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Let G C C be a finite domain with a quasiconformal boundary L and let 4°(G,w) be a
weighted Bergman space of analytic functions in G. In this work, the generalized Faber
series for the functions in 4°(G,w) are defined and its approximation properties are

stigated.
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1. INTRODUCTION

Let EC C be a finite continuum with more than one point whose
complement is connected and D :={w: jw| < 1}. We denote by w=¢(z)
the conformal mapping of CE := C\E onto CD := C\D with normal-
ization p{ov) = oo, '{cc) >0, where C and D are the closures of the

complex plane C and D respectively. The inverse mapping we denote
by ¢ =¢ . For an arbitrary fixed number R > 1 we put

Lrp:={z:|p(z)] =R}, Er:={z:z€CE,|p(z)]<R}UE.

* Corresponding author. e-mail: mdaniyal@mail.balikesir.edu.tr
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Let g be an analytic function in CE, g(oco) >0. As known ([11],
p. 60), the generalized Faber polynomials F,(z,g), n=1,2,...
associated with E and g, are defined through the expansion

WV _ §=Falz8) (1)

’l/)(w) -z n=0 W’

which converges uniformly and absolutely on compact subsets of
{CD, CE}. Differentiation of (1) with respect to z gives

wg[p(W) (w) iF:,(Z,g) z€E, |w]|>1. 2)

- H

I'w("'-)) - Z]Z n=1 W

It is easy to verify that, for every natural number n, F.(z,g) is a
polynomial of degree n.

Let G be a finite domain with a quasiconformal boundary L, 0€ G,
and let w be a weight function given on G. We recall that L is a
quasiconformal curve if there exists a quasiconformal homeomorph-
ism of the complex plane onto itself that maps a circle onto L.

For functions f analytic in G we set

{73 A4y < 5y
(«jul; SR

~ «m\,p—l
S
\
s

D~

If w=1 we denote 47(G):= 47(G, i).
We refer to the spaces 4°(G,w) as “‘weighted Bergman spaces™. As
known the usual “Bergman spaces” are denoted by A”(G). A”(G,w)

becomes a normed space if we define

\ Ve

1 fliar(G) = (/ /G if(z)}?w(z)daz)

As is known the Faber polynomials and Faber series, and their
generalizations have been used to provide polynomial and rational
approximations on the domains of the complex plane. Here for the
expansion of the functions to the Faber or generalized Faber series
were used usually the familiar Cauchy integral representation of
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analytic functions. This integral representation is correct only on the
domains with the rectifiable boundaries. Approximation properties of
these series are described in the books of Smirnov and Lebedev [10],
Gaier [6] and Suetin [11].

In this work for the expansions of the analytic functions to the
generalized Faber series in the domains with a quasiconformal
boundary we use the integral representation

f(z)=— % / Vel ¥:(s)do, z€G, (3)

G (s —2z2)*

given by Belyi [4] for the functions f, analytic and bounded on the
domain G. Note that the quasiconformal boundaries may be even
locally nonrectifiable. Here y =3{s) is a quasiconformal reflection
across the boundary L, and as follows from Ahlfors lemma [1] (see [2],
p. 26, Corollary 1.3), can always be chosen canonical in the sense that
it is differentiable on C almost everywhere, except possibly at the
points of the curve L and for any sufficiently small fixed § >0 it
satisfies the relations

(4)

confarmal reflecuons.

Considering  only ine o
Baichayev {3} improved Belvi's result, having proved that equality

(3) is fulfilled if and only if f'€ A(G). The accurate proof of the
cited Batchaev’s result is given in [2] (see [2], p. 110, Th. 4.4). Here

and in the following y wiil be considered as a canonical reflection
across the boundary L.
Let fCA{G). Denoting E:=G in particular, and substituiing

¢ =1(w) in (3) we get

W (W)’ (w) 4

il var 2 w
[b(w) — 2]

fey === [ [ o0

o1 SOl ()9’ (w) glp(w)lv’(w) ,
B w/ po gl(w)] [(w) — z)? doy. ()
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Since the series (6) is a derivative series of a generalized Faber series,
then for simplicity, we also call this series a generalized Faber series
and the coefficients a,(f,g), m=1,2, ... generalized Faber coefficients

DeriNnmioN 2 For every p> 1 and g€ B,(CG) we define a weight
function w in the following way
2—,
_lpoy)s™*
(o)

As follows from this definition the class of weight functions w is
descrihed in terms of the functions g and ¢, and using t
quasiconformal reflection y across the boundary L. But in the case
of p=2 the weight function w only depends g and y.

In what follows we shall assume that p € (1, oo).

