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 A B S T R A C T

Conventional analytical techniques often fail to yield efficient or closed-form solutions for nonlinear fractional 
problems due to their inherent nonlocality and complexity. This study introduces a new class of high-order 
parallel iterative methods for solving nonlinear equations, with a focus on fractional-order formulations. We 
first develop a sixth-order single-root finding scheme, which is then extended to a fractional-order method 
with convergence order 5𝜎 + 1, and further generalized into a parallel scheme achieving order 20𝜎 + 8. To 
improve computational performance, we propose a hybrid neural network-based parallel scheme, in which 
optimal parameter values are identified through dynamical systems analysis. The resulting methods exhibit 
strong stability, accuracy, and efficiency, and are robust with respect to both accurate and perturbed initial 
approximations. Comparative experiments on real-world engineering problems demonstrate that the proposed 
fractional parallel schemes consistently outperform existing methods in terms of residual error, convergence 
rate, and computational cost.

1. Introduction

Fractional-order differential equations (FDEs), grounded in fractional calculus, offer powerful tools for modeling complex systems that exhibit 
memory and hereditary effects—capabilities that often surpass those of classical integer-order models [1–3]. These equations have become 
fundamental in numerous scientific and engineering fields, including viscoelasticity, fluid dynamics, and electrical circuit analysis, where they 
provide more accurate descriptions of material behavior and dynamic processes. Furthermore, FDEs have greatly enhanced our understanding of 
nonlocal phenomena and anomalous diffusion in physical, chemical, and biological systems. Their ability to simultaneously capture local and global 
dynamics makes them particularly valuable for applications in system optimization and control, such as signal processing and control theory.

A general form of a fractional differential equation can be expressed as: 
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(1)

where 𝑥 ∈ [𝑥0, 𝑥𝑛]. Solving nonlinear fractional differential equations of the general form 

℘(𝑥) = 0, (2)
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is particularly challenging due to the nonlocal nature of fractional derivatives, which depend on the entire history of the function rather than solely 
on its local behavior. This intrinsic memory effect complicates the derivation of closed-form solutions and renders traditional analytical methods 
ineffective in most practical scenarios. Although some exact solutions [4] and analytical techniques [5,6] have been developed, they are typically 
limited to idealized cases and offer limited applicability to complex real-world systems.

To overcome these limitations, researchers have increasingly turned to numerical techniques. Direct numerical methods, including explicit 
single-step [7], multi-step [8], and hybrid block approaches [9], have been proposed to approximate solutions. However, these methods often 
suffer from high computational costs, numerical instability, and sensitivity to small errors, particularly in the presence of stiff or highly nonlinear 
problems. To improve accuracy and stability, iterative schemes have emerged as a promising alternative. Classical iterative techniques, such as those 
of Newton [10], Halley [11], Ostrowski [12], King [13], Jarratt [14], and their variants (see, e.g., [15–17] and references therein), have been widely 
employed to compute a single solution to nonlinear problems at a time. While these methods often exhibit a high local order of convergence, they 
typically require the exact evaluation of first- and second-order derivatives, which may become unstable when the function or its derivatives exhibit 
nonsmooth behavior near the solution. Moreover, these techniques are inherently local and sensitive to initial guesses, especially in the presence 
of multiple or clustered solutions, as discussed by Ortega and Rheinboldt [18] and Deuflhard [19]. To address these challenges, several approaches 
have extended classical root-finding techniques using fractional derivatives [20–23], achieving improved convergence properties and enhanced 
numerical stability. By leveraging the inherent advantages of fractional calculus, these iterative schemes provide a more robust framework for 
solving nonlinear fractional equations, making them particularly suitable for applications in engineering and the applied sciences. As a result, 
various researchers have developed fractional-order iterative methods based on Caputo and Riemann–Liouville derivatives. Notable examples 
include the work of Çelik et al. [24] (Caputo), Shams et al. [25] (single- and multi-step Caputo schemes), Hernández et al. [26] (Riemann–Liouville), 
Candelario et al. [27] (Caputo, conformable, and Riemann–Liouville-based schemes), and Gdawiec et al. [28] (fractional Newton with fixed-point 
iteration).

Most fractional derivatives — except for the Caputo derivative — do not satisfy the property: 
[ 𝜎] (𝐶) = 0, (3)

when 𝜎 is not a natural number and 𝐶 ∈ R. This property is fundamental, as it guarantees that the fractional derivative of a constant vanishes, 
thereby making the Caputo derivative particularly suitable for initial value problems. In contrast to other fractional derivatives, which typically 
require nonstandard formulations to enforce boundary conditions, the Caputo derivative preserves natural compatibility with classical initial 
conditions. This feature is especially advantageous in the context of iterative numerical methods, which often depend on well-posed initial conditions 
to ensure stability and convergence. Leveraging this key property, the present study proposes a fractional iterative method based on the Caputo 
derivative. This approach extends classical root-finding techniques while preserving consistency with standard boundary formulations. As a result, 
the method achieves improved accuracy and computational efficiency in solving nonlinear equations, particularly in engineering applications where 
reliability and robustness are essential.

Existing fractional-order methods typically exhibit local convergence behavior and often require highly accurate initial guesses to solve (2) 
successfully. To address this limitation, parallel iterative schemes have been explored. Algorithms such as the Weierstrass–Durand–Kerner 
method [29] and its various modifications — for instance, those proposed by Petković et al. [30], Lopes et al. [31], Chinesta et al. [32], Bhalla 
et al. [33], Shams et al. [34], and Cordero et al. [35] — are widely employed to compute multiple or distinct solutions of nonlinear problems 
by refining all estimates simultaneously and exhibiting global convergence properties. Recent developments have extended these methods to the 
fractional-order setting [36] and combined them with hybrid techniques [37–39]. However, despite their widespread use, parallel methods remain 
highly dependent on good initial approximations and may suffer from slow convergence, instability, or even divergence when applied to highly 
nonlinear problems with clustered solutions. Notably, little attention has been devoted to improving these initial approximations or ensuring global 
convergence under such conditions. To address this gap, and building on the aforementioned methods, we first introduce a novel fractional-order 
scheme designed to approximate one solution at a time. The method is then extended to a fractional-order parallel framework that alleviates 
memory sensitivity, improves robustness to initial conditions, and approximates all solutions simultaneously. Additionally, we propose a hybrid 
neural network-based fractional-order parallel scheme that improves convergence speed, efficiency, and stability in solving complex nonlinear 
engineering problems, while preserving global convergence behavior. This work makes several key contributions to the field of fractional numerical 
analysis:

• Development of high-order fractional schemes for solving nonlinear equations, yielding significant improvements in both accuracy and 
computational efficiency.

• Rigorous convergence analysis of the proposed methods, including the identification of optimal parameter values through complex dynamical 
analysis.

• Design and refinement of parallel root-finding algorithms, enabling their application to polynomials with multiple roots and improving 
stability, robustness to initial guesses, and convergence behavior.

• Integration of parallel processing techniques to accelerate convergence and support large-scale nonlinear problems in engineering and applied 
sciences.

• Comprehensive performance evaluation and benchmarking against existing fractional-order methods, with respect to computational efficiency, 
accuracy, and memory usage.

• Application of the proposed techniques to challenging nonlinear problems in science and engineering, highlighting their practical utility and 
broad applicability.

The remainder of this paper is organized as follows. Section 2 introduces fundamental concepts from fractional calculus, including the Gamma 
function, the Caputo fractional derivative, and the generalized Taylor expansion, which provide the theoretical foundation for the proposed methods. 
Section 3 describes the construction of the fractional and fractional-parallel schemes and presents their local convergence analysis. Section 4 
provides a detailed dynamical analysis emphasizing the stability of the designed scheme and the hybrid neural network-based fractional-order 
parallel schemes. Section 5 applies the proposed methods to two engineering problems involving fractal analysis, demonstrating their effectiveness. 
Finally, Section 7 concludes the paper with a summary of the main results and final remarks.
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2. Preliminaries on fractional calculus

Before presenting the proposed fractional iterative schemes, we provide essential background on fractional calculus, highlighting the definitions 
and properties relevant to the development of our numerical methods. This section introduces the Gamma function and the Caputo fractional 
derivative, both of which play a central role in the formulation of the method. In addition, we present the generalized Taylor expansion in the 
fractional setting, which forms the basis for the subsequent convergence analysis.

Definition: The Gamma function
The Gamma function, also known as the generalized factorial function [40], is defined as: 

𝛤 (𝑥) = ∫

+∞

0
𝑢𝑥−1𝑒−𝑢𝑑𝑢, (4)

where 𝑥 > 0. It satisfies the fundamental properties:
𝛤 (1) = 1, 𝛤 (𝑛 + 1) = 𝑛! for 𝑛 ∈ N.

Definition: The Caputo fractional derivative
Let ℘ ∶ R → R be a sufficiently smooth function such that ℘ ∈ +∞([𝜎, 𝑥]), where −∞ < 𝜎 < 𝑥 < +∞, 𝜎 ≥ 0, and 𝑚 = ⌊𝜎⌋ + 1. The Caputo 

fractional derivative [41] of order 𝜎 is defined as: 
[

𝐶
𝜎
𝜎1

]

℘(𝑥) =

{ 1
𝛤 (𝑚−𝜎) ∫

𝑥
0

𝑑𝑚

𝑑𝑡𝑚 ℘(𝑡) 1
(𝑥−𝑡)𝜎−𝑚+1

𝑑𝑡, 𝜎 ∈ 𝑁,
𝑑𝑚−1

𝑑𝑡𝑚−1℘(𝑥), 𝜎 = 𝑚 − 1 ∈ 𝑁 ∪ {0} ,
(5)

where 𝛤 (𝑥) is the Gamma function with 𝑥 > 0.

Generalized Taylor expansion in the fractional setting
The generalized Taylor formula extends the classical Taylor series to fractional-order derivatives, offering a more flexible framework for function 

approximation in fractional calculus. This expansion plays a central role in the convergence analysis of the proposed iterative methods.

Theorem 1.  Suppose [𝐶 𝛾𝜎
𝜎1

]

℘(𝑥) ∈ ℏ
([

𝜎1, 𝜎2
]) for 𝛾 = 1,… , 𝑛 + 1 where 𝜎 ∈ (0, 1]. The Generalized Taylor Formula [42] is defined as 

℘(𝑥) =
𝑛
∑

𝑖=0

[

𝐶
𝑖𝜎
𝜎1

]

℘
(

𝜎1
)

(

𝑥 − 𝜎1
)𝑖𝜎

𝛤 (𝑖𝜎 + 1)
+
[

𝐶
(𝑛+1)𝜎
𝜎1

]

℘ (𝜉)

(

𝑥 − 𝜎1
)(𝑛+1)𝜎

𝛤 ((𝑛 + 1) 𝜎 + 1)
, (6)

where 
𝜎1 ≤ 𝜉 ≤ 𝑥, ∀𝑥 ∈

(

𝜎1, 𝜎2
]

. (7)

Additionally, the following identity holds: 
[

𝐶
𝑛𝜎
𝜎1

]

=
[

𝐶
𝜎
𝜎1

]

.
[

𝐶
𝜎
𝜎1

]

...
[

𝐶
𝜎
𝜎1

]

(𝑛 times). (8)

Caputo-type Taylor expansion.
We derive a Taylor expansion based on the Caputo fractional derivative to approximate functions in the fractional setting. This expansion 

provides a fundamental tool for the convergence and error analysis of the proposed methods. We consider the expansion of ℘(𝑥) around 𝜎1 = 𝜉 as 
follows: 

℘(𝑥) =

[

𝐶
𝜎
𝜉

]

℘ (𝜉)

𝛤 (+1)
(𝑥 − 𝜉)𝜎 +

[

𝐶
2𝜎
𝜉

]

℘ (𝜉)

𝛤 (2𝜎 + 1)
(𝑥 − 𝜉)2𝜎 + 𝑂 (𝑥 − 𝜉)3𝜎 . (9)

By factoring out the leading term 
[

𝐶
1𝜎
𝜉

]

℘(𝜉)

𝛤 (𝜎+1) , we rewrite the expansion as: 

℘(𝑥) =

[

𝐶
𝜎
𝜉

]

℘ (𝜉)

𝛤 (𝜎 + 1)
[

(𝑥 − 𝜉)𝜎 + ℏ2 (𝑥 − 𝜉)2𝜎
]

+ 𝑂 (𝑥 − 𝜉)3𝜎 , (10)

where 

ℏ𝛾 =
𝛤 (𝜎 + 1)
𝛤 (𝛾𝜎 + 1)

[

𝐶
𝛾𝜎
𝜉

]

℘ (𝜉)
[

𝐶
𝜎
𝜉

]

℘ (𝜉)
, 𝛾 ≥ 2. (11)

The coefficient ℏ𝛾 serves as a correction term that refines the higher-order contributions in the expansion. The corresponding approximation of 
the Caputo-type fractional derivative around 𝑥 = 𝜉 is given by: 

[

𝐶
𝜎
𝜉

]

℘ (𝑥) =

[

𝐶
𝜎
𝜉

]

℘ (𝜉)

𝛤 (𝜎 + 1)

[

𝛤 (𝜎 + 1) +
𝛤 (2𝜎 + 1)
𝛤 (𝜎 + 1)

ℏ2 (𝑥 − 𝜉)𝜎
]

+ 𝑂 (𝑥 − 𝜉)2𝜎 . (12)

These results serve as a foundation for analyzing the convergence properties of the proposed numerical methods.
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3. Design and convergence analysis of a sixth-order Caputo-type iterative scheme

This section presents the formulation and theoretical analysis of numerical schemes for computing a single root of a nonlinear equation using the 
Caputo fractional derivative. The approach is then extended to simultaneous schemes for approximating all roots, and their theoretical convergence 
properties are analyzed.

3.1. Derivation of the sixth-order fractional iterative scheme

Iterative root-finding methods are essential for solving nonlinear equations, especially when analytical solutions are not available. Among 
classical approaches, the Newton–Raphson method [43] is widely studied for its efficiency and exhibits local quadratic convergence under 
appropriate conditions. Numerous modifications and extensions have been proposed to improve its accuracy, stability, and convergence behavior. 
The standard Newton–Raphson iteration is given by: 

𝑥[𝑗+1] = 𝑥[𝑗] −
℘(𝑥[𝑗])
℘′(𝑥[𝑗])

. (13)

Method (13) approximates the roots of Eq.  (2) through a single-step iteration exhibiting quadratic convergence. To improve its efficiency, various 
modifications have been proposed, including those by Kou and Li [44], Noor et al. [45], and Chicharro et al. [46]. These enhancements introduce 
weight functions, correction terms, and multi-step formulations aimed at accelerating convergence and improving stability.

Kou and Li [44] introduced an improved root-finding scheme that also exhibits quadratic convergence ((2)): 

𝑥[𝑗+1] = 𝑥[𝑗] −

⎛

⎜

⎜

⎜

⎝

1 +
𝜆1

(

℘(𝑥[𝑗])
℘′(𝑥[𝑗])

)

1 +
(

𝜆1 + 𝜆2
)

(

℘(𝑥[𝑗])
℘′(𝑥[𝑗])

)

⎞

⎟

⎟

⎟

⎠

(

℘(𝑥[𝑗])
℘′(𝑥[𝑗])

)

1 + 𝜆1
(

℘(𝑥[𝑗])
℘′(𝑥[𝑗])

) , (14)

where 𝜆1, 𝜆2 ∈ R.
Similarly, Noor et al. [45] proposed an alternative iterative method that also achieves quadratic convergence, i.e., of order (2): 

𝑥[𝑗+1] = 𝑥[𝑗] −
2
(

℘(𝑥[𝑗])
℘′(𝑥[𝑗])

)

1 +
√

1 + 4𝛾 [∗]℘(𝑥[𝑗])
(

℘(𝑥[𝑗])
℘′(𝑥[𝑗])

)2
, (15)

where 𝛾 [∗] ∈ R.
Using a weight function technique, Chicharro et al. [46] later rederived both methods (14) and (15). Further extensions of method (13) have 

led to the development of multi-step iterative techniques. Notably, Chun et al. [47] proposed the following two-step method, which achieves 
fourth-order convergence, i.e., of order (4): 

𝑥[𝑗+1] = 𝑥[𝑗] +
(

1 + 𝜆1
)

(

℘(𝑥[𝑗]) +℘(𝑦[𝑗])
℘′(𝑥[𝑗])

)

− 2

(
(

℘(𝑥[𝑗])
)2

℘′(𝑥[𝑗])
(

℘(𝑥[𝑗]) −℘(𝑦[𝑗])
)

)

− 𝜆1𝐵
[∗], (16)

where

𝑦[𝑗] = 𝑥[𝑗] −
℘(𝑥[𝑗])
℘′(𝑥[𝑗])

, 𝐵[∗] =

(

℘(𝑥[𝑗])
℘′(𝑥[𝑗])

+
℘′(𝑥[𝑗])℘(𝑦[𝑗])

(

℘(𝑥[𝑗])
)2 +

(

℘′(𝑥[𝑗])
)2

)

.

For 𝜆1 = 0, this method simplifies to the scheme proposed by Jisheng et al. [48]: 

𝑥[𝑗+1] = 𝑥[𝑗] −

(
(

℘(𝑥[𝑗])
)2 +

(

℘(𝑦[𝑗])
)2

℘′(𝑥[𝑗])
(

℘(𝑥[𝑗]) −℘(𝑦[𝑗])
)

)

, (17)

where

𝑦[𝑗] = 𝑥[𝑗] −
℘(𝑥[𝑗])
℘′(𝑥[𝑗])

.

These techniques, along with several others (see, e.g., [49–51] and references therein), improve both the convergence order and computational 
efficiency of the classical Newton–Raphson method (13). It is important to note, however, that while these methods enhance root-finding 
performance for general nonlinear equations, they are formulated for integer-order problems and do not directly extend to fractional differential 
equations. The next section addresses this limitation by introducing a novel Caputo-type fractional iterative scheme that adapts Newton-like methods 
to the fractional setting.

Building on classical root-finding methods, we now introduce the iterative scheme (18), which is designed to achieve higher-order accuracy: 

𝑣[𝑗] = 𝑧[𝑗] −
℘(𝑧[𝑗])

℘′(𝑦[𝑗]) − 𝜗[∗]℘(𝑦[𝑗])
, (18)

where 𝑦[𝑗] = 𝑥[𝑗] − ℘(𝑥[𝑗])
℘′(𝑥[𝑗]) , 𝑧[𝑗] = 𝑦[𝑗] − ℘(𝑦[𝑗])

℘′(𝑦[𝑗]) , and 𝜗[∗] ∈ R. The sixth-order convergence of this method is formally established in the following 
theorem.

