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machine learning tasks [5, 6]. Visualization also employs 
feature selection to comprehend the abovementioned tasks 
and data [7]. Moreover, it is necessary to prevent overfitting 
and cope with the curse of dimensionality [8, 9]. Because of 
these qualities, feature selection is a significant preprocess-
ing stage in machine learning [10]. The feature selection has 
three principal approaches: filter-based, wrapper-based, and 
embedded [11, 12]. The filter-based unsupervised feature 
selection approach tries to find an optimal feature subset 
provided such that this subset has the least interrelation [13, 
14]. The wrapper-based approach consults machine learn-
ing algorithms to probe the subsets of features [8, 15, 16]. 
Embedded methods combine filter and wrapper paradigms 
by incorporating feature selection into the model-learning 
process [17, 18].

 Applying the graph-based approaches to unsupervised 
feature selection problems has gained a lot of interest [19, 
20]. Graph-based unsupervised feature selection methods 
use different strategies to preserve graph structure and learn 

1  Introduction

In recent years, in many fields of study, the growth in data 
collection and storage has generated a lot of information and 
knowledge. This increment in data size has become a crucial 
problem in the data mining field [1, 2]. In most cases, all 
the data sets' features are non-essential to discovering the 
knowledge within them. Therefore, decreasing the number 
of features is indispensable. The dimensionality reduction 
process includes feature extraction and feature selection [3, 
4].

Feature selection determines the most beneficial attri-
butes in supervised, unsupervised, or semi-supervised 
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from it [21, 22]. The traditional approaches construct only a 
graph from data. The feature selection with an adaptive mul-
tiple-graph learning approach selects features and retains 
the data's intrinsic structure by adapting a consensus graph 
from multiple base graphs [23]. In the case of assuming data 
independence, the relational information in the data may be 
lost. To overcome this problem, the Central Point link infor-
mation and Sparse Latent Representation (CPSLR) method 
has been proposed, which obtains pseudo-label information 
by using a data graph and link graph to form a dual graph 
structure [24]. It is also vital to capture complicated non-
linear relationships in large-scale data sets. To this end, a 
new framework was introduced, which uses the autoencoder 
with a differentiable gating function [25].

Feature selection poses a severe hardship in machine 
learning [26], and it is undoubtedly regarded as an NP-hard 
problem [27, 28]. The strategies in the filter-based methods 
mainly focus on learning the sophisticated data relationships 
[29]. However, feature selection algorithms can underper-
form due to some reasons. They are the preservation of both 
graph structure and the sample distribution simultaneously 
[22], high sensitivity against outliers [30], inability to deal 
with large data sets [31], and exploiting uncorrelated, unre-
lated, and tight constraints does not lead to a significant 
improvement in the results of the work in [24]. Nonetheless, 
we recognize that using uncorrelated constraints is crucial 
for gaining insight [24].

This study introduces an innovative unsupervised feature 
selection (UFS) algorithm. The proposed framework aims 
to preserve the data manifold and address high-dimensional 
or noisy data. It uses a filter-based strategy that learns a 
diagonal matrix to weight features by relevance. Unlike 
many conventional UFS algorithms, the proposed method 
does not directly compute pairwise distances. Instead, it 
focuses on preserving geometry through the Gram matrix. 
The underlying contributions of this research can be stated 
as follows:

	● Geometry-aware feature weighting: The method seeks 
an optimal diagonal matrix that minimizes the differ-
ence between the original and transformed manifolds so 
as to preserve both local and global structures.

	● Implicit neighborhood preservation: The algorithm cap-
tures geometric relationships without constructing a 
neighborhood graph and computing distances.

	● Interpretability and low hyperparameter burden: The di-
agonal structure facilitates the direct observation of the 
importance of each feature. Moreover, the method has 
only one hyperparameter to adjust.

The rest of this paper is organized as follows: Sect. 2 con-
tains the literature review. Section  3 presents the details 
of the proposed algorithm and the optimization algorithm. 
Section  4 explains the experimental procedure. Section  5 
reports empirical results and discusses the findings. Finally, 
the article is concluded in Sect. 6.

2  Literature review

Feature selection plays an important role in obtaining more 
efficient and interpretable machine learning models in high-
dimensional data sets. Considering the growing complex-
ity of data sets, feature selection has vital importance in 
enhancing model performance and reducing computational 
costs. This literature review provides an overview of recent 
advances in feature selection techniques and highlights dif-
ferences between them and the approach adopted in our 
study. Besides, we aim to position our method thoughtfully 
within this evolving landscape.

Similarity Preserving Feature Selection (SPFS) [32] aims 
to select a subset of features in order to preserve similarity 
between the pairwise samples by using a predefined similar-
ity matrix. It formulates a combinatorial optimization prob-
lem using a binary selection matrix to maximize similarity 
retention while eliminating redundant features. In order 
to address sample variation in dynamic learning systems, 
a group incremental feature selection approach, based on 
Triple Nested Equivalence Classes (TNEC), was proposed. 
This approach improves dependency computation and 
reduces redundancy in high-dimensional data using rough 
set theory [33]. To achieve parameter-free and efficient fea-
ture selection in multi-class classification, a Graph-Based 
filter method for Automatic Feature Selection (GB-AFS) 
was proposed, which leverages the Mean Simplified Silhou-
ette (MSS) index to automatically identify a minimal and 
effective feature subset while maintaining high predictive 
performance [34]. An embedded feature selection method 
based on adaptive group lasso (AGL) was proposed to 
improve the feature set in high-dimensional neural network 
potentials for atomistic simulations. The AGL approach 
shows better performance over unsupervised filters by 
incorporating model predictions into the selection process 
[35]. In order to improve clustering performance in UFS, a 
new method called a low-rank structure-preserving method 
for unsupervised feature selection (LRPFS) was proposed, 
which introduces sample-specific attribute scoring through 
latent learning. I also includes a sparse penalty term to main-
tain the data structure and ensure solution uniqueness [36]. 
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To address noise sensitivity and limited similarity modeling 
in graph-based UFS, a method named Unsupervised feature 
selection with High-order Similarity Learning (HSL) was 
proposed. This method jointly learns a projection matrix, 
first-order, and high-order similarities in a unified frame-
work to better preserve intrinsic data structure in a denoised 
low-dimensional embedding space [37]. To enhance robust-
ness in UFS under noisy conditions, a reconstruction-based 
framework was suggested, which jointly removes anoma-
lous samples and features by using double binary weighting. 
Further, its integration with AutoEncoder Feature Selector 
(AEFS) [38] exhibits better performance over real-world 
data sets [39]. To address view heterogeneity in multi-view 
unsupervised feature selection, a novel method was intro-
duced that builds mutually exclusive graphs to enhance 
view complementarity. This method integrates graph learn-
ing with consensus clustering to exploit indicator consis-
tency for improved feature selection performance [40]. To 
overcome graph construction and feature redundancy issues 
in unsupervised feature selection, a new method, abbre-
viated as DLSEO was proposed. This method combines 
dual space-based low redundancy scores with extended 
orthogonal least square discriminant analysis (OLSDA). 
This approach generates non-negative clustering labels and 
selects salient features without depending on Laplacian 
graph construction [41]. To improve unsupervised feature 
selection by addressing both redundancy and relevance, 
the Orthogonal EncoderDecoder factorization for unsuper-
vised Feature Selection (OEDFS) model was proposed. This 
model integrates self-representation and pseudo-supervised 
learning within an orthogonal encoder-decoder framework, 
and thus, it preserves local structure and achieves superior 
performance across the benchmarks [42].

To address the problems with only relevance criteria 
in unsupervised feature selection, the unsupervised Fea-
ture Selection with Max-Relevance and Minimum Global 
Redundancy (MRMGRFS) algorithm was proposed, which 
integrates spectral clustering-based relevance evaluation 
with a Jensen-Shannon divergence-based Global Redun-
dancy Minimization model (SJGRM). The SJGRM model 
is optimized via Alternating Direction Method of Multipli-
ers (ADMM) to select maximally relevant and minimally 
redundant features [43]. To effectively capture both local 
and global data structures in unsupervised feature selection, 
the Jointly Subspace Learning and Subspace orthogonal 
basis Clustering (JSLSC) model was proposed. This model 
brings together robust subspace learning, self-representa-
tion, and orthogonal basis clustering to preserve structural 
consistency and reveal latent clustering patterns in unla-
beled high-dimensional data [44]. To address the issues of 

missing instances and high computational cost in incom-
plete multi-view feature selection, the Confident Local 
Similarity Graphs for Unsupervised Feature Selection on 
Incomplete Multi-view Data (CLSG) method was devel-
oped. This method constructs confident dual-level similarity 
graphs by leveraging latent representations and cross-view 
information to recover missing data and identify important 
features efficiently [45].

The proposed method endeavors to cope with the com-
mon limitations encountered in the literature. Unlike some 
UFS methods that rely on local similarity preservation, 
pseudo-label generation, or graph-based representations, 
the proposed approach attempts to preserve global pairwise 
distance to maintain the intrinsic geometry of the data mani-
fold. By minimizing the distortion between the original and 
transformed data spaces, it guarantees that neighborhood 
relationships between data instances are retained better. Fur-
thermore, in contrast to the approaches that treat features 
independently or ignore inter-feature dependencies, the 
proposed algorithm incorporates a diagonal matrix-based 
optimization framework that reflects feature importance 
while inherently capturing linear dependencies and redun-
dancy among features. Thus, this framework relaxes strict 
selection constraints by allowing continuous-valued impor-
tance scoring. In addition, unlike certain reconstruction-
based or clustering-based methods that may struggle with 
non-convexity or heuristic approximations, it approximates 
global convergence properties and enhances scalability in 
high dimensionality. In summary, the proposed method pro-
vides a unified and mathematically grounded UFS strategy 
to effectively manage relevance, redundancy, and manifold 
preservation.

