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Abstract

In this paper we give a partial answer to the problem which is
about the regularity of Schiitzenberger product in semigroups asked
by Gallagher in his thesis [4, Problem 6.1.6]. Furthermore, we deter-
mine necessary and sufficient conditions for the new version of the
Schiitzenberger product of monoids which was firstly defined in 1]
to be regular and strongly w-inverse.,
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1 Introduction and Preliminaries

In [4, Problem 6.1.6], Gallagher asked whether there exists a classi-
fication for arbitrary semigroups A and B for which the Schiitzenberger
product AOB is regular. In fact, before asking this problem, the question
of the regularity of the wreath product of monoids was explained by Sko-
rnjakov ([12]). After that, in [8], it has been investigated regular property
of semidirect products of monoids. After these works, in [11], it has been
investigated inverse and orthodox proporties of semidirect and wreath prod-
ucts of monoids. It further has been shown in [13] that the restriction which
the author imposed on one factor of the semidirect product in [11] was not
necessary. To convience the above problem, as the first main result of this
paper, we purpose to give a partial answer by defining necessary and suf-
ficient conditions of the Schiitzenberger product A B to be regular where
both A and B are any monoids.

It is well known that wreath products are one of the most important
constructions both for groups and semigroups. Indeed, they are one of
the basic tools in the theory of permutation groups and also in the famous
Krohn-Rhodes decomposition theorem for finite semigroups (|7]). Besides it
has played a central role in many algebraic and geometric properties (see, for
example, in [2, 3]). It is therefore of interest to improve this product to some
other new constructions. In this direction one step has been taken by Ates
and Cevik ([1]). In [1], the authors defined a new monoid construction under
wreath product (which is called a new version of the Schiitzenberger product
of monoids) and then studied some algebraic properties (e.g., periodicity and
locally finite) of this product. Therefore as a next step of [1], in this paper,
as the other results, we will give regularity and strongly m-inverse property
of this new product . This s

A generating and defining relation sets for the Schiitzenberger product.
of arbitrary monoids have been defined in a joint paper in [5]. Moreover, in
4], Gallagher defined the finitely generatability and finitely presentability
of this product and then he left an open problem explained in the above
first paragraph.

Let A and B be any monoids with associated presentations ps = [X; R|
and pp = [V; 9], respectively. Bach paragraph at the rest of this section,
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we will recall definitions of some products which will be needed for the main
results of this paper.

Let M = A xg B be the corresponding semidirect products of these
two monoids, where # is a monoid homomorphism from B to End(A) such
that, for every a € A, by, by € B, (a)8s,p, = ((@)0,)0,. We recall that the
elements of M can be regarded as ordered pairs (a,b), wherea € A, b€ B
with the multiplication given by (a1, b;)(az, b2) = (a1(a2)s,, b1b2), and the
monoids A and B are identified with the submonoids of M having elements
(a,1p) and (14,b). For every z € X and y € Y, choose a word, denoted
by (z)8,, on X such that [(z)f,] = (|0} as an element of K. 1o establish
notation, let us denote the relation yz = (2)fyy on X UY by Ty, and write
T for the set of relations Tyz. Then, for any choice of the words (z)8y,
par=[A; ¥ | B, T is a standard monoid presentation for the semidirect
product M.

The cartesian product of B copies of the monoid A is denoted by A3E.
while the corresponding direct product is denoted by A®®. One may think
of A*B as the set of all such functions from B to A, and A®? as the set all
such functions f having finite support, that is to say, having the property
that (z)f = 14 for all but finitely many z in B. The unrestricted and
restricted wreath products of the monoid A by the monoid B, are the sets
A*B x B and A®8 x B, respectively, with the multiplication defined by
(f,b)(g,b) = (f °g,bb), where bg: B — A is defined by

(z)°g = (zb)g, (z € B) (1)

such that (zb)g has finite support. It is well known that both these wreath

products are monoids with the identity (1,15), where g1 =14 forallz € B.