Theorem 2.  Let 

℘ ∶ ⊆R → R (19)
4 
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be a continuous function, and let 𝜉 be the exact root of ℘(𝑥), i.e., ℘(𝜉) = 0. Suppose that ℘′(𝑥[𝑗]) is of order 𝛾𝜎 for some 𝛾 ≥ 0 and 𝜎 ∈ (0, 1]. If {𝑥[𝑗]} is a 
sequence generated by the Caputo-type fractional iterative scheme (18) with an initial guess 𝑥0 sufficiently close to 𝜉, then the sequence converges to 𝜉 with 
at least order 6, and the associated error equation is given by: 

𝜖[𝑗]∗ =

(

−𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+ 2

(

℘′′(𝜉)
2!℘′(𝜉)

)5
)

[

𝜖[𝑗]
]6 + 𝑂

(

[

𝜖[𝑗]
]7
)

. (20)

Proof.  Let 𝜉 be a root of ℘(𝑥) and define the error term as 𝑥[𝑗] = 𝜉 + 𝜖[𝑗]. By expanding ℘(𝑥[𝑗]) and its derivative ℘′(𝑥[𝑗]) in a Taylor series around 
𝑥 = 𝜉 and using the assumption ℘(𝜉) = 0, we obtain: 

℘(𝑥[𝑗]) =
⎡

⎢

⎢

⎣

𝜖[𝑗] +
(

℘′′(𝜉)
2!℘′(𝜉)

)

[

𝜖[𝑗]
]2 +

(

℘′′′(𝜉)
3!℘′(𝜉)

)

[

𝜖[𝑗]
]3 +

(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

[

𝜖[𝑗]
]4 +

(

℘𝑣(𝜉)
5!℘′(𝜉)

)

[

𝜖[𝑗]
]5 +

(

℘𝑣𝑖(𝜉)
6!℘′(𝜉)

)

[

𝜖[𝑗]
]6 +⋯

⎤

⎥

⎥

⎦

. (21)

Differentiating (21), we obtain: 

℘′(𝑥[𝑗]) =
⎡

⎢

⎢

⎣

1 + 2
(

℘′′(𝜉)
2!℘′(𝜉)

)

𝜖[𝑗] + 3
(

℘′′′(𝜉)
3!℘′(𝜉)

)

[

𝜖[𝑗]
]2 +

4
(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

[

𝜖[𝑗]
]3 + 5

(

℘𝑣(𝜉)
5!℘′(𝜉)

)

[

𝜖[𝑗]
]4 + 6

(

℘𝑣𝑖(𝜉)
6!℘′(𝜉)

)

[

𝜖[𝑗]
]5 +⋯

⎤

⎥

⎥

⎦

. (22)

Expanding the inverse of (22) via Taylor expansion, we obtain:

1
℘′(𝑥[𝑗])

= 1 − 2
(

℘′′(𝜉)
2!℘′(𝜉)

)

𝜖[𝑗] +

(

4
(

℘′′(𝜉)
2!℘′(𝜉)

)2
− 3

(

℘′′′(𝜉)
3!℘′(𝜉)

)

)

[

𝜖[𝑗]
]2 +

⎛

⎜

⎜

⎜

⎝

6
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

− 4
(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+

2
(

−4
(

℘′′(𝜉)
2!℘′(𝜉)

)2
+ 3

(

℘′′′(𝜉)
3!℘′(𝜉)

)

)

(

℘′′(𝜉)
2!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]3 +

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

8
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

− 5
(

℘𝑣(𝜉)
5!℘′(𝜉)

)

+

3
(

−4
(

℘′′(𝜉)
2!℘′(𝜉)

)2
+ 3 ℘′′′(𝜉)

3!℘′(𝜉)

)

(

℘′′′(𝜉)
3!℘′(𝜉)

)

+

2
(

8
(

℘′′(𝜉)
2!℘′(𝜉)

)3
− 12

(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

+ 4
(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

)

(

℘′′(𝜉)
2!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]4 +

+

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

10
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑣(𝜉)
5!℘′(𝜉)

)

− 6
(

℘𝑣𝑖(𝜉)
6!℘′(𝜉)

)

+

4
(

−4
(

℘′′(𝜉)
2!℘′(𝜉)

)2
+ 3 ℘′′′(𝜉)

3!℘′(𝜉)

)

(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+

3

⎛

⎜

⎜

⎜

⎝

8
(

℘′′(𝜉)
2!℘′(𝜉)

)3
−

12
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

+ 4
(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

(

℘′′′(𝜉)
3!℘′(𝜉)

)

+2

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−16
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+

36
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

− 16
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

−9 ℘′′′(𝜉)
3!℘′(𝜉)

2
+ 5

(

℘𝑣(𝜉)
5!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(

℘′′(𝜉)
2!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]5 +⋯ . (23)

By multiplying (22) and (23), we derive the expression:
℘(𝑥[𝑗])
℘′(𝑥[𝑗])

= 𝜖[𝑗] +
(

℘′′(𝜉)
2!℘′(𝜉)

)

[

𝜖[𝑗]
]2 +

(

2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
− 2

(

℘′′′(𝜉)
3!℘′(𝜉)

)

)

[

𝜖[𝑗]
]3 −

(

−4
(

℘′′(𝜉)
2!℘′(𝜉)

)3
+ 7

(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

− 3
(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

)

[

𝜖[𝑗]
]4 +

⎛

⎜

⎜

⎜

⎝

8
(

℘′′(𝜉)
2!℘′(𝜉)

)4
− 20

(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

+

10
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+ 6
(

℘′′′(𝜉)
3!℘′(𝜉)

)2
− 4

(

℘𝑣(𝜉)
5!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]5 +

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−16
(

℘′′(𝜉)
2!℘′(𝜉)

)5
+ 52

(

℘′′(𝜉)
2!℘′(𝜉)

)3 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

−28
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

−33
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)2
+ 13

(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑣(𝜉)
5!℘′(𝜉)

)

+17
(

℘′′′(𝜉)
3!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

− 5
(

℘𝑣𝑖(𝜉)
6!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]6 +⋯ . (24)

In the first step of (18), we use (24) to determine the error equation of (18) as

𝑦[𝑗] = 𝜉 +
(

℘′′(𝜉)
′

)

[

𝜖[𝑗]
]2 +

(

−2
(

℘′′(𝜉)
′

)2
+ 2

(

℘′′′(𝜉)
′

)

)

[

𝜖[𝑗]
]3 +
2!℘ (𝜉) 2!℘ (𝜉) 3!℘ (𝜉)

5 
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(

4
(

℘′′(𝜉)
2!℘′(𝜉)

)3
− 7

(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

+ 3
(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

)

[

𝜖[𝑗]
]4 +

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−8
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+ 20

(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

−10
(

℘′′(𝜉)
2!℘′(𝜉)

)

ℏ4

−6
(

℘′′′(𝜉)
3!℘′(𝜉)

)2
+ 4

(

℘𝑣(𝜉)
5!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]5 +

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

16
(

℘′′(𝜉)
2!℘′(𝜉)

)5
− 52

(

℘′′(𝜉)
2!℘′(𝜉)

)3 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

+28
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+33
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)2
− 13

(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑣(𝜉)
5!℘′(𝜉)

)

−17
(

℘′′′(𝜉)
3!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+ 5
(

℘𝑣𝑖(𝜉)
6!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]6 +⋯ . (25)

Expanding ℘(𝑦[𝑗]) around 𝜉 using a Taylor series yields:

℘(𝑦[𝑗]) =
(

℘′′(𝜉)
2!℘′(𝜉)

)

[

𝜖[𝑗]
]2 +

(

−2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
+ 2

(

℘′′′(𝜉)
3!℘′(𝜉)

)

)

[

𝜖[𝑗]
]3 +

⎛

⎜

⎜

⎝

5
(

℘′′′(𝜉)
3!℘′(𝜉)

)3
− 7

(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

+3
(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

⎞

⎟

⎟

⎠

[

𝜖[𝑗]
]4 +

⎛

⎜

⎜

⎜

⎝

−12
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+ 24

(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

−

10
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

− 6
(

℘′′′(𝜉)
3!℘′(𝜉)

)2
+ 4

(

℘𝑣(𝜉)
5!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]5 +⋯ . (26)

Taking the derivative of (26), we have

℘′(𝑦[𝑗]) = 1 + 2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
[

𝜖[𝑗]
]2 + 2

(

−2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
+ 2

(

℘′′′(𝜉)
3!℘′(𝜉)

)

)

(

℘′′(𝜉)
2!℘′(𝜉)

)

[

𝜖[𝑗]
]3 +

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

2
(

℘′′(𝜉)
2!℘′(𝜉)

)

⎛

⎜

⎜

⎜

⎝

4
(

℘′′(𝜉)
2!℘′(𝜉)

)3
−

7
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

+ 3
(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

+

3
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]4 +

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

2
(

℘′′(𝜉)
2!℘′(𝜉)

)

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−8
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+ 20

(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

−

10
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

−

6
(

℘′′′(𝜉)
3!℘′(𝜉)

)2
+ 4

(

℘𝑣(𝜉)
5!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

+6
(

℘′′(𝜉)
2!℘′(𝜉)

)

⎛

⎜

⎜

⎜

⎝

−2
(

℘′′(𝜉)
2!℘′(𝜉)

)2

+2
(

℘′′′(𝜉)
3!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

(

℘′′′(𝜉)
3!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]5 +⋯ . (27)

Inverse of (27), is given as

1
℘′(𝑦[𝑗])

= 1 − 2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
[

𝜖[𝑗]
]2 − 2

⎛

⎜

⎜

⎜

⎝

−2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
+

2
(

℘′′′(𝜉)
3!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

(

℘′′(𝜉)
2!℘′(𝜉)

)

[

𝜖[𝑗]
]3 +

⎛

⎜

⎜

⎜

−2
(

℘′′(𝜉)
2!℘′(𝜉)

)

(

4
(

℘′′(𝜉)
2!℘′(𝜉)

)3
− 7

(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

+ 3
(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

)

−3
(

℘′′(𝜉)
)2 ( ℘′′′(𝜉)

)

+ 4
(

℘′′(𝜉)
)4

⎞

⎟

⎟

⎟

[

𝜖[𝑗]
]4 +
⎝ 2!℘′(𝜉) 3!℘′(𝜉) 2!℘′(𝜉) ⎠

6 
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⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−2
(

℘′′(𝜉)
2!℘′(𝜉)

)

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−8
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+ 20

(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

−10
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

−6
(

℘′′′(𝜉)
3!℘′(𝜉)

)2
+ 4

(

℘𝑣(𝜉)
5!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

−

6
(

℘′′(𝜉)
2!℘′(𝜉)

)

⎛

⎜

⎜

⎜

⎝

−2
(

℘′′(𝜉)
2!℘′(𝜉)

)2

+2
(

℘′′′(𝜉)
3!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

(

℘′′′(𝜉)
3!℘′(𝜉)

)

+

4
(

℘′′(𝜉)
2!℘′(𝜉)

)3
(

−2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
+ 2

(

℘′′′(𝜉)
3!℘′(𝜉)

)

)

−8
(

℘′′(𝜉)
2!℘′(𝜉)

)3
(

(

℘′′(𝜉)
2!℘′(𝜉)

)2
−
(

℘′′′(𝜉)
3!℘′(𝜉)

)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]5 +⋯ . (28)

The result of multiplying (27) and (28) is

℘(𝑦[𝑗])
℘′(𝑦[𝑗])

= +
(

℘′′(𝜉)
2!℘′(𝜉)

)

[

𝜖[𝑗]
]2 +

(

−2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
+ 2

(

℘′′′(𝜉)
3!℘′(𝜉)

)

)

[

𝜖[𝑗]
]3 +

(

3
(

℘′′(𝜉)
2!℘′(𝜉)

)3
− 7

(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

+ 3
(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

)

[

𝜖[𝑗]
]4 +

⎛

⎜

⎜

⎜

⎝

−4
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+ 16

(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

−

10
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

− 6
(

℘′′′(𝜉)
3!℘′(𝜉)

)2
+ 4

(

℘𝑣(𝜉)
5!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]5 +

⎛

⎜

⎜

⎜

⎝

−22
(

℘′′(𝜉)
2!℘′(𝜉)

)5
+ 41

(

℘′′(𝜉)
2!℘′(𝜉)

)3 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

−

12
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

− 8
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]6 +

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

52
(

℘′′(𝜉)
2!℘′(𝜉)

)6
− 138

(

℘′′(𝜉)
2!℘′(𝜉)

)4 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

+

64
(

℘′′(𝜉)
2!℘′(𝜉)

)3 ( ℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+62
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)2
−

16
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘𝑣(𝜉)
5!℘′(𝜉)

)

−

24
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]7 +⋯ (29)

Using (29) in the second-step of (18), to determine its corresponding error

𝑧[𝑗] = 𝜉 +
(

℘′′(𝜉)
2!℘′(𝜉)

)3
[

𝜖[𝑗]
]4 +

⎛

⎜

⎜

⎜

⎝

−4
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+

4
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]5 +

⎛

⎜

⎜

⎜

⎜

⎜

⎝

38
(

℘′′(𝜉)
2!℘′(𝜉)

)5
− 93

(

℘′′(𝜉)
2!℘′(𝜉)

)3 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

+ 40
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+41
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

− 13
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑣(𝜉)
5!℘′(𝜉)

)

−17
(

℘′′′(𝜉)
3!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+ 5
(

℘𝑣𝑖(𝜉)
6!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]6 +

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−52
(

℘′′(𝜉)
2!℘′(𝜉)

)6
+ 138

(

℘′′(𝜉)
2!℘′(𝜉)

)4 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

−64
(

℘′′(𝜉)
2!℘′(𝜉)

)3 ( ℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

−62
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)2
+ 16

(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘𝑣(𝜉)
5!℘′(𝜉)

)

+24
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]7 + 𝑂

(

[

𝜖[𝑗]
]8
)

(30)

Expanding ℘(𝑧[𝑗]) around 𝜉 using Taylor series yields:

℘(𝑧[𝑗]) =
(

℘′′(𝜉)
′

)3
[

𝜖[𝑗]
]4 − 4

(

℘′′(𝜉)
′

)2
(

(

℘′′(𝜉)
′

)2
−
(

℘′′′(𝜉)
′

)

)

[

𝜖[𝑗]
]5
2!℘ (𝜉) 2!℘ (𝜉) 2!℘ (𝜉) 3!℘ (𝜉)

7 
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⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

38
(

℘′′(𝜉)
2!℘′(𝜉)

)5
− 93

(

℘′′(𝜉)
2!℘′(𝜉)

)3 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

+

40
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+41
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)2
− 13

(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑣(𝜉)
5!℘′(𝜉)

)

−

17
(

℘′′′(𝜉)
3!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+ 5
(

℘𝑣𝑖(𝜉)
6!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]6 +⋯ (31)

Therefore

℘′(𝑦[𝑗]) − 𝜗[∗]℘(𝑦[𝑗]) = 1 +

(

−𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)

+ 2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
)

[

𝜖[𝑗]
]2 +

⎛

⎜

⎜

⎜

⎝

2𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)2
− 4

(

℘′′(𝜉)
2!℘′(𝜉)

)3
− 2𝜗[∗]

(

℘′′(𝜉)
2!℘′(𝜉)

)

+4
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]3

⎛

⎜

⎜

⎜

⎝

−5𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)3
+ 8

(

℘′′(𝜉)
2!℘′(𝜉)

)4
+ 7𝜗[∗]

(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

−

11
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

− 3𝜗[∗]
(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+ 6
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]4 +

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

12𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)4
− 16

(

℘′′(𝜉)
2!℘′(𝜉)

)5
−

24𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

+28
(

℘′′(𝜉)
2!℘′(𝜉)

)3 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

+

10𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+ 6𝜗[∗]
(

℘′′′(𝜉)
3!℘′(𝜉)

)2
−

20
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

−

4𝜗[∗]
(

℘𝑣(𝜉)
5!℘′(𝜉)

)

+ 8
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑣(𝜉)
5!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]5 +⋯ (32)

Taking inverse of (32), we have

1
℘′(𝑦[𝑗]) − 𝜗[∗]℘(𝑦[𝑗])

= 1 +

(

𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)

− 2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
)

[

𝜖[𝑗]
]2 +

⎛

⎜

⎜

⎜

⎝

−2𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)2
+ 4

(

℘′′(𝜉)
2!℘′(𝜉)

)3
+

2𝜗[∗]
(

℘′′′(𝜉)
3!℘′(𝜉)

)

− 4
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]3 +

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

5𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)3
− 8

(

℘′′(𝜉)
2!℘′(𝜉)

)4
− 7𝜗[∗]

(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

+

11
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

+ 3𝜗[∗]
(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

−

6
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+
(

−𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)

+ 2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
)2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]4 +

(

𝛬{1} − 𝛬{2} + 𝛬{3} + 𝛬{4} + 𝛬{5}) [𝜖[𝑗]
]5 +

⎛

⎜

⎜

⎝

(

−𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)

+ 2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
)

𝛬{6} + 𝛬{7} + 𝛬{8} + 𝛬{9}

⎞

⎟

⎟

⎠

𝑒𝑛
6 +⋯ (33)

The following is the result of multiplying (32) with (33):

℘(𝑧[𝑗])
℘′(𝑦[𝑗]) − 𝜗[∗]℘(𝑦[𝑗])

=
(

℘′′(𝜉)
2!℘′(𝜉)

)3
[

𝜖[𝑗]
]4 +

⎛

⎜

⎜

⎜

⎝

−4
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+

4
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]5 +

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+ 36

(

℘′′(𝜉)
2!℘′(𝜉)

)5
− 93

(

℘′′(𝜉)
2!℘′(𝜉)

)3 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

+

40
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+ 41
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)2
−

13
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑣(𝜉)
5!℘′(𝜉)

)

− 17
(

℘′′′(𝜉)
3!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+ 5
(

℘𝑣𝑖(𝜉)
6!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]6 +

⎛

⎜

⎜

⎜

⎜

⎜

−6𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)5
+ 12

(

℘′′(𝜉)
2!℘′(𝜉)

)6

+6𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)3 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

−12
(

℘′′(𝜉)
)4 ( ℘′′′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

[

𝜖[𝑗]
]7 + 𝑂

(

[

𝜖[𝑗]
]8
)

(34)
⎝ 2!℘′(𝜉) 3!℘′(𝜉) ⎠

8 
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Using Eq.  (34) in the final step of the single-root finding scheme (18), we obtain the following error equation:

𝑣[𝑗] = 𝜉 +

(

−𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+ 2

(

℘′′(𝜉)
2!℘′(𝜉)

)5
)

[

𝜖[𝑗]
]6 +

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

6𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)5
− 64

(

℘′′(𝜉)
2!℘′(𝜉)

)6
−

6𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)3 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

+150
(

℘′′(𝜉)
2!℘′(𝜉)

)4 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

−

64
(

℘′′(𝜉)
2!℘′(𝜉)

)3 ( ℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

−

62
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)2

+16
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘𝑣(𝜉)
5!℘′(𝜉)

)

+

24
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]7 + 𝑂

(

[

𝜖[𝑗]
]8
)

. (35)

At each step of the iterative method, the error propagates according to the preceding approximations. By continuing the Taylor expansion and 
analyzing subsequent terms, we obtain: 

𝜖[𝑗]∗ =

(

−𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+ 2

(

℘′′(𝜉)
2!℘′(𝜉)

)5
)

[

𝜖[𝑗]
]6 + 𝑂

(

[

𝜖[𝑗]
]7
)

, (36)

which confirms that the method exhibits at least sixth-order convergence. □

3.2. Fractional extension of the iterative scheme

While the iterative method in Section 3.1 achieves sixth-order convergence, it remains within the classical integer-order framework. However, 
many real-world problems exhibit memory effects and nonlocal behavior, requiring a more flexible approach. To extend its applicability to fractional 
settings, we introduce a generalized version that leverages Caputo-type fractional derivatives.