3  The proposed method

In this section, we introduce the notations used in the paper. 
Then, we present the proposed algorithm and the optimiza-
tion algorithm in detail. Finally, we examine the asymptotic 
complexity of the proposed algorithm.

3.1  Notations and nomenclature

Let X ∈ Rm×d be a data matrix with m points and d fea-
tures. Let y ∈ {c1, · · · , cp} be a label vector with m obser-
vations and p classes. The data matrix’s columns, rows, and 
elements in i th row j th column are referred to as features 
x(1), · · · , x(d), instances x1, · · · , xm, and Xij , respec-
tively. Accordingly, the rest of the notations are as follows:

1 3

Page 3 of 28  61



International Journal of Machine Learning and Cybernetics (2026) 17:61

value of feature importance is zero, then this implies that 
the feature is discarded; otherwise, it indicates higher rel-
evance. However, constraining the diagonal entries to be 
strictly binary (i.e., 0 or 1) results in a combinatorial prob-
lem, which is computationally difficult to solve. Therefore, 
we allow the entries to take continuous values in (0, 1) 
to enable tractable optimization. The matrix D is learned 
to minimize the distortion of the pairwise relationships 
between samples, allowing the most informative features to 
be retained. While addressing this issue, we prioritize using 
diagonal and symmetric matrices. The reason is that a diag-
onal matrix helps extend each axis (i.e., feature) differently. 
Setting the corresponding values in the diagonal matrix to 
zero is sufficient for the dimensions we desire to eliminate. 
Figure 1 illustrates how to scale a data matrix along any axis 
using a rectangular prism.

First of all, the fundamental insight of the proposed 
method is that there exists a diagonal matrix D, which maxi-
mizes the similarity between the pair-wise distance matrices 
of X  and XD matrices. In other words, it is to minimize the 
Frobenius distance between the pair-wise distance matrices. 
Thus, the neighborhood relationship between instances is 
preserved. Furthermore, the importance levels of features 
are kept in the diagonal entries of D. Accordingly, based on 
Definition 1, the pair-wise distance matrices of X  and XD 
are 2

(
Jm×m − XXT

)
 and 2

(
Jm×m − XD(XD)T

)
, 

respectively. Accordingly, we express the objective function 
as follows:

	● The i th component of a vector x is symbolized by xi.
	● The values between i th and j th components of a vector 

x is indicated by x(i:j).
	● The transpose and inverse of X  is XT  and X−1, 

respectively.
	● The trace, rank, determinant, and nullity of X  are 

denoted as Tr (X), r (X), det (X), and null (X), 
respectively.

	● The set of eigenvalues of X  are denoted as Λ (X).
	● diag (Q) refers to a column vector including the n di-

agonal elements of Q.
	● Dg (q) refers to an n × n diagonal matrix whose entries 

are the n elements in the vector q.
	● Jd×m denotes a d × m matrix of ones.
	● The Frobenius norm of X  is denoted as 

∥X∥F =
√∑m

i=1
∑d

j=1 |Xij |2 =
√

Tr
(

XT X
)

.

	● The identity matrix of order n is denoted as In.
	● The symbol ⊘ denotes the element-wise divide.

3.2   Objective function

The proposed method aims to preserve the local structure of 
the data while coping with high dimensionality. It particu-
larly eliminates linearly dependent, redundant, or irrelevant 
features that distort the intrinsic geometry of the sample dis-
tribution. To this end, we try to seek a diagonal matrix D 
based on Corollary 1. Each diagonal element of the matrix 
D represents a corresponding feature importance. If the 

Fig.  1  Illustration of scaling a data matrix along all axes using a 
rectangular prism. (a) the original shape represents that multiply-
ing a data matrix by the identity matrix does not cause any change 

in it. (b) According to the axes, the illustration represents multiply-
ing a data matrix by Dg ([ 1 0 1 ]), Dg ([ 0 1 1 ]), and 
Dg ([ 1 1 0 ]), respectively and thus, some dimensions collapse

 

1 3

61  Page 4 of 28



International Journal of Machine Learning and Cybernetics (2026) 17:61

Eq.  (6) and the final non-convex in Eq. (7), α becomes a 
learnable parameter constrained in the range (0, 1), similar 
to the entries of D, to remain interpretability and optimiza-
tion feasibility.

min
D

∥DDT X
T

XD − αXT X∥F � (4)

Since D is a diagonal matrix, we rewrite Eq. (4) as follows:

min
D

∥D2XT XD − αXT X∥F � (5)

For simplification, let G = XT X , i.e., Gram matrix. Equa-
tion (5) is transformed into the following trace form:

min
D

∥D2GD − αG∥F � (6)

Accordingly, we redefine the non-convex program as in Eq. 
(7). We note that the optimization problem is strictly non-
convex because of the cubic term in D. Therefore, we refer 
to the formulation as a convex-like program in the relaxed 
sense of being solvable using interior-point methods.

min
D

D2GD − αGF

s.t.0+ ≤ α, Di,i ≤ 1 − ϵ; i = 1, · · · , d; ϵ = 1.0e − 7
� (7)

3.3   Optimization process

The convex optimization problem in Eq. (7) consists of a 
constrained nonlinear multivariable objective function. 
Interior-point algorithms can deal with non-linear con-
vex optimization problems varying from small, dense 
ones to large, sparse ones. It satisfies bounds at all itera-
tions and is a large-scale algorithm that uses exclusive 
strategies for large-scale problems. Hence, we employ 
the interior-point optimization algorithm to solve the 
convex optimization problem in Eq. (7). In the interior-
point technique, the form of the original problem is 

min
a

f (a) =
∑d

i=1
∑d

j=1

((
(Dii)2 · Djj − α

)2
· (Gij)2

)
, 

where a ∈ R(d+1) =




D11
...

Ddd
α


 represents variables to be 

min
D

2
(

Jm×m − XXT
)

− 2
(

Jm×m − XD (XD)T
)

F

min
D

2XD (XD)T − 2XXT
F

� (1)

If D is the identity matrix, note that the solution in (1) is 
trivial. Applying a mathematical trick that does not change 
the trivial solution, i.e., we multiply the first term of (1) by 
XD and the second term by X , we obtain the following 
objective function:

min
D

∥2XD(XD)T
XD − 2XXT X∥F � (2)

Let us assume that the expression in (2) is zero. In this case, 
we have 2XD(XD)T

XD = 2XXT X . Let us multiply 
both sides of the equation by X−1 and we attain Eq.  (3). 
We assume that X  is invertible for illustrative purposes to 
provide an intuitive derivation of the objective function. We 
note that the use of X−1 is only symbolic, introduced to 
illustrate a conceptual transformation under the assumption 
of ideal invertibility for derivation. If X  is rank-deficient or 
not square, then it may not be invertible. In order to main-
tain mathematical rigor, the Moore–Penrose pseudoinverse 
should be exploited. Since the final optimization problem 
is constructed based on the matrix XT X , this does not 
exclude the validity of the solution.

X−1
(

2XD (XD)T
XD

)
= X−1

(
2XXT X

)

D (XD)T
XD = XT X

DDT XT XD = XT X

� (3)

To avoid the trivial solution, we redefine (3) by using a slack 
variable α as in Eq. (4). In Eq. (3), the expression.

D(XD)T
XD = XT X  may lead to a trivial solution 

when D = Id. To avoid this and to introduce flexibility in 
aligning the left-hand term with XT X , we incorporate α as 
a scalar scaling variable in Eq. (4). This allows the model 
to adjust the magnitude of the target matrix (i.e., XT X) 
to better match the transformed structure D(XD)T

XD, 
which depends on the selected features. Thus, α plays two 
important roles: (i) It scales discrepancies between the 
original matrix XT X  and the one generated through the 
learned feature weights in D, (ii) It ensures the optimiza-
tion problem remains bounded and non-trivial by decou-
pling the scaling of D from that of XT X . Crucially, in 
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are fulfilled. Accordingly, the gradient of f (a) is calculated 
as in Eq. (12) for each element.

∂f

∂Dkk
=

d∑
i=1

d∑
j=1

∂

∂Dkk

((
(Dii)2 · Djj − α

)2
· (Gij)2

)
, k = 1, · · · , d

∂f

∂Dkk
=

d∑
i=1

d∑
j=1

(
2

(
(Dii)2 · Djj − α

)
· (Gij)2 · ∂

∂Dkk

(
(Dii)2 · Djj

))� (12)

Dkk does not appear in the cases i ̸= k and j ̸= k. In other 
words, the term’s derivative is zero. In the case i ̸= k, we can 
fix i = k and sum over j. Let u be 

(
(Dkk)2 · Djj − α

)
. In 

this case, ∂u
∂Dkk

= 2DkkDjj .

=
d∑

j=1

∂

∂Dkk

((
(Dkk)2 · Djj − α

)2
· (Gkj)2

)

=
d∑

j=1

∂

∂Dkk

(
u2 · (Gkj)2

)

=
d∑

j=1
2u · ∂u

∂Dkk
· (Gkj)2

=
d∑

j=1
2u · (2DkkDjj) · (Gkj)2

=
d∑

j=1
4DkkDjj ·

(
(Dkk)2 · Djj − α

)
· (Gkj)2

� (13)

In the case j ̸= k, we can fix j = k and sum over i. Let u be (
(Dii)2 · Dkk − α

)
. In this case, ∂u

∂Dkk
= (Dii)2.