(For more details on the definition and applications of restricted (unre-

stricted) wreath products, we can refer, for instance, 5, 7, 9, 10]). We

should note that, for having finite support, B must be finite or a group.
Now for a subset P of A x B and a € A, b € B, we let define

Pb = {(c,db) ; (c,d) € P} and aP = {(ac,d); (¢,d) € P}.

Then the Schiitzenberger product of A and B, denoted by AQOB, is the set
Ax p(Ax B)x B (where p(.) denotes the power set) with the multiplication
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(a1, Py, b1)(az, P2, b2) = (a1ag, Prby U a1 Py, biby). Clearly AQB is a monoid
([5]) with the identity (14,9, 135).

We recall that a monoid M is called regular if, for every a € M, there
exists b € M such that aba = a and bab = b (or, equivalently, for the set
of inverses of a in M, that is, a=* = {b € B : aba = a and bab = b}, M
is regular if and only if, for all a € M, the set a~! is not equal to the
emptyset). Also, for a semigroup S, we call S is an inverse semigroup if
every element has exactly one inverse. The well known examples of inverse
semigroups are groups and semilattices. In addition, let £ (S) and RegsS be
the set of idempotents and reqular elements of a semigroup S, respectively.
In here, S is called m-regular if, for every s € S, thereis anm € N such that
s™ € RegS. Moreover, if S is m-regular and the set E(S) is a commutative
subsemigroup of S, then S is called strongly m-inverse semigroup. We note
that RegS is an inverse subsemig roup of

2 Main Theorems

The following first theorem aims to give necessary and sufficient condi-
tions for AQB to be regular while both A and B are arbitrary monoids.

Theorem 2.1 Let A and B be any monoids. The product AQB is reqular
if and only 1f

(1) A and B are regular,
(i1) for every (a, P,b) € AQB, either

P=aPb= | {(aa,bib)} or P=caPibd= L) {(caay, b1bd)},
(a1,b1)EP; (@1,b1)€EP

where Py C Ax B andceal,de bt

By (1) and the definiton of Schiitzenberger product, we can define a
new version of the Schiitzenberger product as follows. (We note that the
definition and some other properties of this product have been first given

in [1]).
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Let A and B be monoids. We recall that A®? is the set of all functions
/ having finite support. For P C A®Z x B and b € B, we define the set

Pb = {(f,db); (f,d) € P}.

The new version of the Schiitzenberger product of A by B, denoted by
AQuB, is the set A% x p(A®8 x B) x B with the multiplication

[f: Plrbl)(gspﬂ:-fj'z) :(f *519? PleUPE:bl@)- (2)

One can easily show that A, B is a monoid with the identity (1,0,15),
where " g is defined as in (1). We should also note that, for having finite
support, B must be finite or a group.

Thus other main results of this paper are the following.

Theorem 2.2 Let A be an arbitrary monoid and B be q finite monoid or
be a group. Then AQ,B is regular if and only if

(1) A and B are reqular,

(49) for everyz € B and f € A®B, there erist e € B such that €2 = ¢ with,

()f € A(ze)f,
(4i2) for every (f, P,b) € AO,B, either

P:Plbz U {(fl:blb)} or P:Plbd: U {(fl}blbd)}l
(f1.b1)eP (f1.01)€P;

where P, C A®P x B and d € b1,

Theorem 2.3 Let A and B be two monoids. Then AO,B is a strongly
m-inverse monoid if and only if

(i) both A and B are strongly m-inverse monoids,
(ii) for every h € E(A®P) and e € E(B), there is ¢h = h,
(iii) for f € A®® ande € E(B), if f ¢f = f then¢f = f,
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(iv) for every f € Reg(A®P) and e € E(B), °f = f,

(v) for every f € A®P and b € B, there exists m € N such that b™ € RegB
and (™ € Reg(A®?), wherﬁ flm) = fop &g, b

(vi) for every (f,P,b) € AQ,B, either

P=pPb= [J {(fi,tib)} or

(f1,b1)EP:

P=pbtt= |]) {(/1,t*)} or
(f1.b1)eP;

or P=Pbp"t or P=PRb"

where P; C A®# x B.