Using the Caputo fractional derivative, Candelario et al. [52] proposed the following extension of the classical Newton method for solving 
nonlinear equations: 

𝑥[𝑗+1] = 𝑥[𝑗] −

⎛

⎜

⎜

⎜

⎝

𝛤 (𝜎 + 1)
℘(𝑥[𝑗])

[

𝐶
𝜎
𝜎1

]

℘(𝑥[𝑗])

⎞

⎟

⎟

⎟

⎠

1∕𝜎

, (37)

where 
[

𝐶
𝜎
𝜎1

]

℘(𝑥[𝑗]) ≈
[

𝐶
𝜎
𝜉

]

℘(𝜉) for any 𝜎 ∈ R. The fractional Newton method exhibits a convergence order of 𝜎 + 1 and satisfies the following 
error equation: 

𝜖[∗] =
𝛤 (𝜎 + 1) − 𝛤 (𝜎 + 1)

𝛤 (𝜎 + 1)
ℏ2

(

𝜖[𝑗]
)𝜎+1 + 𝑂

(

(

𝜖[𝑗]
)2𝜎+1

)

, (38)

where 𝜖[∗] = 𝑥[𝑗] − 𝜉 and 𝜖[𝑗] = 𝑥[𝑗] − 𝜉, and ℏ𝛾 = 𝛤 (𝜎+1)
𝛤 (𝛾𝜎+1)

[

𝐶
𝛾𝜎
𝜉

]

℘(𝜉)
[

𝐶
𝜎
𝜉

]

℘(𝜉)
, 𝛾 ≥ 2.

Shams et al. [53] proposed the following single-step fractional iterative scheme: 

𝑥[𝑗+1] = 𝑥[𝑗] −

⎛

⎜

⎜

⎜

⎝

𝛤 (𝜎 + 1)
℘(𝑥[𝑗])

[

𝐶
𝜎
𝜎1

]

℘(𝑥[𝑗])

⎡

⎢

⎢

⎣

1

1 − 𝜎 ℘(𝑥[𝑗])
1+℘(𝑥[𝑗])

⎤

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎠

1∕𝜎

. (39)

This method also achieves a convergence order of 𝜎 + 1 and satisfies the following error equation: 

𝜖[∗] =

(

𝜎 + ℏ2
)

𝛤 2(𝜎 + 1) − ℏ2𝛤 (2𝜎 + 1)
𝜎𝛤 (𝜎 + 1)

ℏ2
(

𝜖[𝑗]
)𝜎+1 + 𝑂

(

(

𝜖[𝑗]
)2𝜎+1

)

, (40)

where 𝜖[∗] = 𝑥[𝑗] − 𝜉 and 𝜖[𝑗] = 𝑥[𝑗] − 𝜉 with ℏ𝛾 = 𝛤 (𝜎+1)
𝛤 (𝛾𝜎+1)

[

𝐶
𝛾𝜎
𝜉

]

℘(𝜉)
[

𝐶
𝜎
𝜉

]

℘(𝜉)
, 𝛾 ≥ 2.

A fractional version of the scheme (S[𝜎]) is formulated as follows: 

𝑣[𝑗] = 𝑧[𝑗] −
(

𝛤 (𝜎 + 1)
℘(𝑧[𝑗])

℘′(𝑦[𝑗]) − 𝜗[∗]℘(𝑦[𝑗])

)

1
𝜎
, (41)

where

𝑦[𝑗] = 𝑥[𝑗] −
(

𝛤 (𝜎 + 1)
℘(𝑥[𝑗])
℘′(𝑥[𝑗])

)

1
𝜎
,

𝑧[𝑗] = 𝑦[𝑗] −
(

𝛤 (𝜎 + 1)
℘(𝑦[𝑗])

)

1
𝜎
,

℘′(𝑦[𝑗])

9 
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and 𝜗[∗] ∈ R. To formally establish the convergence properties of the proposed fractional iterative method, we derive the following result, which 
guarantees a convergence order of at least 5𝜎 + 1.

Theorem 3.  Let 
℘ ∶ ⊆R → R (42)

be a continuous function with [𝐶 𝛾𝜎
𝜎1

]

℘(𝑥[𝑗]) of order 𝛾𝜎 for some 𝛾 ≥ 0 and 𝜎 ∈ (0, 1], containing the exact root 𝜉 of ℘(𝑥). Furthermore, for a sufficiently 
close initial value 𝑥[0], the convergence order of the Caputo-type fractional iterative scheme given by 

𝑣[𝑗] = 𝑧[𝑗] −
(

𝛤 (𝜎 + 1)
℘(𝑧[𝑗])

℘′(𝑦[𝑗]) − 𝜗[∗]℘(𝑦[𝑗])

)

1
𝜎
, (43)

is at least 5𝜎 + 1, and the error equation satisfies: 

𝜖[∗] =

⎛

⎜

⎜

⎜

⎝

(2𝜎 )2 𝛤
(

𝜎 + 1
2

)

ℏ22

𝜎𝛤 (𝜎)
√

𝜋
− ℏ22

⎞

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]5𝜎+1 + 𝑂

(

[

𝜖[𝑗]
]6𝜎+1

)

, (44)

where 

ℏ𝛾 =
𝛤 (𝜎 + 1)
𝛤 (𝛾𝜎 + 1)

[

𝐶
𝛾𝜎
𝜉

]

℘ (𝜉)
[

𝐶
𝜎
𝜉

]

℘ (𝜉)
, 𝛾 ≥ 2.

Proof.  Let 𝜉 be a root of ℘, and define 𝑥𝑖 = 𝜉 + 𝜖[𝑗]. By expanding ℘(𝑥𝑖) and 
[

𝐶
𝜎
𝜎1

]

℘(𝑥𝑖) using Taylor series around 𝑥 = 𝜉 and setting ℘(𝜉) = 0, 
we obtain: 

℘(𝑥[𝑗]) =

[

𝐶
1𝜎
𝜉

]

℘ (𝜉)

𝛤 (𝜎 + 1)

[

[

𝜖[𝑗]
]𝜎 + ℏ2

[

𝜖[𝑗]
]

2𝜎 + ℏ3
[

𝜖[𝑗]
]3𝜎

]

+⋯ . (45)

Applying the Caputo fractional derivative to (45) gives: 
[

𝐶
𝜎
𝜎1

]

℘(𝑥[𝑗]) =

[

𝐶
1𝜎
𝜉

]

℘ (𝜉)

𝛤 (𝜎 + 1)

[

𝛤 (𝜎 + 1) +
𝛤 (2𝜎 + 1)
𝛤 (𝜎 + 1)

ℏ2
[

𝜖[𝑗]
]𝜎 +

𝛤 (3𝜎 + 1)
𝛤 (2𝜎 + 1)

ℏ3
[

𝜖[𝑗]
]2𝜎

]

+⋯ . (46)

Taking the inverse of (46), we obtain:

1
[

𝐶
𝜎
𝜎1

]

℘(𝑥[𝑗])
= 1

𝛤 (𝜎 + 1)
−

𝛤 (2𝜎 + 1)
𝛤 (𝜎 + 1)

ℏ2
[

𝜖[𝑗]
]𝜎 +

(

− 𝛤 (3𝜎+1)
𝛤 (𝜎+1)𝛤 (2𝜎+1) +

(𝛤 (2𝜎+1))2

(𝛤 (𝜎+1))4

)

𝛤 (𝜎 + 1)
ℏ3

[

𝜖[𝑗]
]2𝜎

+

⎛

⎜

⎜

⎜

⎝

𝛤 (3𝜎+1)
𝛤 (𝜎+1) ℏ2ℏ3 −

(𝛤 (2𝜎+1))3ℏ22−𝛤 (3𝜎+1)(𝛤 (𝜎+1))3ℏ2ℏ3
(𝛤 (𝜎+1))6

𝛤 (𝜎 + 1)

⎞

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]3𝜎 + 𝑂

(

[

𝜖[𝑗]
]4𝜎

)

. (47)

Multiplying (45) and (46) results in:

℘(𝑥[𝑗])
[

𝐶
𝜎
𝜎1

]

℘(𝑥[𝑗])
= 1

𝜎𝛤 (𝜎)
[

𝜖[𝑗]
] 𝜎 +

⎛

⎜

⎜

⎜

⎝

(2𝜎 )2 𝛤
(

𝜎 + 1
2

)

ℏ2

𝜎2 (𝛤 ((𝜎)))2
√

𝜋
+

ℏ2
𝜎𝛤 ((𝜎))

⎞

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]2𝜎 +

⎛

⎜

⎜

⎜

⎜

⎝

(2𝜎 )4
(

𝛤
(

𝜎+ 1
2

))2
ℏ22

𝜎3(𝛤 (𝜎))3𝜋
−

(2𝜎 )2𝛤
(

𝜎+ 1
2

)

ℏ32
𝜎2(𝛤 (𝜎))2

√

𝜋
−

1
2

ℏ3
(

3𝜎
√

3𝛤
(

𝜎+ 1
3

)

𝛤
(

𝜎+ 2
3

))

𝜎2(𝛤 (𝜎))2
√

𝜋(2𝜎 )2𝛤
(

𝜎+ 1
2

) + ℏ3
𝜎𝛤 (𝜎)

⎞

⎟

⎟

⎟

⎟

⎠

[

𝜖[𝑗]
]3𝜎 + 𝑂(

[

𝜖[𝑗]
]4𝜎 ), (48)

where 𝛤
(

1
𝜎 + 1

)

= 1
𝜎 𝛤

(

1
𝜎

)

.
Using (48) in the final step of the root-finding scheme (41), we derive the final error equation: 

𝑦[𝑗] = 𝑤 + 𝛬[∗]
1

[

𝜖[𝑗]
] 𝜎 + 1 +

(

−ℏ2 +
(2𝜎 )2 𝛤 (𝜎 + 1∕2)ℏ2

𝛤 (𝜎) 𝜎
√

𝜋

)

[

𝜖[𝑗]
]2𝜎 + 1 +⋯ . (49)

Expanding ℘(𝑦[𝑗]) around 𝜉 using Taylor series yields:

℘(𝑦[𝑗]) = −
ℏ2

(

𝛤 (𝜎) 𝜎
√

𝜋−
(2𝜎 )2 𝛤 (𝜎 + 1∕2)

)

[

𝜖[𝑗]
]𝜎 + 1

𝛤 (𝜎) 𝜎
√

𝜋

−𝛬[∗]
2

[

𝜖[𝑗]
]2𝜎 + 1 +𝛬[∗]

3
[

𝜖[𝑗]
]3𝜎 + 1 + 𝛬[∗]

5
[

𝜖[𝑗]
]4𝜎 + 1 +⋯ . (50)

The Caputo fractional derivative of (50) can be taken to get
[

𝐶
𝜎
𝜎1

]

℘(𝑦[𝑗]) = 1 + 2

(

−ℏ2 +
(2𝜎 )2 𝛤 (𝜎 + 1∕2)ℏ2

√

)

ℏ2
[

𝜖[𝑗]
]𝜎 + 1 + 𝛬[∗]

4
[

𝜖[𝑗]
]2𝜎 + 1 ...
𝛤 (𝜎) 𝜎 𝜋

10 
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+3

(

−ℏ2 +
(2𝜎 )2 𝛤 (𝜎 + 1∕2)ℏ2

𝛤 (𝜎) 𝜎
√

𝜋

)2

ℏ3
[

𝜖[𝑗]
]3𝜎 + 1

+𝛬[∗]
6

[

𝜖[𝑗]
]4𝜎 + 1 + 𝛬[∗]

7
[

𝜖[𝑗]
]5𝜎 + 1 +⋯ . (51)

The inverse of (51) is given as:

1
[

𝐶
𝜎
𝜎1

]

℘(𝑦[𝑗])
= 1 − 2

(

−ℏ2 +
(2𝜎 )2 𝛤 (𝜎 + 1∕2)ℏ2

𝛤 (𝜎) 𝜎
√

𝜋

)

ℏ2
[

𝜖[𝑗]
]𝜎 + 1 +

𝛬[∗]
10

[

𝜖[𝑗]
]2𝜎 + 1 + 𝛬[∗]

8
[

𝜖[𝑗]
]3𝜎 + 1 + 𝛬[∗]

9
[

𝜖[𝑗]
]4𝜎 + 1 +⋯ . (52)

The result of multiplying (51) and (52) is
℘
(

𝑦[𝑗]
)

[

𝐶
𝜎
𝜎 1

]

℘
(

𝑦[𝑗]
)

= 𝛬[∗]
11

[

𝜖[𝑗]
]𝜎 + 1 + 𝛬[∗]

12
[

𝜖[𝑗]
]2𝜎 + 1 + 𝛬[∗]

13
[

𝜖[𝑗]
]3𝜎 + 1

+𝛬[∗]
14

[

𝜖[𝑗]
]4𝜎 + 1 + 𝛬[∗]

15
[

𝜖[𝑗]
]5𝜎 + 1 +⋯ . (53)

By applying equation (53) in the second step of method (41), we obtain the corresponding error expansion: 
𝑧[𝑗] = 𝜉 + 𝛬[∗]

16
[

𝜖[𝑗]
]3𝜎 + 1 + 𝛬[∗]

17
[

𝜖[𝑗]
]4𝜎 + 1 + 𝛬[∗]

18
[

𝜖[𝑗]
]5𝜎 + 1 +⋯ . (54)

Expanding ℘(𝑧[𝑗]) around 𝜉 using Taylor series yields: 

℘
(

𝑧[𝑗]
)

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝛬[∗]
20 ℏ2

2𝑒𝑛5

(𝛤 (𝜎))3𝜎3𝜋5∕2(2𝜎 )2𝛤 (𝜎+1∕2)
+

𝑒𝑛4

(𝛤 (𝜎))2𝜎2𝜋3∕2
+

1∕2𝛬[∗]
21 𝑒𝑛

6

(𝛤 (𝜎))4𝜎4𝜋7∕2(2𝜎 )4(𝛤 (𝜎+1∕2))2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

+⋯ (55)

[

𝐶
𝜎
𝜎1

]

℘
(

𝑦[𝑗]
)

− 𝜗[∗]℘
(

𝑦[𝑗]
)

= 1 + 𝛬[∗]
22

[

𝜖[𝑗]
]𝜎 + 1 + 𝛬[∗]

23
[

𝜖[𝑗]
]2𝜎 + 1 +

𝛬[∗]
24

[

𝜖[𝑗]
]3𝜎 + 1 + 𝛬[∗]

25
[

𝜖[𝑗]
]4𝜎 + 1 +⋯ . (56)

Taking the inverse of (56), we have 

1
[

𝐶
𝜎
𝜎1

]

℘
(

𝑦[𝑗]
)

− 𝜗[∗]℘
(

𝑦[𝑗]
)

=

[

1 + 𝛬[∗]
26

[

𝜖[𝑗]
]𝜎 + 1 +

𝛬[∗]
27

[

𝜖[𝑗]
]2𝜎 + 1 + 𝛬[∗]

28
[

𝜖[𝑗]
]3𝜎 + 1 +⋯

]

, (57)

where 
𝛬[∗]
21 = 𝛥[1] + 𝛥[2] + 𝛥[3] + 𝛥[4], (58)

and the explicit forms of 𝛥[1] through 𝛥[4] are provided in Appendix  A. The result of multiplying (56) and (57) is 
℘
(

𝑧[𝑗]
)

[

𝐶
𝜎
𝜎 1

]

℘
(

𝑦[𝑗]
)

− 𝜗[∗]℘
(

𝑦[𝑗]
)

= 𝛬[∗]
29

[

𝜖[𝑗]
]3𝜎 + 1 + 𝛬[∗]

30
[

𝜖[𝑗]
]4𝜎 + 1 + 𝛬[∗]

31
[

𝜖[𝑗]
]5𝜎 + 1 , (59)

where the constants and 𝛬{1} −𝛬{7} and 𝛬[∗]
1 −𝛬[∗]

31  used in (44)–(59) are shown in Appendix  A respectively. By substituting Eq.  (59) into the final 
step of method (41), we obtain the corresponding error expression: 

𝑧[𝑗] = 𝜉 +

(

𝛬[∗]
32 + 𝛬[∗]

33+

−𝛬[∗]
34

)

𝑂
(

[

𝜖[𝑗]
]5𝜎 + 1

)

+ 𝑂
(

[

𝜖[𝑗]
]6𝜎 + 1

)

. (60)

This completes the proof of the theorem. □

Although both fractional and classical schemes are effective for solving complex nonlinear problems, they also present significant challenges. 
Fractional schemes inherently rely on historical data, which increases memory requirements and computational cost. Their performance is highly 
sensitive to parameter selection, as the choice of fractional order directly influences both accuracy and convergence. Moreover, stability depends 
on careful selection of step sizes, discretization methods, and tuning parameters. Efficiency and convergence behavior can also vary across problem 
types, occasionally limiting their effectiveness for certain nonlinear systems.

To address these limitations, we propose a Caputo-type inverse parallel scheme that improves the stability and efficiency of fractional methods 
while retaining their key advantages. In contrast to the iterative techniques discussed earlier, which refine single-root approximations, the proposed 
parallel approach enables simultaneous computation of all roots, significantly accelerating convergence for nonlinear equations.

3.3. Efficient Caputo-type inverse parallel method for nonlinear equations

Parallel root-finding algorithms provide the broader computational foundation for our proposed approach. These methods play a critical role 
in efficiently solving nonlinear equations, particularly for polynomials with multiple roots. Unlike conventional single-root techniques, parallel 
schemes update approximations for all roots simultaneously, thereby reducing computational time and improving robustness. Their ability to exploit 
modern multi-core processors and distributed computing architectures makes them highly scalable for large-scale problems.
11 
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These methods are widely applied in control theory, signal processing, and engineering optimization, where complex root structures and high-
dimensional systems demand efficient and reliable convergence. Compared to single-root and fractional-order schemes, parallel approaches offer 
several distinct advantages:

• They eliminate inefficiencies associated with computing one root at a time, thereby avoiding deflation techniques and repeated initial guesses.
• They refine all root estimates simultaneously through collective updates, reducing sensitivity to inaccurate initial approximations.
• They exploit parallelism to accelerate convergence and enhance numerical stability across a wide range of nonlinear problems.

Among various parallel numerical techniques, the Weierstrass–Durand–Kerner method [54] is one of the most widely studied. It is defined by: 
𝑦[𝑗]𝑖 = 𝑥[𝑗]𝑖 −𝑤

(

𝑥[𝑗]𝑖

)

, (61)

where 

𝑤
(

𝑥[𝑗]𝑖

)

=
℘
(

𝑥[𝑗]𝑖

)

𝑛
𝛱
𝑡=1
𝑡≠𝑖

(

𝑥[𝑗]𝑖 − 𝑥[𝑗]𝑡

)

, (𝑖, 𝑡 = 1,… , 𝑛), (62)

is known as Weierstrass’ correction. The method exhibits local quadratic convergence.
In 1977, Ehrlich [55] proposed a third-order simultaneous root-finding method, defined as: 

𝑦[𝑗]𝑖 = 𝑥[𝑗]𝑖 − 1

1
𝑁𝑖

(

𝑥[𝑗]𝑖

) −
∑𝑛

𝑡=1
𝑡≠𝑖

(

1
(

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

) . (63)

where 𝑁𝑖(𝑥) denotes a Newton-type correction term used to approximate the root update in simultaneous iterative schemes.
Later, Petković et al. [56] improved the convergence order from three to six by introducing a correction term 𝜀[𝑗]𝑡 = 𝑢[𝑗]𝑡  into Eq.  (63), resulting 

in the modified scheme: 
𝑦[𝑗]𝑖 = 𝑥[𝑗]𝑖 − 1

1
𝑁𝑖(𝑥

[𝑗]
𝑖 )

−
∑𝑛

𝑡=1
𝑡≠𝑖

(

1
(

𝑥[𝑗]𝑖 −𝑢[𝑗]𝑡

)

) . (64)

Here,

𝑢[𝑗]𝑡 = 𝑥[𝑗]𝑡 −
℘
(

𝑦[𝑗]𝑡

)

−℘
(

𝑥[𝑗]𝑡

)

2 ∗ ℘
(

𝑦[𝑗]𝑡

)

−℘
(

𝑥[𝑗]𝑡

)

℘
(

𝑥[𝑗]𝑡

)

℘′
(

𝑥[𝑗]𝑡

) ,

𝑦[𝑗]𝑡 = 𝑥[𝑗]𝑡 −
℘
(

𝑥[𝑗]𝑡

)

℘′
(

𝑥[𝑗]𝑡

) ,

and

𝑁𝑖(𝑥
[𝑗]
𝑖 ) =

℘
(

𝑥[𝑗]𝑡

)

℘′
(

𝑥[𝑗]𝑡

) .