=
d∑

i=1

∂

∂Dkk

((
(Dii)2 · Dkk − α

)2
· (Gik)2

)

=
d∑

i=1

∂

∂Dkk

(
u2 · (Gik)2

)

=
d∑

i=1
2u · (Dii)2 · (Gik)2

=
d∑

i=1
2 (Dii)2 ·

(
(Dii)2 · Dkk − α

)
· (Gik)2

� (14)

optimized, i.e., a vector consisting of the diagonal entries 
of D and α. f (a) denotes an objective function, i.e., 
∥D2GD − αG∥F . Accordingly, the form of the approxi-
mation problem under loose constraints is min

a
f (a). The 

system of non-linear equation for the objective function is 
as follows:

D2GD − αGF = Tr
((

D2GD − αG
)T (

D2GD − αG
))

=
d∑

i=1

d∑
j=1

((
D2 · G · D − αG

)
ij

)2

=
d∑

i=1

d∑
j=1

(
(Dii)2 · Gij · Djj − αGij

)2

=
d∑

i=1

d∑
j=1

((
(Dii)2 · Djj − α

)
· Gij

)2

=
d∑

i=1

d∑
j=1

((
(Dii)2 · Djj − α

)2
· (Gij)2

)

=
[
(G11)2

(
(D11)3 − α

)2
+ · · · + (G1d)2

(
(D11)2

Ddd − α
)2

]
+ · · ·

+
[
(Gd1)2

(
(Ddd)2

D11 − α
)2

+ · · · + (Gdd)2
(

(Ddd)3 − α
)2

]
ϵ =2

� (7)

where ϵ is expected to be a value close to zero, we impose 
constraints in Eq.  (9). The interior-point method solves 
constrained optimization by transforming it into an uncon-
strained problem using a barrier function. We define the log-
barrier in Eq. (10) for each constraint.

0 + ϵ < α, Di,i < 1 − ϵ; i = 1, · · · , d; ϵ = 1.0e − 7
ak ⟨1− ⇒ −ak + 1 − ϵ⟩ 0 and ak > 0+ ⇒ ak − ϵ > 0� (9)

B (a) = −
d+1∑
k=1

(ln (ak − ϵ) + ln (1 − ϵ − ak))� (10)

After defining the barrier function, we define the full objec-
tive function as in Eq. (11). Herein, the goal is to minimize 
the full objective function.

F (a, δ) = δ · f (a) + B (a)� (11)

While figuring out the approximate problem, the interior-
point algorithm operates a two-step strategy at each iteration. 
By default, the necessary optimality conditions are firstly 
derived using Lagrange multipliers as in L (a) = f (a). In 
other words, the Karush–Kuhn–Tucker (KKT) conditions 
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around the current iteration. In this case, the interior-point 
technique tries a conjugate gradient step. The Conjugate Gra-
dient algorithm acquires Lagrange multipliers by roughly 
solving the KKT condition equations in ∇L = ∇f (a). 
Consequently, the Hessian of the whole objective function 
is as follows:

HL = ∇2F (a, δ) = δ · ∇2f (a) + ∇2B (a)� (19)

While the interior-point algorithm solves the problem 
in the least-squares sense, a step, i.e., ∆a is taken to 
reach an approximate solution. To this end, the statement 
HL · ∆a = −∇L (a) is solved. We update the optimi-
zation variables in an iterative block scope at each itera-
tion k. Herein, we need to decide how far to move in the 
related direction using a step size φ ∈ (0,1]. The value to 
be optimized (i.e., the new candidate point) is updated by 
a(t+1) = a(t) + φ · ∆a. Further, the step size φ is calcu-
lated as in Eq. (20).

φmax
k =




1−ϵ−a
(t)
k

∆ak
, ∆ak > 0

−a
(t)
k

∆ak
, ∆ak < 0

φ =
(

min
k

φmax
k

)
· τ

� (20)

where τ ∈ (0,1). This multiplication operation ensures that 
all updated variables strictly remain within (0, 1).

Consequently, we can say that the importance of coeffi-
cients for each feature is formed from a, i.e., the set Λ (D). 
While values close to zero indicate unimportant features, 
the importance of the feature increases as it moves away 
from zero. As a result, the set Λ (D) is sorted from largest 
to smallest, and the index values of the features correspond-
ing to these values are returned by the algorithm developed. 
Finally, the pseudo-code of the proposed algorithm is given 
in Algorithm 1. The proposed method is called PLRU (the 
Preservation of Locality Relation for Unsupervised feature 
selection).

Let us combine both cases and reach the following term:

∂f

∂Dkk
=

d∑
i=1

[
2 (Dii)2 ·

(
(Dii)2 · Dkk − α

)
· (Gik)2

]

+
d∑

j=1

[
4DkkDjj ·

(
(Dkk)2 · Djj − α

)
· (Gkj)2

]� (15)

We calculate the gradients for α and the barrier function as 
in Eq. (16).

∂f

∂α
= −

d∑
i=1

d∑
j=1

((
(Dii)2 · Djj − α

)
· (Gij)2

)

∂B

∂ak
= − 1

ak − ϵ
+ 1

1 − ϵ − ak

� (16)

Finally, we calculate the total gradient of the full objective 
function F (a, δ) as in Eq. (17).

∇L (a) = ∇F (a, δ) = δ · ∇f (a) + ∇B (a)� (17)

Then, the interior-point algorithm iterates around the opti-
mal point using Newton's method. To this end, the Hes-
sian of the Lagrangian of f (a) should be calculated as in 
H = ∇2f (a), which includes ∂2f

∂Dkk∂Dll
, ∂2f

∂Dkk∂α , and 
∂2f
∂α2 . The Hessian of the barrier function is also calculated 
in Eq. (18).

∂2B

∂a2
k

= 1
(ak−)2 + 1

(1 − ϵ − ak)2

∇2B (a) = Dg

(
1

(a1 − ϵ)2 + 1
(1 − ϵ − a1)2 , ...,

1
(ad+1 − ϵ)2 + 1

(1 − ϵ − ad+1)2

)
� (18)

The algorithm first tries to take a direct step. If it cannot, 
this means that the approximate problem is locally concave 
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Algorithm 1  PLRU

Table 1  The asymptotic computational complexities of the algorithms
# Algorithms Asymptotic complexities
1 Laplacian Score (LS) [46] O

(
m2d + dlog2d

)

2 Robust Neighborhood Embedding for unsupervised feature selection (RNE) [47] O
(
m2d + s1

(
l2d + md2 + ld2)

+s2m + dlog2d)
3 feature Dependency-based Unsupervised Feature Selection (DUFS) [48] O

(
d3 + m2

)

4 Unsupervised Soft-label Feature Selection (USFS) [49] O (s (dl + mr + dr))
5 Soft-Label guided Non-negative Matrix Factorization (SLNMF) [30] O

(
s
(
m2d + m2r + d2l + md2

))

6 unsupervised feature selection with High-order Similarity Learning (HSL) [37] O
(
d3 + mdl

)

7 Preservation of Locality Relation for Unsupervised feature selection (PLRU) O
(
Nouter · Ninner

(
d3 + md2

))
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computed. The computation of the full gradient vector has 
a time complexity of O

(
d2)

, due to the pair-wise interac-
tions in the Frobenius norm involving the Gram matrix. At 
the same time, the asymptotic growth of the Hessian matrix 
also requires O

(
d2)

 time. However, the most computa-
tionally intensive operation is solving the Newton system 
HL · ∆a = −∇L (a), which incurs a time complexity of 
O

(
d3)

 per iteration due to matrix factorization. As such, 
the computational difficulty in the PLRU algorithm is due 
to solving this linear system at each step.

Finally, Table  1 shows the asymptotic computational 
complexities of the PLRU and other algorithms. In Table 1, 
s, r, and l denote the number of iterations, the number of 
clusters, and the number of selected features, respectively. 
s1 is the total number of iterations for solving the indicator 
matrix. s2 is the sum of the number of iterations for solving 
the auxiliary matrix.

4   Experimental procedure

This section clarifies the experimental methodology, twelve 
benchmark data sets, unsupervised feature selection algo-
rithms, evaluation metrics, and implementations.

4.1   Benchmark data sets

We measure the performance of the PLRU by using 12 real-
world data sets and one artificial data set (i.e., Madelon) 
from the UCI Machine Learning Repository.1 The descrip-
tive information of the benchmark data sets is shown in 

1  https://archive.ics.uci.edu/

3.4  Asymptotic complexity

First, we state that mathematical operation time complexi-
ties are calculated herein according to the naive approaches. 
In Algorithm 1, the time complexity of calculating the gram 
matrix G in Step 1 is O

(
md2)

. The time complexity of 
calculating the matrix N  in Step 2 is O (d). The opera-
tion N · G in Step 3 is calculated by O

(
d2)

. The objec-
tive function ∇F (a, δ) at each step in Step 10 is computed 
by the time complexity O

(
d2 + 2d

)
. The Hessian HL of 

the full objective function at each step in Step 11 is cal-
culated by O

(
5d2 + d

)
. The time complexity required to 

solve HL · ∆a = −∇L (a) in Step 12 is O
(
d3 + 2d2)

. 
To update a(t+1) ← a(t) + φ · ∆a at each step, the time 
complexity is O (3d). Furthermore, the convergence-deter-
mining operation in Step 14 is calculated by O (d). Finally, 
the algorithmic complexity needed to update δ in Step 15 is 
O (1). In consequence, the time complexity at each step is 
O

(
d3 + 8d2 + md2 + 8d + 1

)
. Let Ninner and Nouter be 

the numbers of iterations for converging the solution and 
updating δ, respectively. the overall algorithmic complexity 
is O(Nouter · Ninner· (d3 + 8d2 + md2 + 8d) + Nouter). 
But we neglect lower-order terms because they have a minor 
influence on the upper-order ones. Accordingly, the time 
complexity of the PLRU is O(Nouter · Ninner· (d3 + md2)). 
Further, we examine the computational complexity of the 
PLRU in three cases, according to m and d. The computational 
complexity of the PLRU is found as O (Nouter · Ninner · m), 
O

(
Nouter · Ninner · d3)

, and O
(
Nouter · Ninner · d3)

, respec-
tively if m ≫ d, d ≫ m, and m ≈ d.