3 Proofs

Proof of Theorem 2.1: Let us suppose that AQB is regular. Thus,
for (a,®,b) € AQB, there exists (¢, P,d) such that

(a,0,0) = (a,0,b)(c, P,d)(a,0,b) = (aca,aPb,bdb),
(¢, P,d) = (c,P,d)(a,®,b)(c, P,d) = (cac, Pbd U caP, dbd).

Therefore we have a = aca, ¢ = cac, b = bdb and d = dbd. This implies that
(7) must hold.

By the assumption on the regularity of AGB and for an element (a, P, )
in the product AQB, we have (¢, P, d) € AQB such that

(a, P,b) = (a, P,b)(c, Ps,d)(a, P,b) and (c, P, d) = (c, P, d)(a, P,b)(c, P2, d).

Hence this gives us a = aca, ¢ = cac, b = bdb, d = dbd, P = PdbUaFbUacl
and P, = Pobd U cPd U caP;. To show the second condition in theorem,
let us suppose that P # aPb, for some P, € A x B. Then there exists
(ag,be) € P such that a; # ad, and by # byb where ay € A and b, € B.
Thus P cannot be equal to Pdb U aPyb U acP, for all P, € A x B. This
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gives a contradiction with the regularity of AQB. In fact, if someone takes
P = aP;b, then the equalities

PdbUaPbUacP = aPibdbUaPybUacalPib
= aPibUaPbuUabib
= aFb by choosing P, = caP,bd
=
and
szd UcPdU {:Elpg — Pgbd U CﬂP}f}'d U C—:ilpg

= caP;bdbd U caPibd U cacaPibd
by choosing P; = caP,bd
= mPlde.Jca,Plbdu Cﬂplbd=EﬂP1M=Pg

hold. We note that, by applying the above similar discussions for the case
P = caP;bd in this theorem, where P, C A x B and ¢ € a™, it is easily
seen that condition (7¢) must hold.

For the converse part of the proof, let (a, P,b) € AQB. Thus we defi-
nitely have ¢ € A and d € B such that ¢ € a™! and d € b~'. Now let us
consider the union of sets PdbU aPsbUacP and PobdUcPdUcalF;. At this
stage, by P = aPib, if we choose P, = caPbd C A X B, then we get

PdbUaPobUacP =aPib=P and PobdUcPdUcaP, = caPibd = P,.

As a result of this, for every (a, P,b) € AQB, there exists (¢, P»,d) € AQB
such that
(a, P,b)(c, Py,d)(a, P,b) = (aca, Pdb U aPpb U acP, bdb) = (a, P, b),
(¢, Py, d)(a, P,b)(c, P2, d) = (cac, P;bd U cPd U caP,, dbd) = (¢, Py, d).

In addition, by applying the above similar arguments for the case P =
caPibd, where P, C A x B and ¢ € a™*, the proof of the regularity of AQB

is completed.
Hence the result. [

Furthermore it can be given the following result as a consequence of the
Schiitzenberger product A{Q B of two monoids A and B to be regular.
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Theorem 3.1 The Schiitzenberger product AQOB of two monoids A and B
is reqular if and only if both factors A and B are groups.

Proof Let A and B be monoids and suppose that AQB is regular. Then,
for each a € A and b € B, the element (a,{(14,15)},b) of AQB is regular,
that is, there exists an element (z, P,y) € AQB such that

(a, {(14, 13)}5 b)(:s, P, y)(a, {(l,q, 15)}'-5) = (a, {(I,q, lE’J}n ‘E")

Hence,

{(1a,18)} = az{(14,18)} UaPbU {(14,15)}yb,

and, in particular,
(az,1p) = {(1a,15)}  and  (la,9b) = {(1a,18)}
Altogether, the monoids A and B satisfy
Va3dzr: gr=71; and Vb3dy : yb = 15,

both of above statements imply that the monoids in assumptions are groups.
The converse part, i.e. the regularity of two groups under Schiitzenberger
product, is well known. U

We note that, by some minor additional effort, one can show that the
Schiitzenberger product AQ B of two semigroups is regular if and only if A
is a might group and B is a left group.