Shams et al. in [57] proposed the following fractional parallel scheme: 

𝑥[𝑗+1]𝑖 = 𝑥[𝑗]𝑖 −
𝑤[∗∗]

(

𝑥[𝑗]𝑖

)

1 +
𝑤[∗∗]

(

𝑥[𝑗]𝑖

)

𝑥[𝑗]𝑖

, (65)

where

𝑤[∗∗]
(

𝑥[𝑗]𝑖

)

= 1
2

⎡

⎢

⎢

⎢

⎣

3 −
𝑤[∗]

(

𝑥[𝑗]𝑖

)

℘(𝑠[𝑗]𝑖 )

𝑤
(

𝑠[𝑗]𝑖

)

℘(𝑥[𝑗]𝑖 )

⎤

⎥

⎥

⎥

⎦

𝑤[∗]
(

𝑥[𝑗]𝑖

)

,

𝑠[𝑗]𝑖 = 𝑥[𝑗]𝑖 −
𝑤[∗]

(

𝑥[𝑗]𝑖

)

1 +
𝑤[∗]

(

𝑥[𝑗]𝑖

)

𝑥[𝑗]𝑖

,

𝑤[∗]
(

𝑥[𝑗]𝑖

)

=
℘(𝑥[𝑗]𝑖 )

𝑚
𝛱
𝑡=1
𝑡≠𝑖

(𝑥[𝑗]𝑖 −𝐾 [𝑗]
𝑡 )

,

𝐾 [𝑗]
𝑡 = 𝛾 [𝑗]𝑡 −

⎡

⎢

⎢

⎢

⎢

⎛

⎜

⎜

⎜

⎝

1
2
𝛤 (𝜎 + 1)

⎛

⎜

⎜

⎜

⎝

3 −

[

𝐶
𝜎
𝜎1

]

℘(𝑠[𝑗]𝑡 )
[

𝐶
𝜎
𝜎1

]

℘(𝑥[𝑗]𝑡 )

⎞

⎟

⎟

⎟

⎠

℘(𝑥[𝑗]𝑡 )
[

𝐶
𝜎
𝜎1

]

℘(𝑥[𝑗]𝑡 )

⎞

⎟

⎟

⎟

⎠

1
𝜎 ⎤
⎥

⎥

⎥

⎥

.

⎣ ⎦
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Additionally, the scheme can be expressed as: 

𝑥[𝑗+1]𝑖 = 𝑥[𝑗]𝑖 −
𝜙𝑖

𝜙𝑖
𝑁𝑖(𝑥

[𝑗]
𝑖 )

−
∑𝑚

𝑡=1
𝑡≠𝑖

(

𝜙𝑡
(

𝑥[𝑗]𝑖 −𝑠[𝑗]𝑡

)

)

+
∑𝑚

𝑡=1
𝑡≠𝑖

(

(𝜙𝑡)2𝑁𝑖

(

𝑥[𝑗]𝑡

)

(

𝑥[𝑗]𝑖 −𝑠[𝑗]𝑡

)2

)

+
∑𝑚

𝑡=1
𝑡≠𝑖

(

(𝜙𝑡)3
(

𝑁𝑖

(

𝑥[𝑗]𝑡

))2

(

𝑥[𝑗]𝑖 −𝑠[𝑗]𝑡

)3

)

, (66)

where 

𝑠[𝑗]𝑡 = 𝑥[𝑗]𝑡 −

⎛

⎜

⎜

⎜

⎝

𝛤 (𝜎 + 1)
℘(𝑥[𝑗]𝑡 )

[

𝐶
𝜎
𝜎1

]

℘(𝑥[𝑗]𝑡 )

⎞

⎟

⎟

⎟

⎠

1
𝜎

.

While the previously discussed fractional parallel schemes offer notable improvements in efficiency and convergence, further refinements are 
necessary to enhance accuracy and computational robustness. Incorporating Weierstrass’ correction — widely used in classical methods to improve 
root approximations — Cordero et al. [58] proposed a single-step method that underpins our enhanced fractional parallel scheme. The method is 
defined as: 

𝑣[𝑗] = 𝑧[𝑗] −
(

2 −
℘′(𝑦[𝑗])
℘′(𝑥[𝑗])

)

℘(𝑧[𝑗])
℘′(𝑥[𝑗])

, (67)

where

𝑧[𝑗] = 𝑦[𝑗] −
(

2 −
℘′(𝑦[𝑗])
℘′(𝑥[𝑗])

)

℘(𝑦[𝑗])
℘′(𝑥[𝑗])

, 𝑦[𝑗] = 𝑥[𝑗] −
℘(𝑥[𝑗])
℘′(𝑥[𝑗])

.

By applying Weierstrass’ correction to (67), we develop the following fractional parallel scheme (SS[𝜎]): 

𝑣[𝑗]𝑖 = 𝑧[𝑗]𝑖 −

𝑧[𝑗]𝑖

⎛

⎜

⎜

⎝

2 −
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎠

𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

𝑤
(

𝑧[𝑗]𝑖

)

𝑧[𝑗]𝑖 +
⎛

⎜

⎜

⎝

2 −
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎠

𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

𝑤
(

𝑧[𝑗]𝑖

)

, (68)

where

𝑧[𝑗]𝑖 = 𝑦[𝑗]𝑖 −

𝑧[𝑗]𝑖

⎛

⎜

⎜

⎝

2 −
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎠

𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

𝑤
(

𝑧[𝑗]𝑖

)

𝑧[𝑗]𝑖 +
⎛

⎜

⎜

⎝

2 −
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎠

𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

𝑤
(

𝑧[𝑗]𝑖

)

,

𝑦[𝑗]𝑖 =
𝑥[𝑗]𝑖

1 +
𝑤
(

𝑥[𝑗]𝑖

)

𝑥[𝑗]𝑖

.

The following theorem establishes the convergence order of the method, demonstrating that SS[𝜎] achieves a high-order convergence rate of 
20𝜎 + 8.

Theorem 4.  Let 𝜉1,… , 𝜉𝜎 be simple zeros of a nonlinear equation. Then, for sufficiently close and distinct initial estimates 𝑥[0]1 ,… , 𝑥[0]𝑛  of the roots, the 
method SS[𝜎] exhibits convergence of order 20𝜎 + 8.

Proof.  Let 𝑒𝑖 = 𝑥[𝑗]𝑖 − 𝜉𝑖, 𝜖𝑦 = 𝑦[𝑗]𝑖 − 𝜉𝑖, 𝜖𝑧 = 𝑧[𝑗]𝑖 − 𝜉𝑖 and 𝜖𝑣 = 𝑣[𝑗]𝑖 − 𝜉𝑖 be the errors associated with 𝑥[𝑗]𝑖 , 𝑦
[𝑗]
𝑖 , 𝑧

[𝑗]
𝑖  and 𝑣[𝑗]𝑖  respectively.

From the first step of SS[𝜎], we obtain: 

𝑦[𝑗]𝑖 − 𝜁𝑖 = 𝑥[𝑗]𝑖 − 𝜁𝑖 −

⎡

⎢

⎢

⎢

⎣

℘(𝑥[𝑗]𝑗 )
𝑛
𝛱
𝑡=1
𝑡≠𝑖

(𝑥[𝑗]𝑖 −𝑣[𝑗]𝑡 )

⎤

⎥

⎥

⎥

⎦

1 +
𝑤[∗](𝑥[𝑗]𝑖 )

𝑥[𝑗]𝑖

, (69)

which simplifies to 

𝜖𝑦 = 𝜖𝑖 −

𝜖𝑖
𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑥[𝑗]𝑖 −𝜁𝑡
𝑥[𝑗]𝑖 −𝑣[𝑗]𝑡

]

1 +
𝑤[∗](𝑥[𝑗]𝑖 )

[𝑗]

. (70)
𝑥𝑖

13 
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Rewriting (70), we obtain: 

𝜖𝑦 = 𝜖𝑖

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 −

𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑥[𝑗]𝑖 −𝜁𝑡
𝑥[𝑗]𝑖 −𝑣[𝑗]𝑡

]

1 +
𝑤[∗](𝑥[𝑗]𝑖 )

𝑥[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

= 𝜖𝑖

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 −
𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑥[𝑗]𝑖 −𝜁𝑡
𝑥[𝑗]𝑖 −𝑣[𝑗]𝑡

]

+
𝑤[∗](𝑥[𝑗]𝑖 )

𝑥[𝑗]𝑖

1 +
𝑤[∗](𝑥[𝑗]𝑖 )

𝑥[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (71)

Expanding further, the error term 𝜖𝑦 can be expressed as: 

𝜖𝑦 = 𝜖𝑖

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 −
𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑥[𝑗]𝑖 −𝜁𝑡
𝑥[𝑗]𝑖 −𝑣[𝑗]𝑡

]

+
𝑣[𝑗]𝑖 −𝜁𝑗
𝜀[𝑗]𝑖

𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑣[𝑗]𝑖 −𝜁𝑡
𝑥[𝑗]𝑖 −𝑣[𝑗]𝑡

]

1 +
𝑤[∗](𝑥[𝑗]𝑖 )

𝑥[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (72)

Since
𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑣[𝑗]𝑖 − 𝜁𝑡
𝑥[𝑗]𝑖 − 𝑣[𝑗]𝑡

]

− 1 =
𝑛
∑

𝑘≠𝑖

⎛

⎜

⎜

⎝

−
[

𝜖𝑖
]5 𝜎 + 1

𝑥[𝑗]𝑖 − 𝑣[𝑗]𝑗

⎞

⎟

⎟

⎠

𝑘−1
∏

𝑡≠𝑖

[

𝑣[𝑗]𝑖 − 𝜁𝑡
𝑥[𝑗]𝑖 − 𝑣[𝑗]𝑡

]

,

and using (26), we have 𝑣[𝑗]𝑡 − 𝜁𝑡 = 𝑂
(

|

|

|

[

𝜖𝑡
]5𝜎 + 1|

|

|

)

. Thus, 

𝜖𝑦 = 𝜖𝑖

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑛
∑

𝑘≠𝑖

(

−
[

𝜖𝑖
]5𝜎 + 1

𝜀[𝑗]𝑖 −𝑢[𝑗]𝑗

) 𝑘−1
∏

𝑡≠𝑖

[

𝑣[𝑗]𝑖 −𝜁𝑡
𝑥[𝑗]𝑖 −𝑣[𝑗]𝑡

]

+
[

𝜖𝑖
]5𝜎 + 1

𝑥[𝑗]𝑖

𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑣[𝑗]𝑖 −𝜁𝑡
𝑥[𝑗]𝑖 −𝑣[𝑗]𝑡

]

1 +
𝑤[∗](𝑥[𝑗]𝑖 )

𝑥[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (73)

Assuming ||
|

[

𝜖𝑘
]5𝜎 + 1|

|

|

= |

|

|

[

𝜖𝑡
]5𝜎 + 1|

|

|

, we obtain: 

𝜖𝑦 = 𝜖𝑖
(

[

𝜖𝑘
]5𝜎 + 1

)

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑛
∑

𝑘≠𝑖

(

−1
𝜀[𝑗]𝑖 −𝑢[𝑗]𝑡

) 𝑘−1
∏

𝑡≠𝑖

[

𝑢[𝑗]𝑖 −𝜁𝑡
𝜀[𝑗]𝑖 −𝑢[𝑗]𝑡

]

+ 1
𝜀[𝑗]𝑖

𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑢[𝑗]𝑖 −𝜁𝑡
𝜀[𝑗]𝑖 −𝑢[𝑗]𝑡

]

1 +
𝑤[∗](𝑥[𝑗]𝑖 )

𝑥[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (74)

Thus, we conclude that 
𝜖𝑦 = 𝑂

(

[

𝜖𝑘
]5𝜎+2

)

. (75)

For the second step, we have: 

𝑧[𝑗]𝑖 − 𝜉 = 𝑦[𝑗]𝑖 − 𝜉 −

𝑧[𝑗]𝑖

⎛

⎜

⎜

⎝

2 −
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎠

𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

𝑤
(

𝑧[𝑗]𝑖

)

𝑧[𝑗]𝑖 +
⎛

⎜

⎜

⎝

2 −
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎠

𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

𝑤
(

𝑧[𝑗]𝑖

)

. (76)

As
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 − 𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 − 𝑥[𝑗]𝑡

)

= 1,

we obtain: 

𝜖𝑧 = 𝜖𝑦 −

𝑦[𝑗]𝑖

⎛

⎜

⎜

⎝

2 −
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎠

𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

𝑤
(

𝑦[𝑗]𝑖

)

𝑦[𝑗]𝑖 +
⎛

⎜

⎜

⎝

2 −
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎠

𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

𝑤
(

𝑦[𝑗]𝑖

)

. (77)

Simplifying, we write: 

𝜖𝑧 = 𝜖𝑦 −

𝜖𝑦
𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑦[𝑗]𝑖 −𝜁𝑡
𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

]

1 +
𝑤(𝑦[𝑗]𝑖 )

[𝑗]

. (78)
𝑦𝑖

14 
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Rearranging further: 

𝜖𝑧 = 𝜖𝑦

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 −

𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑦[𝑗]𝑖 −𝜁𝑡
𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

]

1 +
𝑤(𝑦[𝑗]𝑖 )

𝑦[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

= 𝜖𝑦

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 −
𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑦[𝑗]𝑖 −𝜁𝑡
𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

]

+
𝑤(𝑦[𝑗]𝑖 )

𝑦[𝑗]𝑖

1 +
𝑤(𝑦[𝑗]𝑖 )

𝑦[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (79)

Expanding further, the error 𝜖𝑧 can be written as: 

𝜖𝑧 = 𝜖𝑦

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 −
𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑦[𝑗]𝑖 −𝜁𝑡
𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

]

+
𝑦[𝑗]𝑖 −𝜁𝑖

𝜀[𝑗]𝑖

𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑦[𝑗]𝑖 −𝜁𝑡
𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

]

1 +
𝑤(𝑦[𝑗]𝑖 )

𝑦[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (80)

Since
𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑦[𝑗]𝑖 − 𝜁𝑡
𝑦[𝑗]𝑖 − 𝑦[𝑗]𝑡

]

− 1 =
𝑛
∑

𝑘≠𝑖

⎛

⎜

⎜

⎝

−𝜖𝑦
𝑦[𝑗]𝑖 − 𝑦[𝑗]𝑗

⎞

⎟

⎟

⎠

𝑘−1
∏

𝑡≠𝑖

[

𝑦[𝑗]𝑖 − 𝜁𝑡
𝑦[𝑗]𝑖 − 𝑦[𝑗]𝑡

]

,

we deduce: 

𝜖𝑧 = 𝜖𝑦

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑛
∑

𝑘≠𝑖

(

−𝜖𝑦
𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

) 𝑘−1
∏

𝑡≠𝑖

[

𝑦[𝑗]𝑖 −𝜁𝑡
𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

]

+ 𝜖𝑦
𝑦[𝑗]𝑖

𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑦[𝑗]𝑖 −𝜁𝑡
𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

]

1 +
𝑤(𝑦[𝑗]𝑖 )

𝑦[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (81)

Thus, we obtain: 

𝜖𝑧 =
(

𝜖𝑦
)2

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑛
∑

𝑘≠𝑖

(

−1
𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

) 𝑘−1
∏

𝑡≠𝑖

[

𝑦[𝑗]𝑖 −𝜁𝑡
𝑦[𝑗]𝑖 −𝑦[𝑗]𝑗

]

+ 1
𝜀[𝑗]𝑖

𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑦[𝑗]𝑖 −𝜁𝑡
𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

]

1 +
𝑤(𝑦[𝑗]𝑖 )

𝑦[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (82)

Finally, we establish that 

𝜖𝑧 = 𝑂
(

[

𝜖𝑖
]10𝜎+4

)

. (83)

Considering the third step of the method, the error can be expressed as: 

𝑣[𝑗]𝑖 − 𝜉 = 𝑧[𝑗]𝑖 − 𝜉 −

𝑧[𝑗]𝑖

⎛

⎜

⎜

⎝

2 −
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎠

𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

𝑤
(

𝑧[𝑗]𝑖

)

𝑧[𝑗]𝑖 +
⎛

⎜

⎜

⎝

2 −
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎠

𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

𝑤
(

𝑧[𝑗]𝑖

)

. (84)

Since
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑧[𝑗]𝑖 − 𝑧[𝑗]𝑡

𝑥[𝑗]𝑖 − 𝑥[𝑗]𝑡

)

= 1,

we obtain: 

𝜖𝑣 = 𝜖𝑧 −

𝑧[𝑗]𝑖

⎛

⎜

⎜

⎝

2 −
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎠

𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

𝑤
(

𝑧[𝑗]𝑖

)

𝑧[𝑗]𝑖 +
⎛

⎜

⎜

⎝

2 −
𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎠

𝑛
∏

𝑖≠𝑡
𝑡=1

(

𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

𝑥[𝑗]𝑖 −𝑥[𝑗]𝑡

)

𝑤
(

𝑧[𝑗]𝑖

)

. (85)

Rewriting the expression in terms of the error 𝜖𝑣, we obtain: 

𝜖𝑣 = 𝜖𝑧 −

𝜖𝑧
𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑧[𝑗]𝑖 −𝜁𝑡
𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

]

1 +
𝑤(𝑧[𝑗]𝑖 )

[𝑗]

. (86)
𝑧𝑖

15 
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Similarly, from the second step, the error 𝜖𝑧 can be written as: 

𝜖𝑧 = 𝜖𝑦

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 −

𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑦[𝑗]𝑖 −𝜁𝑡
𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

]

1 +
𝑤(𝑦[𝑗]𝑖 )

𝑦[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

= 𝜖𝑦

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 −
𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑦[𝑗]𝑖 −𝜁𝑡
𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

]

+
𝑤(𝑦[𝑗]𝑖 )

𝑦[𝑗]𝑖

1 +
𝑤(𝑦[𝑗]𝑖 )

𝑦[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (87)

For the third step, the error 𝜖𝑣 is given by: 

𝜖𝑣 = 𝜖𝑧

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 −
𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑧[𝑗]𝑖 −𝜁𝑡
𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

]

+
𝑧[𝑗]𝑖 −𝜁𝑖

𝜀[𝑗]𝑖

𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑧[𝑗]𝑖 −𝜁𝑡
𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

]

1 +
𝑤(𝑧[𝑗]𝑖 )

𝑧[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (88)

Since
𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑧[𝑗]𝑖 − 𝜁𝑡
𝑧[𝑗]𝑖 − 𝑧[𝑗]𝑡

]

− 1 =
𝑛
∑

𝑘≠𝑖

⎛

⎜

⎜

⎝

−𝜖𝑧
𝑧[𝑗]𝑖 − 𝑧[𝑗]𝑗

⎞

⎟

⎟

⎠

𝑘−1
∏

𝑡≠𝑖

[

𝑧[𝑗]𝑖 − 𝜁𝑡
𝑧[𝑗]𝑖 − 𝑧[𝑗]𝑡

]

,

we obtain: 

𝜖𝑣 = 𝜖𝑧

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑛
∑

𝑘≠𝑖

(

−𝜖𝑧
𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

) 𝑘−1
∏

𝑡≠𝑖

[

𝑧[𝑗]𝑖 −𝜁𝑡
𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

]

+ 𝜖𝑧
𝑧[𝑗]𝑖

𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑧[𝑗]𝑖 −𝜁𝑡
𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

]

1 +
𝑤(𝑧[𝑗]𝑖 )

𝑧[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (89)

Thus, the error 𝜖𝑣 satisfies: 

𝜖𝑣 =
(

𝜖𝑧
)2

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑛
∑

𝑘≠𝑖

(

−1
𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

) 𝑘−1
∏

𝑡≠𝑖

[

𝑧[𝑗]𝑖 −𝜁𝑡
𝑧[𝑗]𝑖 −𝑧[𝑗]𝑗

]

+ 1
𝑧[𝑗]𝑖

𝑛
∏

𝑡=1
𝑡≠𝑖

[

𝑧[𝑗]𝑖 −𝜁𝑡
𝑧[𝑗]𝑖 −𝑧[𝑗]𝑡

]

1 +
𝑤(𝑧[𝑗]𝑖 )

𝑧[𝑗]𝑖

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (90)

Finally, the error satisfies the bound: 

𝜖𝑧 = 𝑂
(

[

𝜖𝑖
]20𝜎+8

)

. (91)

Hence, we complete the proof of this theorem. □

To further improve the convergence rate of the parallel scheme, we employ tools from complex dynamical systems to determine optimal 
parameter values, which are subsequently integrated into the parallel framework for solving nonlinear equations. In addition, by incorporating 
artificial neural networks (ANNs), we develop a hybrid parallel scheme that not only accelerates convergence but also extends global convergence 
properties. The following section examines this approach in greater detail.