The computationally expensive steps arise during each 
Newton iteration of the interior-point optimization process, 
where the objective function's gradient and Hessian are 

Table 2  The data sets used in the experiments
Data sets (#) Names Samples (m) Features (d) Classes (k) Imbal-

ance 
rate

#1 CNAE-9 1080 856 9 1.00
#2 Connectionist Bench (Sonar, Mines vs. Rocks) 208 60 2 1.14
#3 Gait Classification 48 321 16 1.00
#4 Smartphone Dataset for Human Activity Recognition 

(HAR) in Ambient Assisted Living (AAL)
5744 561 6 1.42

#5 Hill-Valley 1212 100 2 1.01
#6 Libras Movement 360 90 15 1.00
#7 LSVT Voice Rehabilitation 126 310 2 2.00
#8 Madelon 2000 500 2 1.00
#9 Musk (Version 1) 476 166 2 1.30
#10 Optical Recognition of Handwritten Digits 3823 64 10 1.03
#11 Semeion Handwritten Digit 1593 256 10 1.05
#12 TUANDROMD (Tezpur University Android Malware 

Dataset)
4464 241 2 4.00

#13 COIL-20 (Columbia Object Image Library) 1440 1024 20 1.00
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Table 3  The default hyperparameter values of the compared algorithms and proposed PLRU algorithm
# Algorithms Parameters
1 LS [46] Metric=′Cosine′

NeighborMode = ′KNN ′
W eightMode=′Cosine′
k = 3

2 RNE [47] m = d

numNeighbor = 5
3 DUFS [48] classsize = numberofclusters

4 USFS [49] lambda1 = 1
lambda2 = 1
lambda3 = 1
classnum = numberofclusters

m = d

alpha = 10000
5 SLNMF [30] beta = 1

gamma = 10000
r = numberofclusters

W = Jd,m

H = NSSRDinitS(XT ,r)

G = Jm,r

alpha = 0.1
beta = 0.001

6 HSL [37] beta1 = 10000
gamma = 0.01
l = d

NIter = 10
alpha = 0.001
beta = 0.01
m = numberofclusters

O = 6
7 PLRU1 (adjusted α and limited search) α = [0, 1]

Interior-point parameters have default values as below:
OptimalityT olerance = 1e − 6
StepT olerance : 1e − 10
MaxIterations : 1000
MaxF unctionEvaluations : 3000
HessianApproximation = ′bfgs′

8 PLRU2 (adjusted α and a relatively detailed search) α = [0, 1]
Interior-point parameters:
OptimalityT olerance = 1e − 10
StepT olerance : 1e − 12
MaxIterations : 3000
MaxF unctionEvaluations : 10000
HessianApproximation=′bfgs′
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level, and class. Thereby, it is shown that the experimental 
results cover multiple domains.

4.2  Comparison methods

We compare the proposed PLRU method with the six cut-
ting-edge algorithms. The algorithms used in the experi-
ments and their parameters are shown in Table  3. The 
methods are conducted using their default parameter values 
in all the experiments. We have assigned the compared algo-
rithms' hyperparameters to their default values in the cor-
responding work for a fair comparison. In other words, the 
values of the UFS algorithms' hyperparameters in Table 3 
have been determined with respect to their papers and code. 
No additional tuning is performed in order to ensure a fair 
and unbiased comparison. The proposed PLRU algorithm is 
evaluated under two settings: PLRU1 and PLRU2. PLRU1 
and PLRU2 rely on a roughly suitable α value. Further, 
PLRU1 and PLRU2 rely on non-exhaustive and comprehen-
sive searches, respectively. Unless stated otherwise, ‘PLRU’ 
refers to ‘PLRU1’ throughout the section ‘Results and Dis-
cussion’. Finally, we herein provide a concise explanation 
of these methods:

	● Laplacian Score (LS) [46] assesses features based on 
their Laplacian scores, which indicate their ability to 
preserve local structure.

	● Robust Neighborhood Embedding for unsupervised fea-
ture selection (RNE) [47] takes into account the neigh-
borhood relationships and similarity of data points to 
preserve the data's local structure.

	● feature Dependency-based Unsupervised Feature Selec-
tion (DUFS) [48] considers features' relationships and 
interactions and evaluates their degree of independence 
and information-carrying ability.

Table 2. Table 2 contains 13 data sets. However, we note that 
the COIL-20 data set is used to demonstrate the robustness 
of the proposed method for the feature visualization experi-
ment. In other words, the COIL-20 data set is not employed 
in the classification or clustering experiments. Meanwhile, 
the data sets belong to various domains and each has differ-
ent learning challenges. Thus, they allow for a robust and 
comprehensive assessment of the proposed UFS algorithm. 
A summary of the data sets and the justification for their 
selection are specified below:

	● CNAE-9 and Madelon are high-dimensional and sparse 
data sets commonly used to test the performance of 
feature selection under complex distributions and irrel-
evant/noisy features.

	● Sonar, Musk, and LSVT Voice Rehabilitation are real-
world biomedical and physical measurement data sets 
with redundancy and non-linearity.

	● Gait Classification, HAR-AAL, and TUANDROMD of-
fer multi-class classification settings in behavioral and 
cybersecurity domains, assessing robustness to class im-
balance and noise.

	● Hill-Valley, Libras Movement, Optical Digits, and Se-
meion Handwritten Digit provide time-series or image-
like data with structured patterns, suitable for evaluating 
the method's ability to preserve locality relations.

	● COIL-20 is an object recognition data set with visual 
similarity across classes, which challenges a method's 
capacity to retain discriminative spatial information. In 
the meantime, this data set has been barely employed for 
the feature visualization experiment.

The aforementioned data sets are selected to assess the pro-
posed algorithm under properties such as data type (e.g., 
numeric, image-based, time-series), dimensionality, noise 

Table 4  The comparative results of the algorithms’ maximum NMIs on the benchmark data sets
# Algorithms

LS RNE DUFS USFS SLNMF HSL PLRU1 PLRU2

#1 0.5041 ± 0.0 0.4716 ± 0.1 0.4771 ± 0.1 0.5553 ± 0.1 0.4910 ± 0.1 0.4629 ± 0.1 0.5679 ± 0.1 0.4695 ± 0.1
#2 0.0386 ± 0.0 0.0190 ± 0.0 0.0456 ± 0.0 0.0481 ± 0.0 0.0175 ± 0.0 0.0177 ± 0.0 0.1067 ± 0.0 0.1038 ± 0.0
#3 0.6836 ± 0.0 0.6678 ± 0.0 0.6754 ± 0.0 0.6678 ± 0.0 0.6692 ± 0.0 0.6767 ± 0.0 0.8152 ± 0.0 0.7397 ± 0.0
#4 0.5267 ± 0.0 0.5288 ± 0.0 0.5237 ± 0.0 0.5222 ± 0.0 0.5337 ± 0.0 0.5241 ± 0.0 0.5540 ± 0.0 0.5348 ± 0.0
#5 0.0002 ± 0.0 0.0001 ± 0.0 0.0001 ± 0.0 0.0002 ± 0.0 0.0001 ± 0.0 0.0001 ± 0.0 0.0003 ± 0.0 0.0001 ± 0.0
#6 0.5811 ± 0.0 0.5900 ± 0.0 0.5905 ± 0.0 0.5863 ± 0.0 0.5882 ± 0.0 0.5867 ± 0.0 0.6017 ± 0.0 0.5924 ± 0.0
#7 0.0396 ± 0.0 0.1529 ± 0.0 0.0534 ± 0.0 0.0624 ± 0.0 0.0817 ± 0.0 0.0411 ± 0.0 0.1554 ± 0.0 0.1492 ± 0.0
#8 0.0128 ± 0.0 0.0122 ± 0.0 0.0373 ± 0.0 0.0342 ± 0.0 0.0105 ± 0.0 0.0299 ± 0.0 0.0403 ± 0.0 0.0096 ± 0.0
#9 0.0213 ± 0.0 0.0364 ± 0.0 0.0374 ± 0.0 0.0242 ± 0.0 0.0210 ± 0.0 0.0281 ± 0.0 0.0704 ± 0.0 0.0459 ± 0.0
#10 0.7580 ± 0.0 0.7562 ± 0.0 0.7570 ± 0.0 0.7469 ± 0.0 0.7532 ± 0.0 0.7535 ± 0.0 0.7619 ± 0.0 0.7619 ± 0.0
#11 0.5681 ± 0.0 0.5632 ± 0.0 0.5465 ± 0.0 0.5435 ± 0.0 0.5520 ± 0.0 0.5248 ± 0.0 0.5720 ± 0.0 0.5796 ± 0.0
#12 0.1352 ± 0.1 0.1520 ± 0.1 0.2073 ± 0.0 0.2659 ± 0.1 0.3527 ± 0.1 0.1561 ± 0.1 0.5779 ± 0.2 0.2271 ± 0.1
Avg 0.3224 ± 0.3 0.3292 ± 0.3 0.3293 ± 0.3 0.3381 ± 0.3 0.3392 ± 0.3 0.3168 ± 0.3 0.4020 ± 0.3 0.3511 ± 0.3
The highest values are highlighted in bold. The second highest values are highlighted in underlined
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Finally, the experiments performed in this work have been 
conducted in the MATLAB R2023b on a CPU at 1.6 GHz 
with 8 GB of RAM.

5   Experimental results and discussion

In this section, we perform a variety of experiments to show 
the effectiveness of the proposed PLRU algorithm on the 
benchmark data sets. To this end, we concentrate on those 
empirical analyses: (i) the clustering performance analysis, 
(ii) the classification performance analysis, (iii) the feature 
visualization, (iv) the hyperparameter sensitivity analysis, 
(v) the convergence analysis, and (vi) the computational 
complexity analysis.