Proof of Theorem 2.2: Let us suppose that AQ,B is regular. Thus,
for (f,{(14,15)},b) € A, B, there exists (g, P,d) € A{,B such that

(f,{(lg,lg)},b) = (.f:-{(lfh15)}!b)(grprd)(fﬁ{(Iﬁnlﬂ)}!b)1
(9,P,d) = (g, P,d)(f,{(1a,15)},0)(g, P, d).

We then have b = bdb and d = dbd. If we choose b = 1 then we get d = 1,
and so bd = 1. Therefore we have f = fgf and g = gfg. This implies that
both B and A®F are regular. Since A®# denotes the direct product of B
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copies of A, it is easy to see that if A®? is regular, then A is regular. This
gives condition (7).

By the assumption, for every (f, P,b) € A{Q,B, we have (g, Py, d) €
A{,B such that

(f,Pb) = (f,Pb)(g, P, d)(f,P,b)=(f °g *f, PdbU PsbU P, bdb),
(9, Po,d) = (g, P2, d)(f,P,b)(g,Ps,d) = (g °f %g, Pobd U Pd U P, dbd).

Hence, by equating the components, we get f = flg¥f, g = g4f #g,
b=bdb, d=dbd, P= PdbU P,bUP and P, = P,bd\J PdU P». These show

that, for every o € B,
(2)f = (2)f (2)°g (2)*f = (2)f (zb)g (zbd)f € A(zbd)f.

If we take e = bd, then condition (i2) becomes true. In addition, by using
the facts b = bdb, d = dbd, P = PdblU Pyb\U P and P, = Pybd U PdU Py,
for every (f, P,b) € A$, B, and by applying similar arguments given in the
proof of Theorem 2.1, we get

either P=Pb or P = Pbd,

where P; C A®® x B and d € b~!. Therefore condition (#i¢) must hold.
Conversely, let us suppose that the monoids A and B satisfy conditions
(i), (4i) and (77). For z,b,d € B and f,g € A®?, we let consider

()f (2)°g ()*f,

where dbd = d. By condition (iz), for a € A, we have (z)f = a(zbd) f where
bd = e. Thus

(2)f (2)°g (2)*'f = a(zbd)f (z)°g (2)*f = a(2)™f (2)°g (z)**f. (3)

Since A is regular, A®? is regular [8]. Thus we can choose g = % (v € A®5)
such that fvf = f and vfv = v. Hence the last term in (3) will be equal to

a(z)?f (2)% (z)*f = a(@)®(fof) =u(z)®f=(z}].
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This implies that f = f°g%f. On the other hand, by similar procedure as
above, we obtain

gdfdbg: dﬂdfdbdﬂ= d'Udfd’U: d(t’f’b")= d‘b':g.

Moreover, by condition (iii), we have P = P)b or P = P,bd, where P C

S ——

A®5 x B. For the next stage of proof, we will only consider P = P;b since

similar progress can be applied for the other value of P. Therefore there
exists a subset P, = Pbd of A®P x B such that

PdbU PobU P = Pbdb U PibdbU Pib= PbU PibUPb= Pib=P
and
Pbd U PdU Py = Pibdbd U Pybd U Pybd = Pibd U Pibd U Pybd = Pibd = P,

As a result of these above procedure, for every (f,P,b) € AO,B, there
exists (g, P»,d) € A, B such that

(£, P.b)(g, Po, d)(f, P, b) = (f °9 **f, Pdb U Pyb U P, bdb) = (£, P,b),
(Q:Pﬂmd)(f! P,b)l:g,Pg,d] — (Qdf dbgspﬂdePdUPﬂadbd) - (gzpﬂﬂd)'