4. Convergence enhancement techniques for fractional parallel schemes

The Caputo-type family of parallel iterative algorithms is designed to compute all solutions of Eq.  (2) simultaneously. This approach operates on 
a system of interdependent nonlinear equations, where each root of (2) is iteratively refined based on the current estimates of the others. While this 
method is computationally efficient, its convergence behavior is highly sensitive to the choice of initial approximations and algorithmic parameters, 
particularly when the roots are widely spaced or poorly separated.

To improve convergence rates, we employ complex dynamical systems analysis — specifically, stability analysis — to determine optimal 
parameter values for solving (2). In addition, we incorporate artificial neural networks (ANNs) to identify suitable regions for selecting initial 
approximations. By combining these techniques with the SS[𝜎] method, we achieve significantly enhanced stability, accelerated convergence, and 
reduced computational effort in computing all roots of (2).

4.1. Stability analysis of the S[𝜎] -scheme

Stability analysis plays a critical role in refining iterative schemes by guiding them toward regions of faster convergence and away from zones 
that may lead to divergence or slow convergence. In single root-finding methods for nonlinear equations, stability ensures that the iterative process 
remains reliable and robust. Specifically, stability refers to a method’s ability to converge to the true root from a given initial approximation, even 
in the presence of small perturbations or computational errors.

Single root-finding methods typically exhibit local convergence, meaning they converge to the root when the initial estimate is sufficiently 
close to the true root. However, their stability depends on both the nature of the function and the choice of the initial approximation. In nonlinear 
settings, poor function behavior or an inadequate initial guess may cause divergence or convergence to extraneous fixed points unrelated to the 
desired root [59].
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Fig. 1. (a–c): Stability zones of the parallel schemes for different values of 𝜗[∗].

The stability of such methods can be evaluated through convergence criteria, which measure the rate of convergence, and complex dynamical 
systems analysis, which assesses the method’s sensitivity to variations in input values. Stability is typically achieved by carefully selecting the initial 
guess, tuning algorithmic parameters, and defining appropriate stopping criteria, while preserving the method’s intrinsic convergence properties. 
This approach mitigates computational errors and enhances the overall reliability and consistency of the root-finding process [60].

To analyze stability, we derive the following rational map: 

𝑅(𝑥) = 𝑥 −
2−

1
𝜎 𝐵

1
𝜎 − 2−

1
𝜎 𝐴

1
𝜎 − 𝐶 [∗]

1
(

𝐵
2
𝜎 𝜗[∗]2

1
𝜎 + 2𝐵

2
𝜎 𝜗[∗]𝑥4

1
𝜎 − 𝐶 [∗]

2

)

1
𝜎

, (92)

where: 

𝐵 =
𝛤 (1 + 𝜎)(𝑥2 − 1)

𝑥
, (93)

𝐴 = 𝛤 (1 + 𝜎)

(

2
1
𝜎 4−

1
𝜎 𝐵

2
𝜎 + 2

1
𝜎 𝑥2 − 2𝐵

1
𝜎 𝑥 − 2

1
𝜎

𝑥2
1
𝜎 − 𝐵

1
𝜎

)

, (94)

𝐶 [∗]
1 = 𝛤 (1 + 𝜎)

⎡

⎢

⎢

⎣

2
1
𝜎 4

1
𝜎 𝑥2 + 2

𝜎+1
𝜎 𝐴

1
𝜎 𝐵

1
𝜎 − 2

(

4
1
𝜎
)

𝐴
1
𝜎 𝑥

−2
(

4
1
𝜎
)

𝐵
1
𝜎 𝑥 +

(

2
1
𝜎
)

𝐴
1
𝜎 −

(

4
1
𝜎
)

2
1
𝜎

⎤

⎥

⎥

⎦

, (95)

𝐶 [∗]
2 =

[

𝐵
2
𝜎 𝜗[∗]2

1
𝜎 + 2𝐵

1
𝜎 𝜗[∗]𝑥4

1
𝜎 − 𝜗[∗]𝑥4

1
𝜎 2

1
𝜎

−2𝐵
1
𝜎 4

1
𝜎 + 𝜗[∗]4

1
𝜎 2

1
𝜎 + 2

𝜎+1
𝜎 𝑥4

1
𝜎

]

. (96)

For 𝜎 ≈ 1, the rational function simplifies to: 

𝑅(𝑥) =

[

𝜗[∗]𝑥10 + 5𝜗[∗]𝑥8 − 3𝑥9 − 6𝜗[∗]𝑥6 − 36𝑥7

−6𝜗[∗]𝑥4 − 50𝑥5 + 5𝜗[∗]𝑥2 − 36𝑥3 + 𝜗[∗] − 3𝑥

]

𝑥
(

𝑥2 + 1
)2 (𝜗[∗]𝑥4 − 2𝜗[∗]𝑥2 − 4𝑥3 + 𝜗[∗] − 4𝑥

)

, (97)

where 𝑎, 𝑏 ∈ C. Consequently, 𝑅(𝑥) depends on the parameters 𝑎 and 𝑏. The conjugacy of 𝑅(𝑥) with a transformation operator is demonstrated via 
the Möbius transformation 𝑀(𝑥) = 𝑥−𝑎

𝑥−𝑏 : 

O (𝑥) = 𝑀𝑜𝑅𝑜𝑀−1(𝑥) =
𝑥6

(

𝑥4 +
(

2𝜗[∗] + 1
)

𝑥2 + 2
(

𝜗[∗] − 1
))

2𝑥4
(

𝜗[∗] + 1
)

+
(

2𝜗[∗] − 1
)

𝑥2 − 1
, (98)

for 𝑥 ≈ 1, making it independent of 𝑎 and 𝑏. Consequently, Eq. (97) aligns perfectly with: 

𝑅[∗](𝑥) =
∑𝑛

𝑖=0
(

𝑎𝑖𝑥𝑖
)

∑𝑛
𝑖=0

(

𝑎𝑛−𝑖𝑥𝑖
) ,

{

𝑎𝑖
}𝑛
𝑖=0 ∈ R, (99)

which exhibits remarkable properties [61].
The following proposition characterizes the fixed points of the rational map O(𝑥), which play a central role in analyzing the behavior and 

convergence properties of the proposed schemes.

Proposition 5.  The fixed points of O(𝑥) are classified as follows:
• 𝑥0 = 0 and 𝑥∞ = ∞ are super-attracting points.
• 𝑥1 = 1 is a repelling point.
• The key points, 𝑥0 = 0 and 𝑥1 = 1, serve as a super-attracting and repelling point, respectively, for 𝜎 ≈ 1.

Proof.  The fixed points of O(𝑥) are determined by solving: 

O (𝑥) = 𝑥 ⟷
𝑥6

(

𝑥4 +
(

2𝜗[∗] + 1
)

𝑥2 + 2
(

𝜗[∗] − 1
))

4
(

[∗]
) (

[∗]
)

2
= 𝑥. (100)
2𝑥 𝜗 + 1 + 2𝜗 − 1 𝑥 − 1
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Rearranging, we obtain: 
𝑥6

(

𝑥4 +
(

2𝜗[∗] + 1
)

𝑥2 + 2
(

𝜗[∗] − 1
))

2𝑥4
(

𝜗[∗] + 1
)

+
(

2𝜗[∗] − 1
)

𝑥2 − 1
− 𝑥 = 0. (101)

Factoring out 𝑥, we get: 

= 0 ⟷ 𝑥

(

𝑥5
(

𝑥4 +
(

2𝜗[∗] + 1
)

𝑥2 + 2
(

𝜗[∗] − 1
))

2𝑥4
(

𝜗[∗] + 1
)

+
(

2𝜗[∗] − 1
)

𝑥2 − 1
− 1

)

= 0. (102)

Thus, one fixed point is 𝑥0 = 0. To find additional fixed points, we solve: 
𝑥5

(

𝑥4 +
(

2𝜗[∗] + 1
)

𝑥2 + 2
(

𝜗[∗] − 1
))

2𝑥4
(

𝜗[∗] + 1
)

+
(

2𝜗[∗] − 1
)

𝑥2 − 1
− 1 = 0. (103)

Furthermore, evaluating the limit as 𝑥 → ∞: 

lim
𝑥→∞

1

O
(

1
𝑥

) =
𝑥6

(

−𝑥4 +
(

2𝜗[∗] − 1
)

𝑥2 + 2
(

𝜗[∗] + 1
))

2𝑥4
(

𝜗[∗] − 1
)

+
(

2𝜗[∗] + 1
)

𝑥2 − 1
= 0. (104)

Thus, 𝑥 = ∞ is also a fixed point.
To analyze the stability of these fixed points, we compute the derivative: 

O′ (𝑥) = 4𝑥5

[

3𝜗[∗]𝑥8 + 4𝜗[∗]2𝑥6 + 3𝑥8 + 103𝜗[∗]𝑥6+
8𝜗[∗]2𝑥4 + 4𝜗[∗]2𝑥2 − 6𝑥4 − 10𝜗[∗]𝑥2 − 3𝜗[∗] + 3

]

(

2𝑥4
(

𝜗[∗] + 1
)

+
(

2𝜗[∗] − 1
)

𝑥2 − 1
)2

. (105)

Setting O′(𝑥) = 0 allows us to determine the critical points, given by: 

𝐶𝑟1 = ⋯ = 𝐶𝑟4 = 0, 𝐶𝑟5,6 = ±𝑖, (106)

𝐶𝑟7,8 = ±1
3

√

3
√

4𝜗[∗]2 + 9 − 6𝜗[∗], (107)

𝐶𝑟9,10 = ±1
3

√

3
√

4𝜗[∗]2 + 9 − 6𝜗[∗], (108)

𝐶𝑟11,12 = ±

√

−
(

𝜗[∗] + 1
) (

𝜗[∗] − 1
)

(

𝜗[∗] + 1
) . (109)

Evaluating the derivative of O(𝑥) at these points yields the following classification:
• 𝑥 = 0 is a superattracting fixed point, since O′(0, 𝜗[∗]) = 0.
• 𝑥 = −1 is a repelling fixed point, as O′(−1) < −1. □

4.2. Dynamical plane analysis for stability assessment

Dynamical planes offer a visual representation of the behavior and stability of iterative processes (Fig.  1(a–c)), making them valuable tools for 
analyzing the performance of nonlinear solvers. To improve the precision and efficiency of iterative methods, it is essential to examine convergence 
and divergence patterns within these planes, particularly by identifying fixed points, attractors, and chaotic regions.

In this study, we evaluate the stability of a single root-finding method by generating dynamical planes for different values of the fractional 
parameter within the interval [0, 1]. The basins of attraction of O(𝑥) — converging to zero — are shown in orange. Regions in blue indicate 
trajectories that tend toward infinity, while black regions denote divergence. In addition:

• Strange fixed points are marked with white circles.
• Free critical points are indicated by white squares.
• Fixed points are represented by white squares with a star.

The dynamical planes are constructed using initial values sampled from the domain [−2, 2] × [−2, 2]. As shown in Fig.  2(a–e), the rational map 
predominantly converges to either zero or infinity, forming large basins of attraction. However, as the fractional parameter decreases from 1 to 
0.5, the area of attraction progressively contracts, ultimately leading to divergence near zero, as illustrated in Figs.  3(a–c) and 4(a–c). This analysis 
indicates that the single-step method exhibits greater stability when the fractional parameter is close to 1, while its stability deteriorates as the 
parameter approaches zero. For visualization, we use the Jet colormap. As a stopping criterion, the iterative process is terminated when

|

|

𝑓 (𝑥𝑖)|| < 0.0001

or when the number of iterations reaches a maximum of 20.
Table  1 reports the percentage of convergence (Per-C) and CPU time for different values of the parameter 𝜗[∗]. The results show that setting the 

fractional parameter to 1 yields higher convergence rates and shorter computation times. These findings are particularly relevant for optimizing 
hybrid parallel schemes and enhancing the efficiency of engineering applications.
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Fig. 2. (a–e): Stable dynamic behavior of iterative scheme for different values of 𝜗[∗] and 𝜎 = 1.

Fig. 3. (a–c): The iterative method’s basins of attraction for solving 𝑓 (𝑥) = 𝑥3 − 1 for various values of 𝜗[∗].

Fig. 4. (a–c): The iterative method’s basins of attraction for solving 𝑓 (𝑥) = 𝑥2 + 𝑥 − 3 for various values of 𝜗[∗].

5. Artificial neural network-based Caputo-type fractional parallel scheme

In the previous sections, we introduced fractional and parallel iterative schemes for solving nonlinear equations. While these methods improve 
convergence and robustness, their effectiveness is sensitive to the choice of initial values and algorithmic parameters. In parallel schemes in 
particular, poor initial estimates may result in slow convergence or even divergence. To address this issue, we incorporate artificial neural networks 
(ANNs), which have been widely applied in science and engineering for modeling complex systems, processing large datasets, and solving nonlinear 
problems. By leveraging their pattern recognition and adaptive learning capabilities, ANNs can significantly enhance the performance of fractional 
parallel root-finding methods.
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Fig. 5. (a–c): The iterative method’s basins of attraction for solving 𝑓 (𝑥) = 𝑥3 + 𝑥 − 3 for various values of 𝜗[∗].

Table 1
Analysis of the schemes for different values of 𝜗[∗].
 Scheme Fig.  1(a) Fig.  1(b) Fig.  1(c)  
 𝜗[∗] 3.1 1.1 7.3  
 Per-C 98.4353% 99.76574% 99.87554% 
 CPU-time 2.34523 2.54646 3.007675  
 Scheme Fig.  2(a) Fig.  2(b) Fig.  2(c)  
 𝜗[∗] 3.1 1.1 7.3  
 Per-C 97.08934 99.39483 99.87364  
 CPU-time 1.12324 1.4252334 1.009243  
 Scheme Fig.  3(a) Fig.  3(b) Fig.  3(c)  
 𝜗[∗] 3.1 1.1 7.3  
 Per-C 99.00987 98.987632 98.087623  
 CPU-time 3.092832 4.49532 2.92842  

The parallel inverse method for solving nonlinear equations can be further improved by integrating artificial neural networks (ANNs) into key 
components of the iterative process [62]. By training ANNs on representative polynomial structures, the following enhancements can be achieved:

• Prediction of high-quality initial estimates, reducing the number of iterations required for convergence.
• Adaptive control of the iteration process through dynamic adjustment of step sizes, improving both speed and stability.
• Robust handling of challenging cases, particularly those involving multiple or closely spaced roots where the Caputo-type fractional inverse 
parallel scheme may struggle.

• Reduction of numerical errors, leading to improved accuracy and computational stability.

By incorporating ANNs, we significantly increase the robustness and efficiency of the parallel root-finding scheme, making it applicable to a 
wider range of nonlinear problems.

To further accelerate convergence, we develop a hybrid neural network-based parallel approach. This method employs a three-layer artificial 
neural network (ANN) — consisting of an input layer, one or more hidden layers, and an output layer — trained using Particle Swarm Optimization 
(PSO) to identify all solutions of Eq.  (2). The ANN’s capacity for pattern recognition, dynamic adaptation, and error minimization significantly 
enhances the efficiency of the parallel root-finding technique. The key components of this approach are outlined below.

5.1. Dataset preparation for ANN training

To ensure faster convergence and high accuracy, an appropriately constructed dataset is essential for training the ANN. The dataset is generated 
as follows:

• The coefficients of the nonlinear equation (2) are randomly sampled from the interval [0, 1].
• The dataset is divided into 70% for training and 30% for validation and testing.

These steps enable the ANN to generalize effectively across a wide range of nonlinear equations.
To compute high-quality initial approximations, we employ Cauchy’s upper bound, which defines a disk of radius 𝑟[𝑖]𝑏  centered at the origin in 

the complex plane, containing all solutions of Eq.  (2). The initial estimates are computed as: 

𝑥[0]𝑖 = cos
(

2𝜋 × 𝑟[𝑖]𝑏
)

+ sin
(

2𝜋 × 𝑟[𝑖]𝑏
)

𝑖 × 𝑟[𝑖]𝑏 (110)

where 𝑟[𝑖]𝑏 ∈ (0, 1) is given by: 

𝑟[𝑖]𝑏 = 1 + max
{

|

|

|

|

𝑏0
𝑏𝑛

|

|

|

|

,… ,
|

|

|

|

𝑏𝑛−1
𝑏𝑛

|

|

|

|

}

(111)

and 𝑏0 = 𝑏1 = ⋯ = 𝑏𝑛 are the coefficients of the polynomial: 

𝑃𝑛(𝑥) = 𝑏1𝑥
𝑛 +⋯ + 𝑏0. (112)
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5.2. Neural network model architecture

The ANN-based inverse parallel scheme is composed of the following components:

• An input layer that receives the coefficients of the nonlinear equation.
• One or two hidden layers equipped with nonlinear activation functions, which capture complex relationships between inputs and outputs.
• An output layer that generates approximations to the solutions of the nonlinear problem.
To minimize the error between predicted and true solutions, we adopt the mean squared error (MSE) as the loss function. The network’s weights 

and biases are updated iteratively using the backpropagation algorithm to improve prediction accuracy.

5.3. Training and optimization of the ANN

The artificial neural network is trained using Particle Swarm Optimization (PSO), a robust metaheuristic algorithm known for its efficiency in 
identifying optimal solutions [63].