5.1   The clustering performance analysis

This section compares the proposed framework with the six 
cutting-edge unsupervised feature selection algorithms on 
12 real-world data sets and one synthetic data set. Table 4 
shows the maximum values of the clustering results of the 
unsupervised feature selection algorithms used in the exper-
iments. The results obtained by PLRU1 are approximately 
optimal with respect to the selected α parameter. Moreover, 
the interior-point method seems to have converged without 
performing an in-depth exploration of the search space. 
However, the results of PLRU2 were obtained by a compre-
hensive search using the same α value. In the meantime, the 
roughly suitable α initial values corresponding to the data 
sets are 0.0, 1.0, 0.3, 0.4, 0.5, 1.0, 0.6, 0.1, 0.0, 0.8, 0.0, and 
0.4, respectively. According to the results, PLRU1 outper-
forms the other algorithms in all the benchmark data sets.

Furthermore, the average NMI result of the proposed 
PLRU algorithm on the benchmark data sets is higher than 
the other unsupervised feature selection algorithms. In this 
regard, the SLNMF algorithm ranks second after the pro-
posed PLRU. Finally, the PLRU algorithm demonstrates its 
superiority in different data sets where the number of fea-
tures exceeds the number of samples, the imbalance rate is 
high, the number of classes is larger than two, and so on. No 
algorithms outperform the other unsupervised feature selec-
tion algorithms in data sets.

The USFS algorithm surpasses the compared algorithms 
on 2 data sets. Consequently, different types of data sets 
exist on which each unsupervised feature selection algo-
rithm is better. However, from the point of view of the aver-
age result, the performance of the algorithms can vary. In 
this respect, PLRU ranks first compared to the other algo-
rithms in terms of the average NMI outcome on the data 
sets. Finally, we would like to underline that the DUFS, 
USFS, SLNMF, and HSL algorithms need the number of 

	● Unsupervised Soft-label Feature Selection (USFS) [49] 
evaluates the contribution of each feature with a soft-
labeling approach. This approach expresses the degree 
to which features belong to a particular class, thus pro-
viding a more flexible feature evaluation process.

	● Soft-Label guided Non-negative Matrix Factorization 
(SLNMF) [30] softly incorporates the data's class labels 
into the factorization process. This approach considers 
the possibility that each data point belongs to more than 
one class.

	● unsupervised feature selection with High-order Similar-
ity Learning (HSL) [37] focuses on pairwise similari-
ties and multiple similarity relationships. This strategy 
provides a deeper and more comprehensive analysis of 
the data.

4.3   Evaluation criteria

The accuracy rate criteria will be used to measure the classi-
fication performance of the proposed algorithm. According 
to the confusion matrix, the ACCuracy rate (ACC) equation 
is given in Eq. (21). The value is desired to be close to 1 as a 
ratio. It can be said that the model's performance decreases 
as it approaches 0.

Actual
Positive Negative

Prediction Positive TP FP
Negative FN TN

ACC = TP + TN

TP + TN + FP + FN
� (21)

Regarding clustering problems, we use the Normalized 
Mutual Information (NMI) criterion while measuring the 
performance of clustering algorithms according to the fea-
tures selected by the unsupervised feature selection algo-
rithms. The equation for calculating this criterion is given 
in Eq. (22):

NMI (Y, C) = 2 × I (Y, C)
H (Y ) + H (C) � (22)

where H (·) and I (Y ; C) are denoted as the entropy of a 
random variable and the mutual information of two random 
variables Y  and C, respectively.

When testing the quality of feature subsets selected by 
the unsupervised feature selection algorithms on data sets, 
the K-means algorithm is used as a clustering algorithm. In 
terms of classification, the k-Nearest Neighbors algorithm 
(KNN) is considered to be used as a classification algo-
rithm. We have repeated K-means and KNN algorithms 
thirty times and have reported their average performances. 
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designates the number of data sets where the compared 
algorithms have maximum NMI. The #R2 denotes the com-
parison of the average NMIs of the compared algorithms 
over the benchmark data sets. The #R3 indicates the median, 
maximum, minimum, and quartile values (i.e., lower and 
upper quartiles) of the compared algorithms' NMIs over the 
benchmark data sets. The line inside the box signifies the 
median value. The endpoints corresponding to the minimum 
and maximum NMIs of the compared algorithms are shown 
as the whiskers extending below and above the box. Box 
charts with notches hold different medians at 5% signifi-
cance. Concerning the comparisons between the PLRU and 
other methods, the proposed PLRU algorithm yields maxi-
mum NMI on all data sets. In point of the average NMI, 
the result of the PLRU algorithm is larger than that of the 
other algorithms. The proposed method also offers higher 

clusters as the hyperparameter. In this respect, we empha-
size that the number of clusters is unknown for some data 
sets, i.e., unsupervised ones. Note that the LS, RNE, and 
PLRU algorithms do not require the number of clusters.

The NMI scores of the PLRU algorithm are calculated 
using two optimization strategies: a coarse search (PLRU1) 
and a more exhaustive fine-tuned search (PLRU2). The 
results show that PLRU2 mostly obtains higher NMI values 
across several data sets. However, there are data sets where 
the fine-tuned search does not yield a performance gain. As 
a result, the findings point out that a detailed optimization 
may boost the clustering performance. However, it can also 
lead to marginal degradation due to overfitting or the sensi-
tivity of the objective landscape.

Figure  2 shows the comparative results of the PLRU1 
and other algorithms on the benchmark data sets. The #R1 

Fig. 2  The comparative results of the PLRU1 and other algorithms on 
the benchmark data sets. The #R1 denotes the comparative results of 
the number of data sets with maximum NMI. The #R2 represents com-
parative results in terms of the average NMI. The #R3 points out three 
quartile values (i.e., median, lower quartile, upper quartile), maximum, 

and minimum values of the NMIs over the data sets. The median value 
is shown as the line inside the box. The whiskers extending below and 
above the box indicate the endpoints corresponding to the minimum 
and maximum NMIs. Box charts with notches hold different medians 
at 5% significance
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from the same continuous distribution. As a result, the NMI 
results between the proposed PLRU and other methods that 
have been run on the benchmark data sets have statistically 
significant differences at the 1% significance level.

Figure 4 represents the NMI performances of the unsu-
pervised feature selection algorithms used in the experi-
ments depending on the equally spaced feature numbers. 
This experiment divided the number of features into ten 
equal parts, and the results showed the maximum NMI val-
ues within the corresponding range. Thus, this approach 
ensures that a fair experiment is carried out and that the 
performances of the algorithms are observed across the 
selected features. Besides, the results somewhat present a 
detailed view of Table 4. In light of the results, the NMI per-
formances of the algorithms mainly vary as the number of 
features increases. First of all, note that the proposed PLRU 
algorithm does not need a hyperparameter such as the 
number of clusters, unlike the other compared algorithms, 
excluding the LS and RNE methods. Further, the NMI per-
formances of the algorithms differ between the benchmark 
data sets. The overall NMI behavior of some algorithms, 
according to the number of features, resemble each other 

results than other algorithms in terms of median, minimum, 
and quartile values. Consequently, we can remark that the 
proposed PLRU algorithm gains better results than the other 
algorithms in all the comparisons.

Figure 3 depicts the comparative results of the statisti-
cal significance between the proposed PLRU1 algorithm 
and compared algorithms over the benchmark data sets. We 
used the Kolmogorov–Smirnov test as the significant test 
to analyze whether two samples came from the same dis-
tribution. The two-sample Kolmogorov–Smirnov test is a 
nonparametric test that appraises the difference between the 
cumulative distribution functions of the distributions of the 
two samples over a particular range in data sets. First, note 
that the experimental results are normalized by Euclidean 
norm for a fair test. The symbol h denotes whether the Kol-
mogorov–Smirnov test rejects the null hypothesis at a cer-
tain significance level (α), or not. The symbol p indicates the 
probability of observing test statistics as large as, or larger 
than, the observed value under the null hypothesis. We have 
determined that the significance level (α) is 1%. Accord-
ingly, the null hypothesis is rejected if h = 1 or p < α, 
and vice versa. The null hypothesis is that two samples are 

Fig. 3  The comparison of the statistical significance between the pro-
posed PLRU1 and the methods compared over the benchmark data 
sets. The symbol h indicates that whether the Kolmogorov–Smirnov 
test rejects the null hypothesis at the 1% significance level or not. The 
symbol p denotes the probability of observing test statistics as large as, 

or larger than, the observed value under the null hypothesis. The x-axis 
represents the normalized sample data vector. The y-axis denotes the 
cumulative distribution function of the normalized sample data vector 
distribution
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and intra-class scatter. Analysis of the two-class data sets 
shows that data points are intertwined in both the original 
space and the subspace after feature selection. In particular, 
in cases #7 and #8, the entire data is distributed almost as a 
single cloud, with no clear decision boundary distinguish-
ing the two classes. In this case, the clusters assigned by 
k-means are inconsistent with the true labels, and mutual 
information approaches 0. In cases #2 and #9, the data dis-
tribution in t-SNE becomes more compact and homoge-
neous along the axes as it moves from the full feature space 
to the feature subspace. In other words, the selected features 

in some data sets. Consequently, the proposed PLRU algo-
rithm performs well in capturing the maximum NMI on 
most of the data sets.

Figure  5 shows (a) t-SNE visualization on the whole 
features; (b) t-SNE manifestation on the subspace after 
applying PLRU; (c) t-SNE representation of cluster assign-
ments obtained by k-means on the selected features. Sev-
eral indicators may give rise to the low NMI results on the 
two-class data sets. These are inter-class overlapping, the 
loss of discriminant dimensionality in feature selection, the 
global cluster assumption of k-means, the low sample size, 

Fig. 4  The comparative NMI results of the unsupervised feature selection algorithms used in the experiments according to the equally spaced 
feature numbers
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separate circle-like spherical clusters. In these complex 
patterns, k-means assignments are located in regions com-
pletely different from the true class.