Our new results are summarized in the following theorems.



TueoreM | Let f€ AP(G,w) and g € B,(CG). Then a generalized Faber
series (6) of f converges pointwise to fin G.

et

CoroLLARY | Let g€B,(CG). Then no two different functions in
AP(G,w) have the same generalized Faber series (6).

We may also study the uniqueness problem for the generalized
Faber series (6).

TueoreM 2 Let g€B,(CG) and nonvanishing in CG and let
b, m=1,2,... be a sequence of complex numbers. If the series
Sy bmF! (z,8) converges to a function fe AP(G,w) in the norm
then b,,, m=1,2, ..., are the generalized Faber coefficients

Finally, if p=2 and S,(f,g,2) := > am(f, 8)F 2, g) is the nth-

partial sum of the generalized Faber series of /'€ 4 UI », W) WE estimate
the error || f — Sa(f, 8 a2y bY Enlf, Er,w), Where

E(f,Ep,w) := inf{||f — Pulls2(g, ) : Pn is a polynomial of degree <n},

crntes the miin Mn1 error Iin 3 m 1
GEHOICs Ul miny error in }"“‘""“" 1aty

degree at most n.
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T, 1 iof 7 i1 FribicFiOR rricidnifies srwied  sroRtusisi o 7 .
THEOREM 3 Ll ¢ he g JUNCIION. didiyviic dnd RoRvarisiing i L4
~ .
) -1 & 3 T fnr cveru PO U A I
and lot 0 AT E - Y Then for everv nafural nuiei wioand 7 C{1 R
we filve

1 = $2(Fs8 M) < c(lg)"mﬂ Erw), R>1.

where

_ \/?M(g7r)r
(- k) E =)= 1)

and M(g,r) := 5 [|,._, 18l (w)]{|dw].

If in addition the function g[y(w)] belongs to the familiar Hardy
space H'(CD), then we have the following estimation.
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THEOREM 4 Let the conditions of Theorem 3 hold and in addition
glv(w)) € H(CD). Then

En(f,Eg,w)Vn + 2

” f - Sn(',f,g)“Al(E) > ¢ R"

where

e VTM(g,1)
(1-k)VE-1)

Note that in the nonweighted case for p=2, E:=G and R=1
the results presented here were stated and proved in [8] and in [5]
respectively. For p=2, Theorems 1 and 2 in the weighted case,
and Theorem 4 in the nonweighted case were obtained in [9].
Moreover, in [9] for the case p = 2 also succeeded in proving uniformly
convergence of the generalized Faber series (6) on compact subsets
of G.

Similar problems in A(G), where A(G) denotes the class of func-

tions which are continuous in G and analytic in G, were studied

in {7].
to denote constants depending oniy on

il moro fihat arse i < Y 1
rumbers that are not imporiant for the questions of our interest.

LemMA 1 Let g be an analytic function satisfying the B,(CG) condi
and nonvanishing in CG. Then

1
a,(F,.g) = {
Fro8) =10

that the Aafinitinn of ﬂqn coefAciente a4 (F! o) is correct for everv
that the definition of the coefficients a,(F,,, g} is correct for every
n=1,2 . Further applying the Green’s formulae and the Cauchy’s

R
integra theoer we have

ol oy L P (y(v(w)), 8)y:lp ()¢ (w) >
() == [ [ TnE R AR g,
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__1 F, (y(¥(w)),8)y<[(w)]¥/ (w) ),
B 7r’I—I'I'I)'l/‘./r< Wl <R gly(w)wr! o

R—o0

=——11m// d Fnb((w).8) 4
e ) oo <@ gRp(W)wntT

1 Fuly@().gl

= ZmR‘i“o‘o/wl_R g 2

1 Fuly@(9).8]
L e

T2 e gl m)

1 Fuly(w). 8l

=0 + -;‘.‘~ ohj;(wﬂw"“

i F, w
- 2:"' Aq:m z,'[;z[(zfv()]‘z’ili b ®)
Since by [11],
Fin(z,8) = g(2)¢™(2) + En(z,8), 2€CG, ©)
where E,,(z, g) is analytic in CG and E,(0c. 2) =0, from (R) we get
A )=
1 7 : (i, m=n,
:2_77-1'/[w|=r>1wm Cdw= io m# n.
and the proof of Lemma 1 is complete.
LemMma 2 Let fe AP(G,w) and y be a K-quasiconformal reflection

across the boundary L. Then

A

Proof Since y is a K-quasiconformal mapping of C onto
itself, |y¢|/|yz| = [¥:l/1y.] < k and |§S|2—|7;|2>0. Therefore, if

W £IP
’ 2-p < HfHAp(G,w) _ K—-1
WO o < 7 5ap K=g71

(foy)(©)y:(s) P
BrGCEE




;z

SRAFILOV

174 D.

Jy = ye|* — lygl2 is the Jacobian of y we get
!
l ' () Pdo

(f o) ©)ye(s) T 10, 2

-/ /c— 8(s)y:(s)
= [ 1= wame?]”