The training process involves the following steps:

• Iterative adjustment of the network’s weights and biases to minimize prediction error.
• Adaptive learning from previous iterations to improve prediction accuracy.
• Optimization of step sizes to accelerate convergence.
The update rule for the ANN’s weight vector is given by: 

𝛬[𝑗+1] = 𝛬[𝑗] −

(

𝜕𝐸[𝑗]
𝑖

𝜕𝛬𝑖

)𝑇
× 𝐸[𝑗]

𝑖
(

(

𝜕𝐸[𝑗]
𝑖

𝜕𝛬𝑖

)𝑇 (

𝜕𝐸[𝑗]
𝑖

𝜕𝛬𝑖

)

+ 𝜗[∗] × 𝐼

) , (113)

where 𝐸[𝑗]
𝑖  denotes the error vector at iteration 𝑗, and 𝐼 is the identity matrix.

5.4. Performance evaluation using MSE

To evaluate the accuracy of the ANN predictions, we employ the mean squared error (MSE), defined as: 

MSE = 1
𝑛

𝑛
∑

𝑗=1

(

𝜉𝑗 − AN[𝑗])2 , (114)

where 𝜉𝑗 denotes the actual root values and AN[𝑗] denotes the ANN-predicted approximations.

• A lower MSE indicates that the ANN predictions are closer to the actual solutions.
• The loss function penalizes large deviations, promoting stable and accurate approximations of the roots.
• Minimizing MSE contributes to faster convergence and improved overall computational efficiency.

5.5. Advantages of the ANN-integrated parallel scheme

Integrating an artificial neural network (ANN) into the Caputo-type fractional inverse parallel scheme offers several advantages:

• Optimized Initial Values: The ANN predicts high-quality initial approximations, reducing the number of iterations required for convergence.
• Adaptive Learning: Step sizes and updates are dynamically adjusted to enhance numerical stability.
• Robustness in Complex Cases: The method remains effective even for closely spaced roots or ill-conditioned equations.
• Error Mitigation: ANN-guided optimization reduces numerical errors and accelerates convergence.
By combining artificial neural networks with Particle Swarm Optimization (PSO), the proposed hybrid approach enhances the efficiency, 

stability, and robustness of parallel fractional root-finding techniques. This integrated framework significantly improves convergence rates and 
provides a reliable tool for solving nonlinear equations in engineering and applied sciences.

6. Numerical experiments and performance evaluation

In this section, we present a series of numerical experiments to demonstrate the computational performance of the proposed methods in various 
engineering applications. The computer algorithms are implemented in Maple 18, and the termination criteria are defined as follows: 

(𝑖) 𝑒[𝑗]𝑖 = |

|

|

𝑥[𝑗+1]𝑖 − 𝑥[𝑗]𝑖
|

|

|

≤ 10−6, (𝑖𝑖) 𝑒[𝑗]𝑖 =
|

|

|

|

𝑓
(

𝑥[𝑗]𝑖

)

|

|

|

|

≤ 10−6, (115)

where 𝑒[𝑗]𝑖  denotes the error at the 𝑗-th iteration. All simulations and numerical experiments were conducted using MATLAB R2023a on the following 
hardware configuration:

- Processor: Intel® Core™ i7-12700H, 2.30 GHz
- RAM: 32 GB DDR5
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- GPU: NVIDIA RTX 3060 (6 GB)—used for neural network-based schemes
- Operating System: Windows 11 Pro (64-bit)

The Deep Learning Toolbox in MATLAB was employed to conduct neural network investigations. All computations were performed using double-
precision arithmetic, which is reflected in the reported CPU times and performance indicators. In particular, this configuration ensures accuracy 
and reproducibility when assessing CPU time, memory usage, and neural network training efficiency. To enable a comprehensive evaluation of 
the proposed high-order fractional parallel iterative algorithms, we adopt the following performance metrics: accuracy, efficiency, stability, and 
computational cost.

• Number of Iterations: Indicates the number of iterations required to satisfy the stopping criteria defined in (115).
• Residual Error: The absolute value of the function evaluated at the most recent iterate, or the error between consecutive iterates, indicating 
the proximity to the true root.

• Computational Order of Convergence: Numerically approximated by 

𝜌[𝑗−1]𝑖 =
ln
|

|

|

|

|

𝑥[𝑗+1]𝑖 −𝑥[𝑗]𝑖

𝑥[𝑗]𝑖 −𝑥[𝑗−1]𝑖

|

|

|

|

|

ln
|

|

|

|

|

𝑥[𝑗]𝑖 −𝑥[𝑗−1]𝑖

𝑥[𝑗−1]𝑖 −𝑥[𝑗−2]𝑖

|

|

|

|

|

(116)

which confirms the scheme’s theoretical order of convergence.
• Computational Time: Measures the computational speed of the algorithm using MATLAB’s tic-toc function to evaluate the time required 
for convergence.

• Function Evaluations: The variable FEval in MATLAB denotes the total number of function and derivative evaluations performed during the 
iterations.

• Arithmetic Operation Count: Estimates the number of basic arithmetic operations performed by the algorithm, providing insight into its 
computational complexity.

• Initial Guess Strategy: To evaluate the robustness and efficiency of the proposed methods, two types of initial guesses were considered.
– Initial values close to the exact roots were used to evaluate the local convergence behavior and to validate the theoretical order of 
convergence of the fractional-order parallel schemes.

– Random initial guesses were generated using MATLAB’s rand() function to evaluate the global convergence behavior of the proposed 
methods.

This dual strategy is particularly important when dealing with closely clustered roots, where convergence analysis becomes more challenging.
• Stability Under Noisy Inputs: To evaluate the robustness of the proposed technique, noisy inputs — i.e., initial guesses located far from the 
exact solution — are introduced. Despite this perturbation, the method still converges, demonstrating its global convergence behavior.

• Percentage Convergence (Percentage-C): The percentage convergence of the parallel schemes is computed as 

Percentage-C = 100 ×
⎛

⎜

⎜

⎝

1 −
|

|

|

𝑥[𝑗+1]𝑖 − 𝜉||
|

|

|

|

𝑥[𝑗]𝑖 − 𝜉||
|

⎞

⎟

⎟

⎠

(117)

which measures how rapidly the parallel sequence approaches the exact solution. We compare the proposed method with the parallel scheme 
PM[1] introduced in [64], defined as:

𝑥[𝑗+1]𝑖 = 𝑥[𝑗]𝑖 − 1

1
𝑁𝑖(𝑥

[𝑗]
𝑖 )

−
∑𝑛

𝑡=1
𝑡≠𝑖

(

1
(

𝑥[𝑗]𝑖 −𝑍[𝑗]
𝑡

)

) , (118)

where 

𝑍[𝑗]
𝑡 = 𝑢[𝑗]𝑡 −

(

𝑦[𝑗]𝑡 −℘
(

𝑢[𝑗]𝑡

))

(

℘
(

𝑥[𝑗]𝑡

)

℘′
(

𝑥[𝑗]𝑡

)

)

(

℘
(

𝑥[𝑗]𝑡

)

−℘
(

𝑢[𝑗]𝑡

))2

⎡

⎢

⎢

⎢

⎣

℘
(

𝑦[𝑗]𝑡

)

−

(

℘
(

𝑥[𝑗]𝑡

))2

℘(𝑦[𝑗]𝑡 ) −℘
(

𝑢[𝑗]𝑡

)

⎤

⎥

⎥

⎥

⎦

, (119)

𝑢[𝑗]𝑡 = 𝑦[𝑗]𝑡 −

℘
(

𝑥[𝑗]𝑡

)

℘
(

𝑦[𝑗]𝑡

)

(

℘
(

𝑥[𝑗]𝑡

)

℘′
(

𝑥[𝑗]𝑡

)

)

(

℘
(

𝑥[𝑗]𝑡

)

−℘
(

𝑦[𝑗]𝑡

))2
, 𝑦[𝑗]𝑡 = 𝑥[𝑗]𝑡 −

⎛

⎜

⎜

⎜

⎝

℘
(

𝑥[𝑗]𝑡

)

℘′
(

𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎟

⎠

. (120)

Furthermore, we compare our scheme with the method proposed by Shams et al. (SS[1]) in [65]: 

𝑥[𝑗+1]𝑖 = 𝑢[𝑗]𝑖 −
℘(𝑥[𝑗]𝑗 )

𝑛
𝛱
𝑡=1
𝑡≠𝑖

(𝑢[𝑗]𝑖 − 𝑢[𝑗]𝑡 )
, (121)

where 

𝑢[𝑗]𝑖 = 𝑦[𝑗]𝑖 −
℘(𝑥[𝑗]𝑗 )

𝑛
𝛱
𝑡=1
(𝑦[𝑗]𝑖 − 𝑦[𝑗]𝑡 )

, 𝑦[𝑗]𝑖 = 𝑥[𝑗]𝑖 −
℘(𝑥[𝑗]𝑗 )

𝑛
𝛱
𝑡=1
(𝑥[𝑗]𝑖 − 𝑠[𝑗]𝑡 )

, (122)
𝑡≠𝑖 𝑡≠𝑖
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𝑠[𝑗]𝑡 = 𝑥[𝑗]𝑡 −
𝛼
(

℘
(

𝑥[𝑗]𝑡

))2

℘
(

𝑥[𝑗]𝑡 + 𝛼℘
(

𝑥[𝑗]𝑡

))

−℘
(

𝑥[𝑗]𝑡

) , 𝛼 ∈ R. (123)

Additionally, we compare the results with the scheme SS[2] proposed in [66]: 

𝑥[𝑗+1]𝑖 = 𝑦[𝑗]𝑖 −
𝜙𝑖

𝜙𝑖
𝑁𝑖(𝑦

[𝑗]
𝑖 )

−
∑𝑛

𝑡=1
𝑡≠𝑖

(

𝜙𝑡
(

𝑦[𝑗]𝑖 −𝑦[𝑗]𝑡

)

) , (124)

where 

𝑦[𝑗]𝑖 = 𝑥[𝑗]𝑖 − 1

1
𝑁𝑖(𝑥

[𝑗]
𝑖 )

−
∑𝑛

𝑡=1
𝑡≠𝑖

(

1
(

𝑥[𝑗]𝑖 −𝑢[𝑗]𝑡

)

) , (125)

𝑢[𝑗]𝑡 = 𝑣[𝑗]𝑡 − 𝜙𝑡

⎛

⎜

⎜

⎜

⎝

1 +
℘
(

𝑣[𝑗]𝑡

)

℘′
(

𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎟

⎠

2
𝜙𝑡

⎛

⎜

⎜

⎜

⎝

℘
(

𝑣[𝑗]𝑡

)

℘′
(

𝑣[𝑗]𝑡

)

⎞

⎟

⎟

⎟

⎠

, (126)

𝑣[𝑗]𝑡 = 𝑥[𝑗]𝑡 −

⎛

⎜

⎜

⎜

⎝

𝜙𝑡

℘
(

𝑥[𝑗]𝑡

)

℘′
(

𝑥[𝑗]𝑡

)

⎞

⎟

⎟

⎟

⎠

. (127)

The following notations are used to present and interpret the numerical results:

 Notations
 𝜎 Fractional parameters  
 PM[1], SS[1]−SS[2] Existing Methods  
 SC[𝜎] Newly developed Scheme  
 Per-convergence Total convergence points  
 C-time Computational time (in seconds)  
 𝜁 Exact solution  
 A-SC[𝜎] Newly developed ANN-based parallel 

scheme
 

 Maximum-E Maximum error using ANN  
 Local-C Local computational order of convergence 
 Computational-T Computational time of A-SC[𝜎]  
 𝜖[∗] Residual error  
 𝐶⅁𝜎

𝜎1
Caputo fractional derivative  

6.1. Engineering application: Bratu-type fractional boundary problem

The Bratu-type fractional boundary problem is a boundary value problem involving fractional differential equations. It generalizes the classical 
Bratu problem to a second-order fractional ordinary differential equation and is particularly relevant in engineering applications such as heat 
transfer, chemical reaction kinetics, and combustion processes [67,68]. The problem is formulated as: 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

[

𝐶
𝜎
𝜎1

]

𝑈 (𝑥) − 6
(

𝑈 ′′ (𝑥)
)2 + (1 + 𝑥)𝑈 (𝑥) = 𝑥; 0 ≤ 𝑥 ≤ 1,
𝑈 (0) = 0,

𝑈 ′ (1) = 0.25,
𝑈 ′′ (1) = −0.25,

(128)

where 2 < 𝜎 ≤ 3. Here, the order 𝜎 is not restricted to integer values but may assume any real number within the given range. The inclusion of 
fractional derivatives enables the modeling of complex physical phenomena such as memory effects and nonlocal interactions, which are essential 
in many engineering contexts.

To solve this problem, specialized techniques from fractional calculus — such as fractional integration and differentiation — combined with 
numerical methods tailored to fractional differential equations are required. Following the approach described in [69], we approximate the solution 
by expanding the polynomial up to two terms as: 

𝑈0 (𝑥) = 𝑐1𝑥 + 1
2
𝑐2𝑥

2, (129)

𝑈1 (𝑥) = −ℎ𝑥𝜏+𝜎
[

6𝑐22𝛤 (1 + 𝜎)
𝛤 (1 + 𝜏 + 𝜎)

+

(

1 − 𝑐1
)

𝛤 (2 + 𝜎)
𝛤 (2 + 𝜏 + 𝜎)

𝑥 −
3𝑐1𝛤 (3 + 𝜎)

2𝛤 (3 + 𝜏 + 𝜎)
𝑥2 −

𝑐1𝛤 (4 + 𝜎)
2𝛤 (4 + 𝜏 + 𝜎)

𝑥3
]

, (130)

𝑈2 (𝑥) = ℎ2
[

12𝑐2𝛤 (1 + 𝜎)𝛤 (2 + 𝜎)𝛤 (2𝜏 + 𝜎)
𝛤 (𝜎)𝛤 (2 (𝜎 + 𝜏))𝛤 (2 + 𝜏 + 𝜎)

𝑥2(𝜏+𝜎)−1 +⋯
]

. (131)
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Table 2
Results of SC[𝜎] for solving Eq.  (132) using close initial guesses.
 𝜎 𝑒[3]1 𝑒[3]2 𝑒[3]3 𝑒[3]4 𝑒[3]5 𝑒[3]6 𝜌[𝑗−1]𝑖  
 0.1 3.43 5.15 × 10−15 8.10 × 10−14 1.76 × 10−13 1.33 × 10−10 5.57 × 10−5 6.6434  
 0.3 0.03 4.45 × 10−32 5.17 × 10−35 1.08 × 10−17 5.68 × 10−29 5.57 × 10−25 8.7654  
 0.5 0.75 0.0 6.00 × 10−62 3.02 × 10−44 5.57 × 10−55 5.57 × 10−35 12.7664 
 0.7 0.75 0.0 6.00 × 10−89 3.02 × 10−84 5.57 × 10−95 0.0 18.2324 
 0.9 0.77 0.0 0.0 0.0 0.0 0.0 20.9087 

Table 3
Results of parallel schemes for solving Eq.  (132) using close initial guesses.
 Scheme 𝑒[𝑗]1 𝑒[𝑗]2 𝑒[𝑗]3 𝑒[𝑗]4 𝑒[𝑗]5 𝑒[𝑗]6 𝜌[𝑗−1]𝑖  
 SC[𝜎] 1.19 × 10−232 0.0 0.0 0.0 0.0 0.0 21.30 
 PM[1] 1.19 × 10−32 1.19 × 10−32 4.19 × 10−45 1.08 × 10−17 5.68 × 10−29 1.57 × 10−55 8.64  
 SS[1] 0.0 0.0 6.50 × 10−62 3.02 × 10−44 5.57 × 10−55 3.43 × 10−65 9.87  
 SS[2] 1.19 × 10−52 0.0 0.0 0.0 5.57 × 10−55 42 10.99 

Table 4
Stability results of the numerical schemes for solving (132).
 Scheme Iterations [+,−,×,÷] [℘,℘′] Percentage-C Computational-T 
 SC[𝜎] 3 52 15 99.5458772 1.76 × 10−2  
 PM[1] 5 125 25 85.7766565 1.08 × 10−2  
 SS[1] 5 85 18 86.7646676 3.02 × 10−1  
 SS[2] 5 87 16 79.8756563 3.02542  

Fig. 6. Architecture of artificial neural networks for solving engineering Application 1 employing a parallel scheme.

For the specific parameter values ℎ = −1, 𝜎 = 2, 𝜏 = 0, 𝑐1 = −0.584094, and 𝑐2 = −0.154811, the approximate solution is given by: 

𝑈 (𝑥) =
[

−0.00135856666𝑥6 − 0.0081514𝑥5 + 0.028081𝑥4 + 0.02396644572𝑥3

−0.0774055𝑥2 + 0.326056𝑥

]

, (132)

The exact roots, accurate to four decimal places, are as follows: 
[

𝜉1 = 0, 𝜉2 = 3.115448818, 𝜉3 = −2.575426379,
𝜉4 = −8.116897033, 𝜉5,6 = 0.7884372957 ± 1.750281412𝑖,

]

. (133)

We approximate all solutions of (141) using the following initial approximations: 
[

𝑥[0]1 = 0.1, 𝑥[0]2 = 3.1, 𝑥[0]3 = −2.5, 𝑥[0]4 = −8.1, 𝑥[0]5,6 = 0.7 ± 1.7𝑖,
]

. (134)

The numerical performance of various schemes for solving this equation is summarized in Tables  2–3.
Table  2 presents the results of the parallel scheme SC[𝜎] for solving equation (132) with varying values of 𝜎. The residual error and the 

computational order of convergence confirm the theoretical convergence behavior of SC[𝜎]. When the initial values are chosen close to the exact 
solution, the accuracy of the scheme improves, and the number of required iterations decreases as 𝜎 increases from 0.1 to 1.0.

Tables  3–4 compare the numerical results of the proposed method with those of established approaches in the literature, namely PM[1], SS[1], 
and SS[2]. As shown in Table  2, the proposed technique achieves significantly lower residual errors while requiring fewer iterations (𝑗) than the 
competing methods. Furthermore, the observed computational order of convergence closely matches the theoretical expectation.

The stability analysis includes metrics such as the total number of arithmetic operations (+,−,×,÷) per iteration, function and fractional 
derivative evaluations (℘,℘′), percentage convergence (Percentage-C), and computational time in seconds (Computational-T). These indicators 
collectively demonstrate that the proposed scheme SC[𝜎] outperforms PM[1], SS[1], and SS[2] in both accuracy and efficiency.

To further enhance convergence, the parameter values in the fractional schemes were selected based on the stability profiles observed in the 
dynamical planes (Figs.  1–5). The results of the hybrid ANN-based schemes are presented in Tables  5–8. The neural network was trained using the 
dataset described in Appendix  C, and its architecture for solving equation (132) is depicted in Fig.  6.

Fig.  7(a–c) provide a detailed visualization of the neural network implementation and performance. Fig.  7(a) displays the fitness curve, which 
reflects both the accuracy and stability of the training process. Fig.  7(b) presents the transition statistics curve, indicating an efficient convergence 
rate. The error histogram in Fig.  7(c) shows the distribution of prediction errors, further confirming the consistency of the ANN-based approach.

Together, these visualizations and the numerical results in Table  4 validate the reliability and robustness of the proposed neural network-
enhanced framework for solving this class of engineering problems.
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Fig. 7. Regression analysis of the artificial neural network for solving Engineering Application 1: (a) regression curve, (b) transition statistics, and (c) error histogram.