5.2   The classification performance analysis

Table 5 shows the maximum values of the classification 
results of the unsupervised feature selection algorithms used 
in the experiments. According to the ACC results, the pro-
posed PLRU algorithm outmatches the other unsupervised 

partially reflect the distinction between the classes in the 
new dimension.

Furthermore, in #9, one class in particular is very scat-
tered, with small samples randomly clustered. Because even 
t-SNE cannot provide a clear distinction, the true labels 
become nearly independent of k-means' random assign-
ments. Therefore, the k-means algorithm clusters two dif-
ferent classes. In #5 and #12, the t-SNE output displays 
complex clustering patterns, including rings and curved-
spiral structures. K-means, however, can only properly 

Fig. 5  t-SNE visualization on the data sets with binary class: (a) t-SNE visualization on the whole features; (b) t-SNE manifestation on the sub-
space after applying PLRU; (c) t-SNE representation of cluster assignments obtained by k-means on the selected features.
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information most relevant for separating class labels. On 
the other hand, small improvements are observed in several 
data sets, where PLRU2 performs slightly better or on par 
with PLRU1. These results point out a trade-off introduced 
by the detailed interior-point search. Although PLRU2 may 
enhance clustering consistency, it does not turn to higher 
classification performance. The reason is possibly due to 
overfitting or a shift in the feature selection bias towards 
preserving locality rather than maximizing class separation.

The results indicate that improved clustering perfor-
mance does not necessarily imply enhanced classification 
performance. Namely, the PLRU2 can reach higher NMI 
results over some data sets, but its classification accuracy 
may be lower than PLRU1. This situation shows that opti-
mizing cluster structure (i.e., preserving local neighbor-
hood relationships) and maximizing class separation may 
simultaneously conflict. Therefore, it is recommended that 
the proposed algorithm be configured and executed inde-
pendently for clustering and classification tasks. Treating 
these tasks as separate objectives allows for more targeted 
optimization and it avoids possible conflicts between struc-
ture preservation in unsupervised tasks and discriminative 
performance in supervised tasks.

Figure 6 displays the comparative results of the PLRU 
and other algorithms on the benchmark data sets. The #R1 
denotes the number of data sets where the compared algo-
rithms have maximum ACC. The #R2 designates compar-
ing the average ACCs of the compared algorithms over the 
benchmark data sets. The #R3 represents the quartile values 
(i.e., median, lower, and upper quartiles), maximum, and 
minimum values of the compared algorithms' ACCs over 
the benchmark data sets. The line inside the box shows the 
median value. The endpoints that correspond to the mini-
mum and maximum ACCs of the compared algorithms are 
indicated as the whiskers that extend below and above the 

feature selection algorithms in 8 out of 12 benchmark data 
sets. The results obtained by PLRU1 are approximately 
optimal with respect to the chosen α parameter. Addition-
ally, the interior-point method appears to have converged 
without a comprehensive search. The results of PLRU2 have 
been obtained with respect to the same α value at the end 
of the detailed search. The α values used in the clustering 
experiments are likewise used in the classification experi-
ments. In other words, the fit α values are not separately 
searched for classification. The results of PLRU1, tuned have 
been obtained by α parameter tuned roughly. In the mean-
time, the roughly suitable α initial values corresponding to 
the data sets are 0.0, 0.0, 0.3, 0.4, 0.8, 0.4, 0.5, 0.0, 0.3, 0.8, 
1.0, and 0.4, respectively. The average ACC result of the 
proposed PLRU algorithm on the benchmark data sets ranks 
first. Each of the LS, RNE, DUFS, and USFS algorithms 
exceeds the other unsupervised feature selection algorithms 
in 1 of 12 benchmark data sets. The SLNMF and HSL algo-
rithms surpass the other algorithms in none of the 12 bench-
mark data sets. As a result, in terms of classification and 
clustering performance, there also exist data sets on which 
each unsupervised feature selection algorithm is superb or 
poor. Nevertheless, in terms of the average ACC result, the 
proposed PLRU algorithm is superior to the other unsuper-
vised feature selection algorithms in point of the average 
ACC result on the data sets. Consequently, PLRU appears 
preferable to the other algorithms over the benchmark data 
sets from the different descriptive information and domains.

The classification accuracy results of PLRU1 and PLRU2 
provide further insights into the effects of detailed optimi-
zation on downstream supervised tasks. According to the 
results, PLRU2 has lower accuracy in some data sets com-
pared to PLRU1. This suggests that the fine-tuned optimi-
zation may lead to feature subsets that better preserve the 
local geometric structure of the data but not necessarily the 

Table 5  The comparative maximum ACC results of the algorithms on the benchmark data sets
# Algorithms

LS RNE DUFS USFS SLNMF HSL PLRU1 PLRU2 PLRU1, tuned

#1 0.8764 ± 0.0 0.8868 ± 0.0 0.8737 ± 0.0 0.9029 ± 0.0 0.8777 ± 0.0 0.8675 ± 0.0 0.8982 ± 0.0 0.8886 ± 0.0 0.8982 ± 0.0
#2 0.8313 ± 0.0 0.8322 ± 0.0 0.8279 ± 0.0 0.8596 ± 0.0 0.8279 ± 0.0 0.8500 ± 0.0 0.8542 ± 0.0 0.8686 ± 0.0 0.8734 ± 0.0
#3 0.3458 ± 0.0 0.3542 ± 0.0 0.3542 ± 0.0 0.3625 ± 0.0 0.3563 ± 0.0 0.3542 ± 0.0 0.6250 ± 0.0 0.4236 ± 0.0 0.6250 ± 0.0
#4 0.9460 ± 0.0 0.9504 ± 0.0 0.9433 ± 0.0 0.9498 ± 0.0 0.9507 ± 0.0 0.9505 ± 0.0 0.9519 ± 0.0 0.9519 ± 0.0 0.9519 ± 0.0
#5 0.6549 ± 0.0 0.6461 ± 0.0 0.6407 ± 0.0 0.6532 ± 0.0 0.6452 ± 0.0 0.6460 ± 0.0 0.6554 ± 0.0 0.6658 ± 0.0 0.6617 ± 0.0
#6 0.8758 ± 0.0 0.8692 ± 0.0 0.8750 ± 0.0 0.8628 ± 0.0 0.8633 ± 0.0 0.8664 ± 0.0 0.8713 ± 0.0 0.8815 ± 0.0 0.8787 ± 0.0
#7 0.5706 ± 0.0 0.7000 ± 0.0 0.6865 ± 0.0 0.6762 ± 0.0 0.7802 ± 0.0 0.7349 ± 0.0 0.7857 ± 0.0 0.8042 ± 0.0 0.7910 ± 0.0
#8 0.8741 ± 0.0 0.6527 ± 0.0 0.7883 ± 0.0 0.7957 ± 0.0 0.8602 ± 0.0 0.6441 ± 0.0 0.6483 ± 0.0 0.6685 ± 0.0 0.8177 ± 0.0
#9 0.8635 ± 0.0 0.8756 ± 0.0 0.8954 ± 0.0 0.8599 ± 0.0 0.8872 ± 0.0 0.8792 ± 0.0 0.8747 ± 0.0 0.8831 ± 0.0 0.8922 ± 0.0
#10 0.9860 ± 0.0 0.9859 ± 0.0 0.9863 ± 0.0 0.9859 ± 0.0 0.9860 ± 0.0 0.9856 ± 0.0 0.9865 ± 0.0 0.9874 ± 0.0 0.9865 ± 0.0
#11 0.9166 ± 0.0 0.9212 ± 0.0 0.9159 ± 0.0 0.9181 ± 0.0 0.9192 ± 0.0 0.9146 ± 0.0 0.9167 ± 0.0 0.9161 ± 0.0 0.9201 ± 0.0
#12 0.9801 ± 0.0 0.9802 ± 0.0 0.9802 ± 0.0 0.9801 ± 0.0 0.9802 ± 0.0 0.9801 ± 0.0 0.9803 ± 0.0 0.9804 ± 0.0 0.9803 ± 0.0
Avg 0.8101 ± 0.2 0.8045 ± 0.2 0.8139 ± 0.2 0.8172 ± 0.2 0.8278 ± 0.2 0.8061 ± 0.2 0.8374 ± 0.1 0.8266 ± 0.2 0.8564 ± 0.1
The highest values are highlighted in bold. The second highest values are highlighted in underlined
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and compared algorithms over the benchmark data sets in 
terms of ACC. First, the experimental results are normalized 
according to the Euclidean norm for a fair test. The symbol 
h indicates whether the Kolmogorov–Smirnov test rejects 
the null hypothesis at a particular significance level (α), or 
not. The symbol p denotes the probability of observing test 
statistics as large as, or larger than, the observed value under 
the null hypothesis. We have determined that the significance 
level (α) is 7%. Accordingly, the null hypothesis is accepted 
if h = 0 or p ≥ α, and vice versa. The null hypothesis is 
that two samples are from the same continuous distribution. 
Consequently, the ACC results between the proposed PLRU 
and other algorithms excluding USFS conducted over the 
benchmark data sets possess statistically significant differ-
ences at the 7% significance level. In this respect, we can 

box. Box charts with notches hold different medians at 5% 
significance. Considering the comparative results between 
the proposed PLRU and the LS, RNE, DUFS, and USFS 
algorithms, the PLRU delivers maximum ACC in 8 out of 
12 data sets. These four algorithms have the highest ACC 
result over only one data set. Relating to the results between 
the proposed PLRU, the compared HSL and SLNMF algo-
rithms, the PLRU obtains maximum ACC on all the data 
sets. Consequently, the proposed PLRU algorithm acquires 
higher results than the other algorithms for all the compari-
sons in terms of the average ACC. All in all, we can state 
that the proposed PLRU algorithm gives remarkable ACC 
results.