Hence the result. ]

Proof of Theorem 2.3:
(i) For arbitrary f € A®® and for some P, C A®P x B, there exists

m € N and (f;, P, b)) € A, B such that
(f? {(1}1! ]-B)}.-r 1B)m(f1: Pl}bl)(f: {(11’4: IB)}, lﬁ)m == (f! {(1:‘1! ]'BJ}? lﬂ)m'

By applying (2), we obtain (f™f, *(f™),{(14,b:1)} U P, U{(14,15)}, ;) =
(/™ {(1a,18)},15). Then we get b; = 1z, and so f™f, * (f™) = f™f) ™
Therefore f™fif™ = ™, so A®5 is m-regular. Also, for hy, hy € E(A®5),

since (hy, {(14,18)}, 15), (ha, {(14,15)}, 1g) € E(A{,B), we have

(hlr ‘[(1.-1:. 13)}: 15)(h5"-' {(lﬂs IBJ}: 15) -
(h‘ﬁr {(1:1? IB)}J ]'H)(h'li {(lﬂv 11’3’)}! lE‘Jm
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and 8o hihy = hoh;. Hence A®P s strongly m-inverse monoid.
Similarly, for arbitrary b € B and for some P, C A®5 x B, there exists
n € N and (fo, P, b3) € AO,B such that

(I? {(1-4:- ]-B)}J b)n(fﬂn PE: b?)(T! {(la"n 15)}: b)“ = (T! {(1:‘1? 13)}1 b)ﬂ

This implies that b™bsb™ = b™. Thus B is m-regular. In addition, for e;, e; €
E(B), since (1,{(14,15)},e1), (I, {(14,18)},e2) € E(A,B) and A, B is
strongly m-inverse monoid, we have (1,{(14,18)},e1)(, {(1a,18)},e3) =
(1,{(1a,18)},€2)(T, {(14,18)},€1), and so e;es = es€;. Thus B is strongly
mT-nverse monoid.

(ii) Let h € E(A®®) and e € E(B). Then for the corresponding ele-

ments (&, {(14,15)},18) and (T, {(14,15)},€) in E(A,B), we have
(h’:' 'Hlfh 13)}*! IHJ(T:' {(la“-v 15)}7 E) - (Iv {(lﬂn 13)}?5)(h= {(114! 15)}! 15)1

which implies ¢h = h.
(iii) If f °f = f, then (f,{(14,18)},€) € E(A),B) and

(fﬂ {(lﬂr 15)}! E)(T:- {(1:”4:- 13)}: E) = (Tu {(Ia‘i! 15)}1 E)(f! {(l,q, 13)}1 E) since
(1,{(1a,1B)},€) € E(A$,B) and A, B is strongly m-inverse. Therefore
we obtain ¢ = f.

(iv) From (7), for every f € Reg(A®P?), there exists a unique f; € A®E
(and thus a unique ¢f; € A®P) such that

feRf=f and °fif ¢f; =° f..

Then ®(f ¢fif) =¢ f, further f ¢ f, ¢f =¢ f and so °f °f1 °f =* f (since
e € E(B)). Additionally, for every e € E(B), since f ¢f; € E(A®B), by

(1), we have
E(f:&) =f"Hh="(/h)
J1
and then we get

Efl Ef Efl :Ef]_+

Hence both f and ®f are inverses of ®f;, and so *f = f.
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(v) Since AQ,B is a strongly m-inverse monoid, for every (f, P,b) €
Aé, B, there exists m € N and (f,, P, b;) € AQ,B such that

(£, PO (f1, Py ba) (f, P.O)™ = (£ O™

Then, by (2), we get

(fbfb‘lf.__ bm—lfb”‘fl b"‘b;(fbfbﬂf_” bm_lf), (4)
((Pbm_i e U F’bUP)bl UP])EJ]“U(Pbm_I J sl Pbup}!bmblbm) -
(f Bl fiea "’"“lf,Pbm—‘u---upbup,bM). (5)