Fig. 8. Error plot of the parallel scheme for solving Engineering Application 1 using randomly generated test vectors.

Table 5
Results of parallel and hybrid parallel schemes using random initial guesses.
 Scheme 𝑒[𝑗]1 𝑒[𝑗]2 𝑒[𝑗]3 𝑒[𝑗]4 𝑒[𝑗]5 𝑒[𝑗]6 𝜌[𝑗−1]𝑖  
 SC[𝜎] 3.43 5.15 × 10−15 8.10 × 10−14 1.76 × 10−13 1.33 × 10−10 18 6.30  
 PM[1] 0.03 1.19 × 10−32 4.19 × 10−35 1.08 × 10−17 5.68 × 10−29 17 2.64  
 SS[1] 0.75 0.0 6.00 × 10−62 3.02 × 10−44 5.57 × 10−55 35 2.87  
 SS[2] 0.77 0.0 0.0 0.0 0.0 42 9.99  
 A-SC[𝜎] 0.0 0.0 0.0 0.0 0.0 0.0 .0  

To illustrate the effectiveness of fractional-order parallel schemes under challenging conditions — such as the presence of clustered or multiple 
roots — randomly generated initial guesses are employed, as these scenarios often hinder rapid convergence. The results for A-SC[𝜎] with random 
initial values (see Appendix  B), along with comparisons to the parallel schemes SC[𝜎], PM[1], SS[1], and SS[2], are summarized in Table  5.

As shown in Table  5, A-SC[𝜎] significantly outperforms SC[𝜎], PM[1], SS[1], and SS[2] when applied to randomly initialized inputs. In particular, 
A-SC[𝜎] exhibits markedly faster convergence across all test cases.

Tables  6–7 present the efficiency and stability analysis of the parallel schemes based on the hybrid ANN-enhanced approach A-SC[𝜎], applied with 
randomly generated initial values. Informed by insights from dynamical analysis, the numerical results demonstrate that A-SC[𝜎] yields substantial 
improvements over existing methods in terms of local convergence, number of iterations, maximum error, residual error (as shown in Fig.  8), and 
CPU time.

The stability results presented in Table  8 indicate that the proposed scheme A-SC[𝜎] outperforms SC[𝜎], PM[1], SS[1], and SS[2] in terms of the total 
number of arithmetic operations per iteration, function and fractional derivative evaluations, percentage convergence, and computational time (in 
seconds).
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Table 6
Comparison of the consistency between ANN-integrated and standard parallel schemes using random initial 
values. The table reports the selected parameter 𝜗[∗], maximum error (Maximum-E), and the computational 
time (Computational-T).
 Scheme 𝜗[∗] Maximum-E Computational-T 
 SC[𝜎] 0.1 5.15 × 10-25 2.1034573454  
 PM[1] 1.2 5.15 × 10-15 1.1034564554  
 SS[1] 5.5𝑖 1.19 × 10-12 4.1964364534  
 SS[2] 0.4 1.19 × 10-12 4.1975633453  
 A-SC[𝜎] 0.9𝑖 1.19 × 10-34 0.0435234345  

Table 7
Efficiency analysis of ANN-integrated and classical parallel schemes using random initial values. The table 
reports the parameter 𝜗[∗], local convergence indicator (Local-C), and number of iterations.
 Scheme 𝜗[∗] Local-C Iterations 
 SC[𝜎] 0.1 7.15367453 11  
 PM[1] 1.2 5.152345456 18  
 SS[1] 5.5𝑖 9.19456865 18  
 SS[2] 0.4 7.19456356 16  
 A-SC[𝜎] 0.9𝑖 15.07643457 5  

Table 8
Stability analysis of A-SC[𝜎] and classical parallel schemes. The table reports arithmetic operations per step, 
function evaluations, and percentage convergence using random initial values.
 Scheme 𝜗[∗] [+,−,×,÷] [℘,℘′] Percentage-C  
 SC[𝜎] 0.1 52 15 91.874543454 
 PM[1] 1.2 121 25 85.125006756 
 SS[1] 5.5𝑖 89 18 86.764453645 
 SS[2] 0.4 88 16 69.877756536 
 A-SC[𝜎] 0.9𝑖 25 16 99.124427755 

Table 9
Results of parallel and hybrid parallel schemes using random initial guesses.
 Scheme 𝑒[7]1 𝑒[7]2 𝑒[7]3 𝑒[7]4 𝑒[7]5 𝑒[7]6 C-Time 
 SC[𝜎] 1.3 5.15 × 10−15 8.0 × 10−14 7.6 × 10−13 1.3 × 10−10 0.0 6.30  
 PM[1] 2.3 1.19 × 10−32 4.9 × 10−35 9.8 × 10−17 5.8 × 10−29 0.3 × 10−10 2.64  
 SS[1] 5.5 0.0 6.0 × 10−62 8.2 × 10−44 5.7 × 10−55 0.0 2.87  
 SS[2] 1.7 0.0 0.0 0.0 0.0 0.0 9.99  
 A-SC[𝜎] 0.0 0.0 0.0 0.0 0.0 0.0 10.5  

Selecting initial guess values in a high-noise environment—i.e., placing them far from the exact roots, such as 
[

𝑥[0]1 = 4.0, 𝑥[0]2 = 7.0, 𝑥[0]3 = −3, 𝑥[0]4 = −10, 𝑥[0]5,6 = 2 ± 3𝑖,
]

(135)

introduces significant variability in the convergence behavior of iterative methods, as illustrated in Table  9.
The results clearly indicate that, under highly perturbed initial conditions, the rate of convergence decreases and the time required to estimate 

the roots increases—particularly when the fractional parameter approaches 1.0. Despite these challenges, the proposed scheme SC[𝜎] consistently 
outperforms existing methods in terms of residual error and computational time. It also demonstrates significantly improved convergence behavior 
in noisy environments, highlighting its robustness, long-term reliability, and global convergence capability.

6.1.1. Bratu-type fractional boundary problem: Physical interpretation
The solution to the Bratu-type fractional boundary value problem provides a physical simulation of the spatial behavior of nonlocal, nonlinear 

quantities such as temperature or concentration.

• Temperature or Concentration Profile: In heat transfer and chemical reaction problems, the function 𝑈 (𝑥) typically represents the temperature 
distribution, concentration profile, or potential field within a given domain. The solution to the fractional Bratu-type equation captures how 
these quantities evolve spatially, particularly in systems characterized by nonlinearity and nonlocality.

• Effect of Fractional Order: The fractional parameter 𝜎 governs the extent of memory and hereditary effects in the system. Smaller values 
of 𝜎 correspond to stronger nonlocal behavior and memory effects, resulting in slower diffusion and smoother, more spread-out profiles. In 
contrast, larger values of 𝜎 resemble classical differential models, leading to faster propagation and sharper gradients.

• Implications for Numerical Modeling: Varying the fractional order 𝜎 effectively simulates systems with different degrees of long-range 
interaction and memory. Numerical solutions for various values of 𝜎 confirm that the proposed scheme accurately captures complex dynamic 
behavior. This highlights the method’s robustness and effectiveness in modeling real-world engineering processes involving nonlocal effects.

6.2. Civil engineering application: Bratu-type fractional boundary problem-engineering application

The Bratu-type fractional boundary problem is a boundary value problem governed by fractional differential equations. It generalizes the classical 
Bratu problem by incorporating a fractional formulation of a second-order ordinary differential equation subject to boundary conditions. This model 
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Table 10
Results of SC[𝜎] for solving Eq.  (141) using close initial guesses.
 𝜎 𝑒[3]1 𝑒[3]2 𝑒[3]3 𝑒[3]4 𝑒[3]5 𝑒[3]6 𝑒[3]7  
 0.1 3.43 5.15 × 10−15 8.10 × 10−14 1.76 × 10−13 1.33 × 10−10 1.19 × 10−12 1.19 × 10−12 
 0.3 0.03 1.19 × 10−32 4.19 × 10−35 1.08 × 10−17 5.68 × 10−29 0.0 0.0  
 0.5 0.75 0.0 6.00 × 10−62 3.02 × 10−44 5.57 × 10−55 1.19 × 10−32 1.19 × 10−32 
 0.7 0.0 6.00 × 10−62 3.02 × 10−44 5.57 × 10−55 1.19 × 10−32 0.0  
 0.9 0.77 0.0 0.0 0.0 0.0 42 0.0  
 𝑒[3]8 𝑒[3]9 𝑒[3]10 𝑒[3]11 𝑒[3]12 𝑒[3]13 𝜌[𝑗−1]𝑖  
 1.19 × 10−32 5.87 × 10−15 8.37 × 10−14 1.64 × 10−13 1.33 × 10−10 18 9.3087  
 1.19 × 10−32 1.65 × 10−32 4.19 × 10−35 1.08 × 10−37 5.68 × 10−39 17 7.6435  
 1.19 × 10−32 0.0 6.00 × 10−62 3.02 × 10−44 5.57 × 10−55 35 8.8787  
 0.0 0.0 0.0 0.0 0.0 0.0 8.8787  
 0.0 0.0 0.0 0.0 0.0 0.0 21.9999 

has significant applications in engineering domains such as heat transfer, chemical reaction kinetics, and combustion processes [70]. The problem 
is formulated as follows: 

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

[

𝐶
𝜎
𝜎1

]

𝑈 (𝑥) − (𝑈 (𝑥))2 = 𝐺 (𝑥) ; 0 ≤ 𝑥 ≤ 1,
𝑈 (0) = 0,
𝑈 ′ (0) = 0,
𝑈 (1) = 0,
𝑈 ′ (1) = 0,

(136)

where the function 𝐺(𝑥) is given by: 
𝐺 (𝑥) = −10𝑥10 + 9𝑥9 − 4𝑥8 − 4𝑥7 + 8𝑥6 − 4𝑥4, 3 < 𝜎 ≤ 4. (137)

The order 𝜎 satisfies 3 < 𝜎 ≤ 4. In this context, 𝜎 is not restricted to integer values, enabling a more flexible mathematical model that captures 
complex phenomena such as memory effects and long-range interactions through fractional derivatives.

Solving such problems typically requires advanced techniques from fractional calculus, including fractional integration and differentiation, along 
with numerical methods specifically designed for fractional differential equations. Following the approach proposed in [71,72], we approximate 
the solution using a polynomial expansion truncated after two terms, as follows: 

𝑈 (𝑥) =
[

3.379805𝑥2 − 0.5478633333𝑥3 − 2𝑥𝜎
[

𝛤 (5)
𝛤 (𝜎+1) − 𝜑1𝑥 + 𝜑2𝑥2

]]

, (138)

where 

𝜑1 =
(

𝛤 (6)
2𝛤 (𝜎 + 2)

)

+
3
(

16 − 4.992552
)

2𝛤 (𝜎 + 2)
𝑥3 −

(

−0.5047705542
𝛤 (𝜎 + 6)

)

𝑥4 −
(

965.7110970
𝛤 (𝜎 + 7)

)

𝑥5 (139)

𝜑2 =
− 2𝛤 (8)

𝛤 (𝜎+8)𝑥
5 + 2𝛤 (9)

𝛤 (𝜎+9)𝑥
6

− 2𝛤 (10)
𝛤 (𝜎+10)𝑥

7 + 𝛤 (11)
𝛤 (𝜎+11)𝑥

8.
(140)

For 𝜎 = 3.75, we obtain: 

𝑈 (𝑥) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

3.379805000𝑥2 − 0.5478633333𝑥3 − 2.893970956𝑥3.75

+1.523142609𝑥4.75 − 0.3758819712 × 10−2𝑥7.75

−0.2143152472 × 10−2𝑥8.75 + 0.8427807740 × 10−3𝑥9.75

+0.9275885860 × 10−3𝑥10.75 − 0.6315496756 × 10−3𝑥11.75

+0.4457997712 × 10−3𝑥12.75 − 0.1621090076 × 10−3𝑥13.75

⎤

⎥

⎥

⎥

⎥

⎥

⎦

. (141)

The exact roots, accurate to four decimal places, are: 
⎡

⎢

⎢

⎣

𝜉1 = 0, 𝜉2 = 2.8508, 𝜉3,4 = 1.3990 ± 6506𝑖,
𝜉5,6 = 2.0920 ± 1.7155𝑖, 𝜉7,8 = 0.5112 ± 2.8802𝑖,

𝜉9,10 = −1.2206 ± 2.4702𝑖, 𝜉11,12 = −2.4389 ± 0.9873𝑖.

⎤

⎥

⎥

⎦

. (142)

We approximate all solutions to (141) using the following initial estimates: 
[

𝑥[0]1 = 0.01, 𝑥[0]2 = 2.8, 𝑥[0]3,4 = 1.3 ± 6𝑖, 𝑥[0]5,6 = 2.0 ± 1.7𝑖, 𝑥[0]7,8 = 0.5 ± 2.8𝑖,
𝑥[0]9,10 = −1.2 ± 2.4𝑖, 𝑥[0]11,12 = −2.4 ± 0.9𝑖.

]

(143)

The numerical analysis of the schemes used to solve this equation is presented in Tables  10 and 11.
Table  10 presents the results of the parallel schemes SC[𝜎] for solving equation (132) with varying values of 𝜎. The residual error and the 

computational order of convergence confirm the theoretical convergence behavior of SC[𝜎]. When the initial values are chosen close to the exact 
solutions, the accuracy of the scheme improves, and the number of required iterations decreases as 𝜎 increases from 0.1 to 1.0.

Tables  11 and 12 compare the numerical results of the proposed method with existing approaches from the literature, namely PM[1], SS[1], and 
SS[2]. As shown in Table  11, the proposed numerical schemes achieve significantly lower residual errors and require fewer iterations (𝑗) than the 
competing methods. The computational order of convergence confirms close alignment with the theoretical convergence rate. The stability analysis, 
presented in Table  12, evaluates key performance metrics, including the total number of arithmetic operations per iteration (+,−,×,÷), the number 
of function and fractional derivative evaluations (℘,℘′), the percentage of successful convergence (Percentage-C), and the computational time in 
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Table 11
Results of parallel approaches for solving Eq.  (141) using close initial guesses.
 Scheme 𝑒[𝑗]1 𝑒[𝑗]2 𝑒[𝑗]3 𝑒[𝑗]4 𝑒[𝑗]5 𝑒[𝑗]6 𝑒[𝑗]7  
 SC[𝜎] 3.43 5.15 × 10−15 8.10 × 10−14 1.76 × 10−13 1.33 × 10−10 4.12 × 10−55 0.0  
 PM[1] 0.03 1.19 × 10−32 4.19 × 10−35 1.08 × 10−17 5.68 × 10−29 1.08 × 10−55 0.0  
 SS[1] 0.75 0.0 6.00 × 10−62 3.02 × 10−44 5.57 × 10−55 6.55 × 10−55 1.53 × 10−55 
 SS[2] 0.77 0.0 0.0 0.0 0.0 0.0 0.0  
 𝑒[3]8 𝑒[3]9 𝑒[3]10 𝑒[3]11 𝑒[3]12 𝑒[3]13 𝜌[𝑗−1]𝑖  
 3.43 5.15 × 10−15 8.10 × 10−14 1.76 × 10−13 1.33 × 10−10 5.08 × 10−19 6.3087 
 0.03 1.19 × 10−32 4.19 × 10−35 1.08 × 10−17 5.68 × 10−29 9.66 × 10−25 2.6435 
 0.75 0.0 6.00 × 10−62 3.02 × 10−44 5.57 × 10−55 0.0 2.8787 
 0.77 0.0 0.0 0.0 0.0 0.0 9.9999 

Table 12
Stability results of the numerical schemes for solving Eq.  (141).
 Scheme Iterations [+,−,×,÷] [℘,℘′] Percentage-C Computational-T 
 SC[𝜎] 3 52 15 99.5458772 1.76 × 10−2  
 PM[1] 5 125 25 85.7766565 1.08 × 10−2  
 SS[1] 5 85 18 86.7646676 3.02 × 10−1  
 SS[2] 5 87 16 79.8756563 3.02542  

Fig. 9. Architecture of artificial neural networks for solving engineering Application 2 employing a parallel scheme.

Fig. 10. Regression analysis of the artificial neural network for solving Engineering Application 2: (a) regression curve, (b) transition statistics, and (c) error histogram.

seconds (Computational-T). These results clearly demonstrate that the proposed method SC[𝜎] outperforms PM[1], SS[1], and SS[2] in terms of both 
stability and efficiency. To further improve convergence, the parameter values used in the fractional schemes are optimized using dynamical plane 
analysis. The performance results of the hybrid ANN-based schemes are presented in Tables  13–16.

Fig.  10(a–c) provide a comprehensive overview of the neural network implementation and performance evaluation. The ANN was trained using 
the dataset described in Appendix  C (see Table  C.1), and its architecture for solving equation (141) is illustrated in Fig.  9.

• Fig.  10(a) presents the regression plots for training, validation, and test sets, confirming the accuracy and generalization capability of the 
neural network (with 𝑅 = 1 across all phases).

• Fig.  10(b) displays the training progress curves, including the gradient, Levenberg–Marquardt parameter (𝜇), and validation checks over 30 
epochs, highlighting the stability and convergence of the optimization process.

• Fig.  10(c) shows the error histogram, illustrating the distribution of prediction errors across all subsets and reflecting the overall consistency 
of the trained network.

These visualizations, together with the numerical results reported in Table  12, confirm the reliability and robustness of the ANN-based 
computations for this engineering application.
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Fig. 11. Error plot of the parallel scheme for solving Engineering Application 2 using randomly generated test vectors.

Table 13
Results of parallel and hybrid parallel schemes using random initial guesses.
 Scheme 𝑒[𝑗]1 𝑒[𝑗]2 𝑒[𝑗]3 𝑒[𝑗]4 𝑒[𝑗]5 𝑒[𝑗]6 𝑒[𝑗]7  
 SC[𝜎] 0.0 5.15 × 10−15 8.10 × 10−14 1.76 × 10−13 1.33 × 10−10 3.52 × 10−24 0.0 
 PM[1] 3.42 × 10−24 1.54 × 10−12 4.54 × 10−25 1.08 × 10−17 1.22 × 10−19 5.42 × 10−24 0.0 
 SS[1] 2.04 × 10−24 0.0 6.00 × 10−12 3.02 × 10−24 1.46 × 10−15 6.22 × 10−14 0.0 
 SS[2] 1.12 × 10−24 0.0 0.0 0.0 0.0 3.11 × 10−14 0.0 
 A-SC[𝜎] 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
 𝑒[3]8 𝑒[3]9 𝑒[3]10 𝑒[3]11 𝑒[3]12 𝑒[3]13 𝜌[𝑗−1]𝑖  
 9.99 × 10−15 5.15 × 10−15 8.10 × 10−14 1.76 × 10−13 1.33 × 10−10 0.0 6.3087 
 6.67 × 10−12 6.49 × 10−12 4.19 × 10−15 1.08 × 10−17 1.68 × 10−19 0.0 2.6435 
 0.0 0.0 6.00 × 10−12 3.02 × 10−14 5.27 × 10−15 0.0 2.8787 
 0.0 0.0 6.00 × 10−12 3.02 × 10−14 3.47 × 10−15 0.0 2.8787 
 0.0 0.0 0.0 0.0 0.0 0.0 9.9999 

Table 14
Consistency analysis of ANN and parallel scheme results using random initial values.
 Scheme 𝜗[∗] Maximum-E Computational-T 
 SC[𝜎] 0.1 5.15 × 10−25 4.1009978758  
 PM[1] 1.2 5.15 × 10−15 5.1039860065  
 SS[1] 5.5𝑖 1.19 × 10−12 6.1000787567  
 SS[2] 0.4 1.19 × 10−12 5.1699995662  
 A-SC[𝜎] 0.9𝑖 1.19 × 10−34 0.0445452245  

Table 15
Efficiency analysis of ANN and parallel scheme results using random initial values.
 Scheme 𝜗[∗] Local-C Iterations 
 SC[𝜎] 0.1 7.985008653 21  
 PM[1] 1.2 5.70045688 38  
 SS[1] 5.5𝑖 9.194454565 28  
 SS[2] 0.4 7.190086768 26  
 A-SC[𝜎] 0.9𝑖 11.07000866 7  

The results of the A-SC[𝜎] scheme with randomly generated initial guesses (see Appendices  B and C), along with those of the parallel schemes 
SC[𝜎], PM[1], and SS[1]–SS[2], are presented in Table  13. As shown in the table, A-SC[𝜎] consistently outperforms the other methods in terms of both 
accuracy and convergence speed. This improvement is further illustrated in Fig.  11.