Figure  7 exhibits the comparative results of the statis-
tical significance between the proposed PLRU1 algorithm 

Fig.  6  Comparative results of the proposed PLRU1 and other unsu-
pervised feature selection methods on the benchmark data sets. The 
#R1 indicates the comparative results of the number of data sets with 
maximum ACC. The #R2 denotes the comparative results in terms of 
the average ACC. The #R3 represents the median, maximum, mini-
mum, and other quartile values of the ACCs over the benchmark data 

sets. The median value is shown as the line inside the box. The whis-
kers extending below and above the box indicate the endpoints cor-
responding to the minimum and maximum ACCs. The yellow circles 
indicate outliers. Box charts with notches hold different medians at 5% 
significance
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When the ACC and NMI results are considered, it is 
seen that the ACC values are relatively higher than the NMI 
values. We interpret this situation as follows: K-means can 
capture global structure but may miss local structure. If the 
data has a manifold-based or non-linear separable structure, 
the cluster centers may not be homogeneous even though 
K-means seems to put each class in a separate cluster. ACC 
looks for the largest overlap. However, NMI takes the entire 
distribution into account. Especially in a context where 
local structure is preserved such as the proposed PLRU, the 
global nature of K-means may have neglected some struc-
tures. In particular, some clusters may exhibit label mix-
ing or capture dominant classes disproportionately, which 
may lead to a decrease in mutual information despite high 
assignment accuracy. Such behaviors are common in data 
sets with class imbalance or where certain features favor 
dominant clusters.

5.3  Feature visualization

The feature visualization experiment was explicitly 
designed to illustrate qualitatively how each method 

report that the performance of the proposed PLRU is differ-
ent than that of other algorithms in terms of ACC.

Figure 8 illustrates the ACC performances of the proposed 
PLRU1 and the compared unsupervised feature selection 
methods depending on the equally spaced feature numbers. 
In this experiment, the number of features has been divided 
into ten equal parts. This operation guarantees that a fair 
experiment has been realized and that the performances of 
the existing methods are monitored across the selected fea-
tures. Furthermore, the results put forward a little detailed 
view of Table 5. Considering the empirical results, the ACC 
performances of the algorithms vary as the number of fea-
tures increases. Besides, the ACC performances of the algo-
rithms generally differ between the benchmark data sets. In 
most data sets, the proposed PLRU algorithm achieves high 
ACC starting from low feature numbers, while in some, the 
opposite occurs. This situation is also actual for some other 
algorithms. Thus, it has been demonstrated once again that 
there are data sets where the algorithms are better and data 
sets where they produce lousy performance. Consequently, 
the proposed PLRU algorithm performs well in capturing 
the maximum ACC over many data sets.

Fig. 7  The comparison of the statistical significance between the pro-
posed PLRU1 and the methods compared over the benchmark data 
sets. The symbol h indicates whether or not the Kolmogorov–Smirnov 
test accepts the null hypothesis at the 7% significance level. The sym-
bol p denotes the probability of observing test statistics as large as, or 

larger than, the observed value under the null hypothesis. The x-axis 
indicates the normalized sample data vector. The y-axis denotes the 
cumulative distribution function of the normalized sample data vector 
distribution
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visualization are as follows: PLRU enables the selection of 
local and global features for different objects. PLRU identi-
fies the duck’s mouth, the building block's point, the car's 
hood, the cat’s head, and the mug's rim for local features. It 
captures interior and bounding aspects representing objects 
such as duck shape, building block silhouette, car contour, 
cat form, and mug figure for global features. Even though 
the number of features is low, PLRU can uncover the outline 
of objects like the duck, the building block, the car, the cat, 
and the mug. SLNMF and USFS concentrate more on global 
features. LS and DUFS are adequately unable to focus on 
local and global features. RNE cannot adequately identify 

preserves or distorts the spatial structure of a single image 
instance after feature selection. In other words, this experi-
ment aims to provide an intuitive, visual understanding of 
how different feature selection methods retain or suppress 
discriminative visual information in a localized setting. Fig-
ure 9 visualizes the features of five objects on the COIL20 
data set by LS, RNE, DUFS, USFS, SLNMF, and PLRU. 
The columns show the original image and ones with feature 
numbers of 50, 100, 150, 200, 250, and 300, respectively. 
Further, HSL does not work on visual data because the num-
ber of clusters is selected as one. Hence, we cannot present 
the visual results of HSL. Several observations on feature 

Fig. 8  The comparative ACC results of the unsupervised feature selection algorithms used in the experiments according to the number of features
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in the global and local regions of the objects. Like SLNMF 
and USFS, PLRU cannot only identify the car and mug's 
outline when the low number of features. However, unlike 
SLNMF and USFS, PLRU can capture the duck and the 
building block's contours even with a few features.

the duck’s mouth/tail, car, and mug’s outline. Besides, it can 
partly pinpoint the building block and cat’s outline. Overall, 
RNE is unable to efficiently capture the local and global fea-
tures of the objects. Hence, it is poorer than PLRU, SLNMF, 
and USFS. Further, SLNMF and USFS cannot efficiently 
capture global features well, but the PLRU method can. As 
the number of features ascends, PLRU detects the features 

Fig. 9  Feature visualization of the COIL-20 data set by LS, RNE, DUFS, USFS, SLNMF, and PLRU. The columns show the original image and 
ones with feature numbers of 50, 100, 150, 200, 250, and 300, respectively
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impact of α is moderate and consistent in some data sets, 
such as Gait Classification. The NMI results do not consis-
tently rise across some data sets, such as Gait Classifica-
tion, as the number of features increases. Further, there is no 
steady α value to provide the highest NMI values. There-
fore, it is necessary to search for an appropriate α value to 
gain the highest NMI value. The proper α value may dif-
fer between data sets, so the appropriate α value must be 
searched to obtain the highest NMI result. In addition, the 
number of features yielding the highest NMI result varies 
between data sets. However, the proposed algorithm's lim-
ited search range facilitates this optimization process.

5.4  The hyperparameter sensitivity analysis

In this sub-section, we evaluate the role of α on 12 bench-
mark data sets by considering α ∈ [0, 1] and the number of 
selected features. The hyperparameter α manages the bal-
ance between structure preservation and feature selection 
sparsity. Figure 10 shows the NMI results of PLRU on the 
benchmark data sets in terms of the different numbers of 
features and the distinct values of α. According to the NMI 
results, the hyperparameter α clearly influences the perfor-
mance of the proposed algorithm. This effect is more appar-
ent in some data sets, such as Hill-Valley. However, the 

Fig. 10  The NMI results of PLRU on the benchmark data sets in terms of the different numbers of features and the various values of α
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in better performance in some data sets like HAR-AAL and 
Semeion Handwritten when more features are retained. 
Some data sets such as Madelon, Hill-Valley, and TUAN-
DROMD exhibit very low and stable performance regard-
less of α. This situation is likely due to their inherent noise 
and irrelevance in features, making them less sensitive to α 
but more sensitive to feature quality overall.

As for practical guidance on α selection, for data sets 
with well-defined manifolds and high feature redundancy, 
α ∈ [0.3, 0.6] is generally optimal. For noisy or high-dimen-
sional synthetic data sets, smaller α values (e.g., < 0.2) are 
recommended. If the number of selected features is large 

The optimal α value significantly varies across data sets. 
This situation indicates that the effect of α is closely related 
to intrinsic data characteristics such as sample size, class 
separability, and feature redundancy. For instance, in Gait 
Classification and Libras Movement, moderate values of 
α consistently yield strong performance, likely due to the 
proposed method’s ability to balance smooth local mani-
fold preservation with discriminative feature sparsity. Low 
or moderate α values perform better when fewer features 
are selected as they enforce stronger sparsity. Conversely, 
higher α values can become more effective as the number of 
the selected features increases and this situation can result 

Fig. 11  The ACC results of PLRU on the benchmark data sets in terms of the different numbers of features and the various values of α
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Rehabilitation data sets, as the number of features rises. 
Further, there does not exist a sharp difference between α 
values to obtain the highest ACC values. As a result, it is 
important to note that the appropriate alpha value may vary 
between data sets, so searching for the proper alpha value is 
necessary to achieve the highest ACC result. Additionally, 
the number of features producing the highest ACC result 
can differ between data sets. However, the proposed algo-
rithm's restricted search range simplifies this optimization 
process.

(e.g., > 300), higher α values (0.7–1.0) tend to stabilize 
performance in data sets like Optical Recognition, where 
neighborhood preservation dominates.

Figure 11 shows the ACC results of PLRU on the bench-
mark data sets in terms of the different numbers of features 
and the distinct values of α. According to the ACC results, 
the hyperparameter α implicitly affects the performance of 
the proposed algorithm on some data sets. This influence is 
more apparent in some data sets, such as Gait Classifica-
tion. The ACC results consistently increase in the rest of 
the data sets, excluding Gait Classification and LSVT Voice 

Fig. 12  The convergence behavior of the proposed algorithm across 12 benchmark data sets
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5.5   The convergence analysis

The convergence behavior of the proposed algorithm was 
analyzed across 12 benchmark data sets by tracking the fit-
ness value over successive iterations of optimization. As 
shown in Fig.  12, most of the data sets initially exhibit a 
rapid drop in the objective function. A gradual convergence 
towards stability is then followed in these data sets. This 
situation shows that the algorithm can escape local minima 
and progressively refine the solution.

In the data sets CNAE-9, HAR-AAL, Libras Movement, 
and Optical Recognition, the convergence profile is achieved 
within a small number of iterations. In contrast, more com-
plex data sets such as Connectionist Bench and Hill-Valley 
significantly require more iterations (up to 40–50) to reach a 
plateau. Despite some data sets exhibiting large initial fitness 
values (e.g., Gait Classification and LSVT Voice Rehabilita-
tion), the algorithm mainly demonstrates stable and mono-
tonic convergence patterns. Notably, even in cases where 
the final objective values remained relatively high, such as 
in gait classification, the algorithm managed to reduce the 
error by several orders of magnitude from its starting point, 
which supports its numerical robustness.