(Fe)©)LQ) P, /o

! g(§)y_(§\ IISO (g)l pda'c

L[] FfQ) T dyP
Si=rey) JolGgoy (@ o1, |

"P (ybl(g)) > -J —‘da'c

‘(l—kz)"// (goy“)(c)

le' =1 (<)) P2 Iy o,

l¢/ () Pdor,

It Dl
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proved in {4].
LEMMA 3 Let g be an analytic function in CG and g(cc) > 0. Then JSor
every natural number n and r € (1, R) we have

& L) 2
m S C( s ’
m=n+2 mR \R/
where
2
m[M(g,r)]

and M(g, r) = % [w|=r lg[¢(w)]l|dwl
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Proof The function glv(w)] is analytic in CE and g[y(c0)}>0.
Therefore it have the Laurent expansion

f . a
g[¢(w)1=ao+-$+..., i > 1, (10)
with Laurent coeﬂicients

1 glp(w)]aw
N ol 7 — 2 ... 11
27t fypey w7 k=0,1,2,..., r>1, (1)

which satisfy the relations

[

—
—
)

N

o] 5 Mg ), k=0,1,2,..., r>
On the other hand setting z = () in (9) we have
E e A
Fm[¢§W),g1 = glp(w)|w™ +k2_=17 wi > 1,
and from this byf(lO) we conclude that

Fol(w), gl = agw™ + aiw™ ' + -t amiw

o B‘:m)

m
S(E) :‘,—./Zkgaxz Vklﬁ('"’ \ Heloe]”
T\ & = / k=i
I m -
< niM(g, r)1‘kak 2 < mmM(g, )] Y2
; =1 k=t
e 2
< mMg. N o (14)

On the other hand

s [ [ Reolde = ik, (9
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and from (14) and (15) we finally get

o nrv 7 i2 rags 12 oo 2
i 1 (s &) llax(e) < Mg, r)] )y mr"
= < 5 2
m=n+2 mR=" r 1 m=n+2 mR="
T (2"
rP—1 m=n+2 ‘R2'

Mg, (7
—(RZ—rzer—l)() '

The proof is complete.

If fh ncti on g!:'dy(uy)\] b qngq to the Pom.l-nr L}'ﬂ‘."(“v’ space _1‘1] (CD)
then [ak! < Mg, 1),k=0,1,2,..., and from the proof of Lemma 3 we
oblain
CoroLLary 2 If g[yy(w)] € H'(CD) then

Z (LA < TM(g, DI (n +2)R?
oerta MR (R PR

cige in fko sense

Note that in general the above estimations are precis 1se

{ I\
that, the degree of n in the factor 1/R*”* Y cannot be increase even
in the special case F:— D Indeed for E=1 3znd =1 we have
Fo{zy =", M{g,1) - 1 and
3;"'";1!;;1(5) T
4 D - /o2 — 1\R2+1) "
memia MR (R? — 1)R2=+1)

3. PROOF OF THE NEW RESULTS
Proof of Theorem 1 Let e 47(G,w) and g € B,(CG). First of all we
prove that f€ A(G). Since for any sufficiently small fixed §<0,
according to the relations (4) and (7) we have

T IV SRR
//Gf(wvr)zl' 1&g 0 y)(2)|"do,

2— 2 2\g— _
- / B O
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< / /C _(_;|<P'(Z)Iz'qlg(z)lquziz_quziz("'l)daz

< [ [ worts@rro= [ [ o[ [
J Jce GR,,\G CGg,
<o [ W@ @l + o TR
J Jar\G CGr,
<a [ [ W@ g
Gr,\G

+c3 / / |z|*do, < o0,
|z1=¢(Ro)

where ¢3 = max{|g(4)|q|y'(-')|2 7.2€CGr,}
quality and taking into account the above relation we

, applying the Holder
conclude

ine
that

/ /G \F(2)ldos = ( @-p)/p

(Z) po )’)zl

Z)

19 _ 5V s o NUARSEE] \
| = ruz“goy)(zhu'oz )
7/

l(wov):
s a op Iz
;/ ;' T ”
<Z § ottt
=1 Poid\=iji
{ FAN
AN j -J’G
VT N Uy
{1 | YoavM 2V : 2 him. | )
([ [ Heen@lilpoyll tdo= ) =0
\v G /

Therefore, f€ A(G) and the representation (3) is correct Further, for
every z€ G by virtue of (2) we have
w)))y hr'(w\]w”w\ g[w(Rw)lW/ (Rw) ,
Uw

_ i J (J ((,,«' /
L ) (kW) — 2P
FOWO)ITD

B ;R"‘ e g)(——) / cb glp(w)lw!

