ~ n s  g 2nd ,-; and y T o - - -  A,L5 t h ~  
quasiconformal reflection y across the boundary L. But in the case 
of p = 2 the weight function w only depends g and y. 

In what fo!lows we shall assume that p E (1, CG). 

Our new results are summarized in the following theorems. 



/ -\ THEOREM 1 Let f E AP(G, wj andg t Bp (CG).  Then a generalized Faber 
seriex (6) ~ f f  converges pointwise t o f  in G .  

COROLLARY i Let g E Bp (CG). Then no iwu dzfferei~i f i n c t i ~ n s  i~ 
AP(G, w j  have the same generaiized Fuber series (5). 

We may also study the uniqueness problem for the generalized 
Faber series (6). 

THEOREM 2 Let g E B p ( c E )  and nonvanishing in CG and let 
b,, m =  1 , 2 , .  . . be a sequence of complex numbers. If the series xzT=l b,FA(z,g) converges to a function f~ AP(G,w) in ihr iioriir 

II . ll ,,, then b,, m = 1,2, . . . , are the generalized Faber coeficients 

o f f .  

Finally, if p = 2 and S , ( f ,  g, z )  := C L ~ ~  a,(f, g)Fk(z ,g )  1s the nth- 
partial sum of the generaiized Faber series  off^ A ~ ( E ~ ,  wj we estimate 
the error IJf - Sn(f ,g ,  . ) 1 1 , 2 ( q  by EnCf, ER,w),   here 

En(f, ER, W )  := inf{ 1 1  f - Pnl/,i(ER.,) : P, is a polynomial o;f degree 5 n) .  

where 

If in addition the function g[$(wj] beiongs to the familiar Hardy 
space H'(cD), then we have the following estimation. 



THEOREM 4 Let the condirions of Theorem 3 hold and in addition 
g[$(w)] E H'(cD). Then 

where 

Note that in the nonweighted case for p = 2 ,  E := G and R= 1 
the results presented here were stated and proved in [8] and in [5] 
respectively. For p = 2, Theorems 1 and 2 in the weighted case, 
and Theorem 4 io the f i~n~e igh ted  case vvre:e ~btained in [9]. 
Moreover, in [9] for the case p - 2 also succeeded in proving uniformly 
convergence of the generalized Faber series (6) on compact subsets 
of G.  

Similar problems in A@),  where A(C) denotes the class of func- 
tions which are continuous in and analytic in G, were studied 

r-l in i i j .  
-- - 
we shail ::se c , r l , c z , .  . . tc? denote constants depending oniy on 

1 _ I  . . . . :..- iiuiiivcij i i iGL iiu; &Fv;L;i;k :fie q!_les!ions of stir interest. 

LEMMA 1 Let g be an analytic function satis,'j:kg the Bp(CG) conditio:: 
and nonvanishing in cG. Then 

Proof Since g~ B~(cG) ,  using the condition (7) it is easy to check 
that thc defnifen sf  the ceeff;,cients an(F;,,,gj is correct for every 

n = 1,2, . . . , . Further applying the Green's farmulae and the Cauchy's 
htegral theorem we have 
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Since by [l 11, 

where Em(z, g) is analytic in CG and C-(rn. g) = 0, from (8) we get 

and the proof of Lemma I is complete. 

LEMMA 2 Let f~ AP(G,w) and y be a K-quasiconformal refection 
across the boundary L. Then 

Proof Since 7 is a K-quasiconformal mapping of F onto 
itself, Iyrl/ l~l  = 17#lY<i -< k and 17' l 2  - 1j$l2 > 0. Therefore, if 



2 Jy = (yJ - lXl2 is the Jacobian of y we get 

LEMMA 3 Let g be an analytic function in CG and g(w) > 0. Then for 
every natural number n and r E (1, R) we have 

where 



Proof The function g[+(w)] is analytic in CE and g[$(m)J > 0. 
Therefore it have the Laurent expansion 

with Laurent coefficients 

which satisfy the relations 

lak/ 'I r k - ' ~ ( ~ ,  rj,  k = G ,  1,2,. . . , r > I .  (12) 

On the other hand setting z= $(w) in (9) we have 

and from this by;(l0) we conclude that 

On the other hand 
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and from (14) and (1 5) we finally get 

The proof is complete. 

If the function g[$(w)] belongs to the famili~r Hady space H' (CE) 
then Iakl j M(g, I), k = 0,1,2,. . . , and from the proof of Lemma 3 we 
obtain 

COROLLARY 2 Ifg[$(w)] E H' (cD) then 

Note that in general the ahove et imat io~s  E ~ P  precise ir: the sense 
+L,. L L I ~ ,  the degrcs of n in the kctor 1 / ~ * ( " + ' )  cannot be increase even 
. . - 
In the speck! case E :- B. Indeed for ,? = ?? zp.1 g =  ? ize !;aiii 

~;,,(z,l- z", Mig, 1) - 1 and 

"P' "' !I mll42(E) - 7r 

m ~ h  - ( ~ 2  - 1 ) ~ 2 ( ? t + f )  ' 
m=n+2 

3. PROOF OF THE NEW RESULTS 

P r m f , f  ;rizemwti i Lei jPc AP(G, wj and g E B, jccj. First of ali we 
prove that IE A(G). Since for any sufficiently small fixed 6 < 0, 
according to the relations i4 j  and (73) we have 
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where Q = rnax{b(z)lqld(z)12-q : z C G R ~ } ,  applying the Holder 
inequality and taking into account the above reiation we conclude 
that 

\ I!" 

Therefore, f E A(G) and the representation (3) is correct. Further, for 
" /-,, ---- '- --.- every z E G by virtue 01 (L) WG ~la~. 



On the other hand, by Lemma 2, 

and 

for every z E G. This completes the proof. 
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Proof of Theorem 2 Let Sn(z) := ~ k z ~  bmFL(z,g) be the nth-partial 
sums of C:', bmFL(z, g) .  By Lemma 1 ,  we get 

On the other hand, by Holder's inequality and by Lemma 2 we have 

for every natural number n. Since I/ f - S,I!,(,,) -* 0, for n -, m, (17) 
and (18)  show that a,Cf,g) = b, and the proof 1s complete. 

A fo!!ows from this theorem, the generalized Faber coefficients 
of the function f are independent of the choice of canonical quasi- 
conformal reflections, 

Proof of Theorem 3 Let P; be the best approximation polynomial to 
f E A'(E~, W) in the norm j j  jjAz(,,,,), ix., 
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and let y(R, z) be a KR-quasiconformal reflection across the boundary 
LR. Since the function g is analytic and nonvanishing in CE, it belongs 
&-. L t )  &I LIIG - class B~~CG) and then according to Theorem 1 and Lemma ! 

the qualit;, 

holds fcr every zcr;' F ~ r t h e r  qplying Holder's inequa!ity 2nd 
Lemma 2 we obtain 

where 

and our proof is compkred. 

Proof of Theorem 4 The proof go similarly to that of Theorem 3, 
using the Corollary 2, instead of Lemma 3. 
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