So b™bb™ = b™ and thus b™ € RegB. First components of the equality in
(4) give that

FOPEf U T = fOf e T
For simplicity, let us label f °f ... 0" f by £, Thus we have
f{m} bmfl hmt:rl(f{m}) e f[m}
By (iii), we get "% (f™) = f(™) gince b™b, € E(B). Therefore
fm) 8" fy i = g,

which gives f™ € Reg(A®?), as required.
(vi) By equality (4), we have

((Pbm_lU'"UFI'}UP)b1UP1)5mLJ(Pbm“1U...Upbup):
PE™1U...UPbU P

and then

(PE™by5™ U - - U Pbbyb™ U Phip™ U Pyb™) U (PE™' U+ U PBU P) =
=P t'y..-UPbBUP

Moreover, by (4), for every (f, P,b) € A{,B, since ™ d™ = d™, either
P=Pbor P=PRb?*... or P=Pb™ " or P = FPb™, where P, C A®5 x B.
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Otherwise, for P’ = Pb™ ' U ... U PbU P, there would not be an equality
between P’ and (P'b; U P )b™ U P’ which gives a contradiction to AQ, B to
be strongly m-inverse monoid.

For the converse part of the proof, let us assume that the monoids A
and B satisfy conditions (i)-(vi). By (v), for every (f, P,b) € A, B, there
exists m € N, f; € A®? and b; € B such that

bmhb™ = 9"  and  fOMfi ™ = fm)

By (iv), we have f(m) 87 f, b0 £(m) — £(m) for pmb, € E(B). Additionally,
by using (vi) we obtain the equality

(f, P,b)"(fr, P1,b1)(a, P, )™ = (a, P,0)"™,

which gives the m-regularity of AQ,B.

Now we need to show that E(A{,B) is commutative. Firstly, for arbi-
trary (h, P, e) € E(A{,B), we must prove that h € E(A®P) and e € E(B).
In fact, if (h, P,e)* = (h, P,e), then ¢* = ¢, PeUP = P and h °h = h.
Thus ¢h € E(A®P) (since e* = ¢ and so ¢ € E(B)), and then, by (v), there
exists m € N such that

heh€h--o " h=h™ € Reg(A®?) =
h

hehe o & h = p™ ¢ Reg(A®B) =
h

= ...=h® h=he RE.‘?(A$B)'

By (iv), for every h € Reg(A®?) and every e € E(B), we have *h = h.
If we apply the function h to two sides of the equation “h = h, we obtain
h ¢k = h?, and hence h? = h which means h € E(A®?).

h
Now, for (h, P,e), (h1, Pi,e1) € E(AQyB), we have h, h) € E(A®?) and
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e,e; € E(B). By (i) and (1), we get

(h, P, E)(hl:Plrﬂl) = (h “hy , Pe; U P11E51)
hy

(hhy,{Casel or Case2},ece;)
(hih, {Case 1 or Case 2}, ¢e;€)
(hl Elh ,P]_E.' U P:_ Elﬂ) = (h£1 Pl, E])(h., .P, B).

h

Case 1: If e = e;, then Pey UP, = PeU P,. Since e € E(B), P
must be P.e, where Po C A®P x B. Indeed if we take P = FPe we get
rel)ry = .PQEEUPEE = PoelU Pre = Pre = Pie U P.

Case 2: If P, = P, then Pe;UP; = Pe; UP. Now we can take P = Pse
or P = Pse?, so we obtain

I

Il

I

Pe; U P = Pye’e; U Pae? = PyeereU Pye  (since E(B) is commutative)
= P,eU Pe (since B is m-regular)
= Pgﬁ' =

From the other side, we have

PleUP =PeUP = PeeUPe = PeUPe (sinceec E(B))
-— P2E=P.

We note that this case coincides with the general case of P. In other words,
for the case Py # P, we can take P = Pye or P = Ppe?, as well.
Hence the result. []
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