(16)

8

= ZR'"‘lanF:,(z,g).

n=1
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On the other hand, by Lemma 2,

J Jesl glv(w)] l o
<[ /]

”f”Ap(G w)
( kZ)P ’

¢ (s)[7do

g(c)

1 glp(w)l¢/ (w) l"
RZJ/ AN! [¢(w)—z]2 i
B(OF]

ig($)ifi (= )l
a'a
Rz//cck lc—z[ ¢

<C4// —— - < cq2m [ r' =y
CGg [ — z[ 7 J dist{z,06)

. ldist ,(‘7(1)] .
= 427 ————’\cs<oo, ze G,
Mo 1) 5 )

P/ Y

uniformiv with respect to R > ! Then from (16) we got

f";'!:——,-","“
wJ Jcb gly(wjj
gy (w)
[I lW: '12
) 4]

Lrr FOEw)))y[o(w)[ (w)

=1 —_—
A‘I‘g‘{ir T Iﬂr ghb(w)]
glv(Rw)]y/ (RW)
[¥(Rw) — J
= Za”F;l\:,g),
n=1

for every z € G. This completes the proof.
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Proof of Theorem 2 Let Sn(2) == "mJ;ll bwF.,(z,8) be the nth-partial
sums of 3°%°_, bnF’,(z, ). By Lemma 1, we get

(S, 0 ) (Y (W))yel(w)[¥' (W) -
hm——/ - ()] doy m=12 ..

n—oo T

(17)
On the other hand, by Holder’s inequality and by Lemma 2 we have

/ (f 0y)(H(w)) = (Sn 0 ¥) (W)
m cD

|@m(f,8) — bml <

glp(w)lwm+!
r[t/)(W)]WdUw
| Sn o W), !
PR )) P 1/p

(// .]\}’(S)}—ﬂn y{s
< c¢s
cG
1/q
(//;D‘wlq(m+l))
o
i

1 ; ,r 3
L \Sn'J/vr

v—Iw(w)[w’(w)aaw —Dm|
7rl J(’n glo(wiiw™t i

7 \

'l e 1 "o "

i H HEE L G

4 ’l 1t “nanariow:

i

1 _— o
slahtywe Ve bundr, — Dyt

'

gy
A==/

1 number . Since ||f— S, ||,,,,m 9 0, for n— oo, (17)

FAr avarv natural
UL Vyvuly uauuesis
and (18) show that a,.(f.8)= b,, and the proof is complete.
As follows from this theorem, the generalized Faber coefficients

of the function f are independent of the choice of canonical quasi-
conformal reflections.

Proof of Theorem 3 Let P;, be the best approximation polynomial to
fe A*(Eg,w) in the norm || - {lx2(gew)> &€

If = Pillaz(grwy = EnlFs Eg,w),
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and let y(R, z) be a Kg-quasiconformal reflection across the boundary

L. Since the function g is analytic and nonvanishing in CE, it belongs

o the class B,{CFg) and then according to Theorem | and Lemma 1

i o~ \ 7 r N > 7 T \I
V@—&%LM={E:%mQ%%w|

_1 (f = P3) o y(R, %(w) ) W)y<[R, ¢(w)]
B 7TI /Av|>R

glp(w)]
w— Fzg) , |
wm+1 (IUW!
m=n+2 !
holds for every z€ E. Further applying Hdalder’s inequality and
Lemma 2 we obtain

2
2<E5(f1ER7w) ZOO: 'Frln(z’g), .

—~ 2 2m
(l - k12?) m=n+2 mR

'f(Z) - Sn(fv ng)l

nf last relation over F by virtue of Lemma 3 we
: )

193
!
bd
W
oy
=]
]
o2
=
%
[N
[s]
€]
-
=
3]

/ -\
” f B Sn<-"f', g)”“Z(E) < C( ) Eﬂ(fa ERJw)J

where

'v/ﬂ-M l\g* 'r)r

CU-RVE-AF-1)

and our proof is completed.

Proof of Theorem 4 The proof go similarly to that of Theorem 3,
using the Corollary 2, instead of Lemma 3.
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