To sum up, NMI and ACC scores support all these obser-
vations. Although the NMI values significantly vary in data 
sets (ranging from 0.0003 to 0.8147), the ACC scores are 
high (mostly above 0.85) in general. This situation indicates 
that the algorithm maintains strong classification consis-
tency even in complex clustering scenarios. Overall, the 
convergence behaviors demonstrate that the optimization 
procedure is capable of adapting to various data complexi-
ties. This circumstance makes the proposed method trust-
worthy across a broad range of unsupervised learning tasks.

The optimal α value varies among data sets and this 
variety implies differences in structural complexity, feature 
redundancy, and noise levels. In data sets such as CNAE-9, 
Madelon, and Gait Classification, low-to-moderate α values 
(e.g., 0.1–0.3) tend to yield higher classification accuracy 
when a small number of features is selected (e.g., ≤ 100). 
In data sets such as Gait Classification, Libras Movement, 
and HAR-AAL, moderate α values (e.g., 0.2–0.6) gener-
ally perform best. For data sets (e.g., the number of features 
> 200), higher α values (e.g., 0.7–1.0) are particularly more 
effective in the data sets TUANDROMD, Optical Recog-
nition, and Semeion Handwritten, where maintaining local 
relationships significantly contributes to classification per-
formance. On the other hand, in data sets such as Hill-Val-
ley and Madelon, classification accuracy relatively remains 
low and inconsistent regardless of α. This situation speci-
fies that these data sets are more sensitive to the quality of 
selected features than preserving the neighborhood. These 
observations show that the effectiveness of α is closely tied 
to the data set characteristics and the dimensionality of the 
selected feature subset. Therefore, adjusting α is important 
for maximizing classification performance.

As for practical guidance on α selection, α ∈ [0.1, 0.3] 
is recommended when the number of selected features 
is low (e.g., ≤ 100) and the data set is sparse or has high 
inter-feature redundancy (e.g., Gait Classification, CNAE-
9). α ∈ [0.30.6] is generally effective for balanced data sets 
where preserving manifold structure and sparsity are critical 
(e.g., HAR-AAL, Libras Movement). α ∈ [0.7, 1] is prefer-
able when more features are retained, and local geometry is 
critical (e.g., TUANDROMD, Optical Recognition).

Table 6  The running times (second) of the unsupervised feature selection algorithms on the data sets
Data sets Algorithms

LS RNE DUFS USFS SLNMF HSL PLRU
CNAE-9 0.3045 275.5556 27.4009 10.9619 9.6383 11.0317 243.6054
Connectionist Bench 0.0161 0.5947 0.1074 0.1421 0.1179 0.1310 0.5469
Gait Classification 0.0093 15.1445 1.5446 0.3093 0.2083 0.3410 12.2077
HAR-AAL 2.0484 112.4321 37.7344 24.4736 128.7683 266.3334 82.6951
Hill-Valley 0.0903 1.1529 15.0824 0.4728 1.2759 4.7722 0.8509
Libras Movement 0.0142 1.0290 0.3346 0.5497 0.3563 0.2521 0.7977
LSVT Voice Rehabilitation 0.0114 13.0259 4.2905 0.4938 0.1521 0.3475 10.7816
Madelon 0.2446 72.3685 17.0521 3.4922 11.9957 18.4970 48.5709
Musk 0.0129 2.8052 1.2761 0.2286 0.3838 0.7664 2.2965
Optical Recognition 0.3851 2.2244 0.6326 3.2746 9.3653 73.8873 0.5511
Semeion Handwritten Digit 0.1167 9.7880 4.1991 4.5409 4.6806 9.9345 6.3675
TUANDROMD 0.6907 16.2160 7.4476 4.3664 34.4407 119.7836 5.7124
Avg 0.3287 43.5281 9.7585 4.4422 16.7819 42.1731 34.5820
The highest values are highlighted in bold. The second highest values are highlighted in underlined
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adjustable range; (iii) It supports visual interpretability by 
embedding the importance of features into the diagonal 
matrix; (iv) Thanks to its flexible mathematical formulation, 
the proposed method can be easily adapted to supervised or 
semi-supervised learning tasks by incorporating label infor-
mation when it is available.

Although the proposed method has strong aspects, it 
presents several shortcomings. The most computationally 
demanding part is solving the optimization problem using 
an interior-point method, particularly during Newton itera-
tions, which scale cubically with the number of features. 
Although we provided a complete complexity analysis and 
achieved good runtime performance in practice, scalability 
to huge feature spaces remains an open challenge. In future 
work, we plan to replace the interior-point algorithm with 
cutting-edge alternatives. We aim to learn α in a data-adap-
tive or parameter-free manner automatically.

Appendix. The basis for the proposed 
method

Definition 1   Let P def= 2 (Jm×m − L), which is pair-wise 
distance matrix of X  such that L = XmyXT  that is nor-
malized provided that its diagonal elements are one, i.e., 
∥xi∥2 = 1, i = 1, · · · , m, which denotes the number of 
samples.

We define the Euclidean distance between two vectors xi 
and xj  in a metric space in (A1).

∥xi − xj∥2
2 = ∥xi∥2

2 + ∥xj∥2
2 − 2∥xi − xj∥2

2� (A1)

In this case, for the pair-wise distance matrix of X , we 
obtain the following formula:

P = diag (L) JT
m×1 + Jm×1diag (L)T − 2L� (A2)

To simplify the formula in (A2), we reach (A3) by nor-
malizing L so that the diagonal elements of L are one, i.e., 
diag (L) is transformed into Jm×1.

P
def= 2 (Jm×m − L)� (A3)

Theorem 1   Let Q ∈ Rn×n be diagonalizable if and only if 
the eigenvectors of Q are linearly independent since Q has 
distinct eigenvalues. Then, Q = V DV −1 , D and V  are 
the diagonal matrix of Q and the matrix of eigenvectors of 
Q, respectively.

Let us assume that Q satisfies the eigenvalue equation 
Qv = λv and its n th-order polynomial characteristic 

5.6   The computational complexity analysis

Table 6 compares the running time results of the unsuper-
vised feature selection algorithms. The time complexity of 
the proposed PLRU algorithm is cubic to the number of 
dimensions or linear to the number of samples. However, the 
number of inner and outer iterations is important. Regarding 
the running time, the empirical results specify that the pro-
posed PLRU algorithm processes data at an average speed. 
According to the results, the proposed PLRU algorithm runs 
faster on average than the RNE and HSL algorithms. The LS 
algorithm works more rapidly on all the data sets. The pro-
posed PLRU algorithm is slower on the high-dimensional 
data sets. However, for the large number of samples, the 
PLRU algorithm is faster. Nonetheless, the most decisive 
factor is the number of iterations required for convergence. 
Consequently, we would like to express that the proposed 
PLRU algorithm spends more time optimizing the objective 
function than calculating it.

6   Conclusion

In this paper, we proposed a novel unsupervised feature 
selection algorithm named PLRU (Preservation of Local-
ity Relation for Unsupervised feature selection). The main 
objective of PLRU is to eliminate linearly dependent, irrel-
evant, or redundant features while preserving the data's 
local and global manifold structure in the feature space. 
Unlike many methods that rely on spectral decomposition 
or explicit pair-wise distance computations, PLRU adopts 
a geometry-aware diagonal matrix model and avoids con-
structing neighborhood graphs. The core idea of PLRU is 
to learn a diagonal matrix that scales each feature indepen-
dently, such that the distance structure of the transformed 
data remains as close as possible to that of the original data. 
To this end, we introduced a relaxed convex formulation to 
minimize the Frobenius norm difference between the Gram 
matrices before and after transformation. This formulation 
enables the principled and efficient learning of continuous 
feature weights without requiring hard binary selection.

Comprehensive experiments on 13 benchmark data sets 
demonstrate that PLRU consistently yields competitive or 
superior results across clustering and classification tasks. 
PLRU excels in high-dimensional data sets and feature 
selection tasks. Furthermore, hyperparameter sensitivity 
analysis shows that PLRU is robust across a range of α val-
ues. In addition to classification and clustering performance, 
PLRU possesses several desirable properties: (i) Unlike 
many spectral or graph-based methods, the number of clus-
ters does not need to be specified in advance; (ii) It involves 
only a single hyperparameter that is bounded within an 
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equation det (Q − λI) = 0 . It has n distinct solutions. 
Accordingly, the eigenvalue decomposition based on the 
matrices of eigenvalues and eigenvectors can be derived as 
QV = V D. When multiplying both sides with V −1 , we 
obtain Q = V DV −1 .

Theorem 2  Let Q, V , D ∈ Rn×n. Assuming V  is a non-
singular matrix, then Q = V DV −1  and Λ (Q) = Λ (D).

To prove Theorem 2, let λ ∈ Λ (D) and u be the associ-
ated eigenvectors. In this case, let us assume that Dv = λv. 
Accordingly,

DV −1Vu = λu

V DV−1Vu = λVu

Let V DV−1 = Q
QV u = λVu

� ( A4)

In this case, the matrix Q also has the same eigenvalues, 
namely, Λ (Q) = Λ (D).

Definition 2.  Based on Theorems 1 and 2, if there exists a 
non-singular matrix V  such that Q = V DV −1, then the 
matrices Q and D are said to be similar matrices.

Corollary 1  Let Q, V , D ∈ Rn×n, based on Definition 2, 
then Q = V DV −1 ⇔ D = V −1 QV

Q = V DV −1

V −1QV = V −1V DV −1V

D = V −1QV

� (A5)
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