Tables  14 and 15 present the efficiency and stability analysis of parallel schemes incorporating the hybrid ANN-based approach A-SC[𝜎] with 
randomly generated initial values. Informed by insights from dynamical analysis, the numerical results demonstrate that A-SC[𝜎] offers significant 
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Table 16
Stability Analysis: A-SC[𝜎] and parallel systems’ results in terms of operations and percentage convergence using random initial values.
 Scheme 𝜗[∗] [+,−,×,÷] [℘,℘′] Percentage-C  
 SC[𝜎] 0.1 65 19 81.854644262 
 PM[1] 1.2 157 31 75.124526724 
 SS[1] 5.5𝑖 102 28 88.764005757 
 SS[2] 0.4 109 26 59.870000576 
 A-SC[𝜎] 0.9𝑖 45 27 97.199868868 

Table 17
Results of parallel and hybrid parallel algorithms with highly perturbed initial guesses.
 Scheme 𝑒[𝑗]1 𝑒[𝑗]2 𝑒[𝑗]3 𝑒[𝑗]4 𝑒[𝑗]5 𝑒[𝑗]6 𝑒[𝑗]7  
 SC[𝜎] 0.0 0.18 × 10−15 9.95 × 10−34 0.0 0.0 4.65 × 10−14 0.0 
 PM[1] 0.24 × 10−13 5.55 × 10−11 7.67 × 10−21 1.08 × 10−17 0.0 7.86 × 10−24 0.0 
 SS[1] 5.06 × 10−19 0.0 6.00 × 10−11 0.0 1.46 × 10−15 4.82 × 10−14 0.0 
 SS[2] 4.46 × 10−21 0.0 0.0 0.0 0.0 6.81 × 10−14 0.0 
 A-SC[𝜎] 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
 𝑒[3]8 𝑒[3]9 𝑒[3]10 𝑒[3]11 𝑒[3]12 𝑒[3]13 C-Time  
 3.30 × 10−35 5.10 × 10−35 0.10 × 10−24 1.76 × 10−23 0.0 0.0 1.3087  
 1.20 × 10−9 3.09 × 10−11 4.34 × 10−15 1.08 × 10−17 1.69 × 10−19 0.0 3.7655  
 0.0 0.0 5.98 × 10−12 3.02 × 10−14 5.27 × 10−15 0.0 4.3367  
 0.0 0.0 6.56 × 10−12 3.02 × 10−14 3.47 × 10−15 0.0 2.57687 
 0.0 0.0 0.0 0.0 0.0 0.0 0.9999  

improvements over existing methods. In particular, the scheme achieves enhanced local convergence, requires fewer iterations, reduces both 
maximum and residual errors (as shown in Fig.  3), and lowers CPU time.

The stability results in Table  16 demonstrate that the proposed scheme A-SC[𝜎] outperforms SC[𝜎], PM[1], and SS[1]–SS[2] in terms of total 
arithmetic operations per iteration, function and fractional derivative evaluations, percentage convergence, and computational time (in seconds).

The visualizations in Fig.  10(a–c), together with the results in Tables  14–16, confirm the reliability and stability of the neural network-based 
computations for this engineering application. Selecting initial guess values in a high-noise environment—i.e., values placed far from the exact 
roots, such as 

[

𝑥[0]1 = 3.7, 𝑥[0]2 = 6.5, 𝑥[0]3,4 = 4 ± 4𝑖, 𝑥[0]5,6 = 3.0 ± 5𝑖, 𝑥[0]7,8 = 5 ± 5𝑖,
𝑥[0]9,10 = −1 ± 3𝑖, 𝑥[0]11,12 = −1 ± 2𝑖.

]

(144)

introduces significant variability in the convergence behavior of iterative methods, as demonstrated in Table  17.
The results clearly indicate that, under highly perturbed initial conditions, the convergence rate decreases and the time required to approximate 

the roots increases—particularly when the fractional parameter approaches 1.0. Despite these challenges, the proposed scheme SC[𝜎] consistently 
outperforms existing methods in terms of residual error and computational time. Notably, it exhibits markedly better convergence behavior in noisy 
environments, demonstrating both long-term reliability and robust global convergence capabilities.

6.2.1. Physical interpretation of the problem
The solution to the Bratu-type fractional boundary value problem provides a physical representation of the spatial distribution of nonlocal, 

nonlinear quantities such as temperature or concentration.

• The solution to the Bratu-type fractional boundary problem describes the spatial distribution of physical quantities such as temperature or 
concentration in nonlinear, nonlocal systems.

• The fractional parameter 𝜎 governs the memory and hereditary effects within the system. Smaller values of 𝜎 correspond to stronger nonlocal 
behavior and memory effects, resulting in broader profiles and reduced diffusion.

• Interpretation in Relation to Numerical Schemes: The fractional order 𝜎 encapsulates memory and long-range interaction effects—where 
lower values of 𝜎 correspond to more pronounced nonlocal behavior. A comparison of numerical solutions for varying 𝜎 values confirms the 
scheme’s ability to accurately capture complex system dynamics, thereby demonstrating its effectiveness in modeling real-world engineering 
processes.

6.3. Time-fractional Riccati equation: An engineering problem

The time-fractional Riccati equation is a fractional differential equation in time, commonly formulated as [73]: 
⎧

⎪

⎨

⎪

⎩

[

𝐶
𝜎
𝜎1

]

𝑈 (𝑥) − (𝑈 (𝑥))2 = 𝑥; 0 ≤ 𝑥 ≤ 1,
𝑈 (0) = 0,
𝑈 (1) = 0,

(145)

where the fractional order 𝜎 satisfies 0 < 𝜎 ≤ 2. This equation models systems with memory effects and anomalous diffusion, and finds applications 
in control theory, physics, and biology. The fractional order 𝜎 introduces nonlocal temporal behavior, allowing the current state to depend on the 
entire history of the system.
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Table 18
Results of SC[𝜎] for solving Eq.  (149) using close initial guesses.
 𝜎 𝑒[3]1 𝑒[3]2 𝑒[3]3 𝑒[3]4 𝜌[𝑗−1]𝑖  
 0.1 9.103 × 10−3 9.180 × 10−15 1.187 × 10−14 2.762 × 10−13 9.45865 
 0.3 0.102 × 10−2 4.549 × 10−32 0.0 0.0 7.62246 
 0.5 3.894 × 10−3 0.0 7.650 × 10−62 0.0 8.57675 
 0.7 5.459 × 10−1 0.0 6.335 × 10−62 7.424 × 10−44 8.65466 
 0.9 7.175 × 10−2 1.096 × 10−32 0.0 0.0 20.0032 

Table 19
Results of parallel approaches for solving Eq.  (149) using close initial guesses.
 Scheme 𝑒[𝑗]1 𝑒[𝑗]2 𝑒[𝑗]3 𝑒[𝑗]4 𝜌[𝑗−1]𝑖  
 SC[𝜎] 3.43 9.1564 × 10−75 0.0 0.0 9.305687 
 PM[1] 0.03 1.3419 × 10−42 9.1954 × 10−35 9.0843 × 10−37 5.006754  
 SS[1] 0.75 1.3419 × 10−52 8.0350 × 10−62 0.0 7.887667  
 SS[2] 0.77 1.3419 × 10−42 0.0 0.0 6.8754679 

Table 20
Stability results of the numerical schemes for solving Eq.  (149).
 Scheme Iterations [+,−,×,÷] [℘,℘′] Percentage-C Computational-T 
 SC[𝜎] 2 52 11 99.5458772 0.076 × 10−2  
 PM[1] 4 125 20 85.7766565 1.078 × 10−2  
 SS[1] 5 85 17 86.7646676 2.062 × 10−1  
 SS[2] 6 87 13 79.8756563 3.652542  

To address such problems, specialized techniques from fractional calculus — such as fractional integration and differentiation — along with 
numerical methods tailored for fractional differential equations, are often required. Following the approach presented in [74–76], we approximate 
the solution using a polynomial expansion truncated after two terms, as follows: 

𝑈 (𝑥) =
[

𝑥𝜎

𝛤 (𝜎 + 1)
+

2𝑥2𝜎𝐵1

𝛤 3(𝜎)𝜎2
+

2𝐵2

𝛤 7(𝜎)𝜎4

]

, (146)

where 

𝐵1 =

𝑡

∫
0

(𝑥 − 𝑡)𝜎 − 1 𝑑𝑡;𝐵2 =

𝑡

∫
0

(𝑥 − 𝑡)𝜎 − 1 𝐵[∗]𝑑𝑡, (147)

and 
𝐵[∗] = 𝑥2𝜎𝜎2𝛤 4(𝜎) + 2𝑥3𝜎𝐵1𝜎𝛤

2(𝜎) + 𝑥4𝜎
(

𝐵1
)2 . (148)

For 𝜎 = 1
2 , we obtain: 

𝑈 (𝑥) =
⎡

⎢

⎢

⎣

2
√
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)
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2

⎤

⎥

⎥

⎦

. (149)

The exact roots, accurate to four decimal places, are: 
[

𝜉1 = 0, 𝜉2 = −0.3337, 𝜉3,4 = −0.3043 ± 0.4446𝑖
]

. (150)

We approximate all solutions to Eq.  (149) using the following initial estimates:
[

𝑥[0]1 = 0.01, 𝑥[0]2 = −0.3, 𝑥[0]3,4 = −0.3 ± 0.4𝑖
]

.

The numerical analysis of the schemes used to solve this equation is presented in Tables  18 and 19.
Table  18 presents the results of the parallel schemes SC[𝜎] for solving equation (149) with different values of 𝜎. The residual error and the 

computational order of convergence validate the theoretical performance of SC[𝜎]. When the initial values are close to the exact solution, the 
accuracy of the scheme improves and the number of iterations decreases as 𝜎 increases from 0.1 to 1.0.

Tables  19 and 20 compare the numerical performance of the proposed scheme with existing methods from the literature, namely PM[1], SS[1], 
and SS[2]. As shown in Table  19, the proposed fractional scheme SC[𝜎] achieves significantly lower residual errors and requires fewer iterations (𝑗) 
compared to the reference methods. The computed order of convergence closely aligns with the theoretical predictions, confirming the reliability 
of the scheme. The stability analysis, summarized in Table  20, evaluates key performance metrics, including the total number of arithmetic 
operations per iteration (+,−,×,÷), function and fractional derivative evaluations (℘,℘′), percentage of successful convergence (Percentage-C), and 
computational time (in seconds). The results clearly demonstrate that SC[𝜎] outperforms PM[1], SS[1], and SS[2] in both stability and computational 
efficiency. To further enhance convergence, the fractional parameter values were optimized using insights from dynamical plane analysis. The 
performance of the hybrid ANN-based schemes, also evaluated in Tables  19 and 20, further highlights the advantages of this approach.

Fig.  13(a–c) provide a comprehensive overview of the neural network’s implementation and performance evaluation. The ANN was trained 
using the dataset described in Appendix  C, and its architecture for solving equation (141) is shown in Fig.  12.

• Fig.  13(a) presents the regression plots for training, validation, and testing datasets, as well as the overall regression. The results indicate a 
high degree of accuracy and generalization, with 𝑅 = 1 in all cases.
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Fig. 12. Architecture of artificial neural networks for solving engineering Application 3 employing a parallel scheme.

Fig. 13. Regression analysis of the artificial neural network for solving Engineering Application 3: (a) regression curve, (b) transition statistics, and (c) error histogram.

Fig. 14. Error plot of the parallel scheme for solving Engineering Application 3 using randomly generated test vectors.

• Fig.  13(b) shows the training progress through three subplots: the gradient curve, the Levenberg–Marquardt parameter 𝜇, and the number of 
validation checks. These confirm smooth convergence with no early stopping.

• Fig.  13(c) displays the error histogram, which illustrates the distribution of prediction errors across the training, validation, and test sets. The 
narrow spread around zero indicates stable and consistent model performance.

Together with the numerical results in Table  20, these visualizations confirm the reliability and robustness of the ANN-based computations for 
this engineering application.
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Table 21
Results of parallel and hybrid parallel methods utilizing random initial values.
 Scheme 𝑒[𝑗]1 𝑒[𝑗]2 𝑒[𝑗]3 𝑒[𝑗]4 𝜌[𝑗−1]𝑖  
 SC[𝜎] 0.0 1.19 × 10−25 0.0 0.0 8.87782 
 PM[1] 9.42 × 10−21 6.54 × 10−12 9.94 × 10−15 8.621 × 10−11 6.74605 
 SS[1] 8.04 × 10−19 0.0 5.01 × 10−12 8.026 × 10−21 6.80877 
 SS[2] 3.096 × 10−17 0.0 0.0 0.0 7.00873 
 A-SC[𝜎] 0.0 0.0 0.0 0.0 9.99996 

Table 22
Consistency analysis of ANN and parallel scheme results using random initial values.
 Scheme 𝜗[∗] Maximum-E Computational-T 
 SC[𝜎] 0.1 5.15 × 10−25 4.1009978758  
 PM[1] 1.2 5.15 × 10−15 5.1039860065  
 SS[1] 5.5𝑖 1.19 × 10−12 6.1000787567  
 SS[2] 0.4 1.19 × 10−12 5.1699995662  
 A-SC[𝜎] 0.9𝑖 1.19 × 10−34 0.0445452245  

Table 23
Efficiency analysis of ANN and parallel scheme results using random initial values.
 Scheme 𝜗[∗] Local-C Iterations 
 SC[𝜎] 0.1 7.985008653 21  
 PM[1] 1.2 5.70045688 38  
 SS[1] 5.5𝑖 9.194454565 28  
 SS[2] 0.4 7.190086768 26  
 A-SC[𝜎] 0.9𝑖 11.07000866 7  

Table 24
Stability Analysis: A-SC[𝜎] and parallel systems’ results in terms of operations and percentage convergence on random initial 
values.
 Scheme 𝜗[∗] [+,−,×,÷] [℘,℘′] Percentage-C  
 SC[𝜎] 0.1 65 19 81.854644262 
 PM[1] 1.2 157 31 75.124526724 
 SS[1] 5.5𝑖 102 28 88.764005757 
 SS[2] 0.4 109 26 59.870000576 
 A-SC[𝜎] 0.9𝑖 45 27 97.199868868 

Table 25
Results of parallel and hybrid parallel algorithms using highly perturbed initial guesses.
 Scheme 𝑒[5]1 𝑒[5]2 𝑒[5]3 𝑒[5]4 C-Time 
 SC[𝜎] 0.0 0.0 8.0 × 10−34 0.0 0.30127 
 PM[1] 5.15 × 10−14 1.19 × 10−12 4.9 × 10−25 9.8 × 10−17 3.66574 
 SS[1] 5.15 × 10−11 0.0 6.0 × 10−10 0.0 3.89673 
 SS[2] 0.0 0.0 0.0 0.0 1.99653 
 A-SC[𝜎] 0.0 0.0 0.0 0.0 0.05355 

The results of the A-SC[𝜎] scheme applied to random initial guess values (see Appendices  B and C), along with the outcomes of the parallel 
schemes SC[𝜎], PM[1], and SS[1]–SS[2], are summarized in Table  21. As shown in the table, A-SC[𝜎] consistently outperforms the other methods in 
terms of accuracy and convergence speed when initialized with random estimates. This improvement is further visualized in Fig.  14.

Tables  22 and 23 present the efficiency and stability analysis of the parallel schemes incorporating the hybrid ANN-based approach A-SC[𝜎], 
evaluated using random initial values. By leveraging insights from dynamical analysis, the numerical results clearly demonstrate that A-SC[𝜎]
significantly outperforms existing methods. In particular, the scheme achieves improved local convergence, requires fewer iterations, yields lower 
maximum and residual errors (as shown in Fig.  14), and reduces overall computational time.

The stability results in Table  24 demonstrate that the proposed scheme A-SC[𝜎] outperforms SC[𝜎], PM[1], and SS[1]–SS[2] across multiple 
performance metrics. These include the total number of arithmetic operations per iteration step, the number of function and corresponding fractional 
derivative evaluations, percentage of successful convergence, and computational time (in seconds).

These visualizations, together with the results in Tables  23–24, confirm the reliability and stability of the neural network-based computations 
for this engineering application. To further evaluate robustness, we consider a scenario involving large random perturbations in the initial guess 
values—that is, values set far from the exact roots. For instance:

[

𝑥[0]1 = 5.1, 𝑥[0]2 = −3.7, 𝑥[0]3,4 = −4 ± 4𝑖
]

This configuration introduces significant variability in the convergence behavior of iterative approaches, as demonstrated by the results in Table 
25.

Using highly perturbed initial estimates delays convergence and increases the computational time required to approximate the roots, particularly 
when the fractional parameter approaches 1.0. Despite these challenges, the proposed scheme SC[𝜎] outperforms existing methods in terms of 
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residual error and computational time. In fact, it demonstrates significantly better convergence behavior under noisy conditions, highlighting its 
long-term reliability and strong global convergence properties.

6.3.1. Physical interpretation of the time fractional Riccati equation
The solution to the time-fractional Riccati equation offers valuable physical insight into the temporal evolution of systems governed by nonlinear 

feedback and memory effects. In particular:

• It characterizes how the state variable — such as displacement, voltage, or concentration — evolves under the influence of nonlinear 
self-interaction, represented by the term (𝑈 (𝑥))2, and an external forcing term, exemplified by 𝑥.

• The fractional-order derivative captures history-dependent behavior, meaning that, unlike in classical models, the solution reflects how past 
states continuously influence the present state of the system.

• In the case 𝜎 < 1, the solution typically exhibits subdiffusive or slower dynamics, indicating that the system’s response diminishes progressively 
over time—a characteristic behavior of materials with thermal, electrical, or mechanical memory.

• In control and physical systems, the evolution and shape of the solution offer predictive insights into long-term behavior, support stability 
analysis, and enable the assessment of overall system performance.

• Interpretation in Relation to Numerical Schemes: The fractional order 𝜎 captures memory effects and long-range interactions—smaller values 
of 𝜎 correspond to stronger nonlocal influences. The comparison of numerical solutions across different 𝜎 values demonstrates the proposed 
scheme’s ability to accurately model complex dynamic behavior, confirming its effectiveness in simulating real-world engineering processes.

7. Conclusion and future work

This study introduced a new class of high-order Caputo-type fractional iterative methods for solving nonlinear equations, achieving sixth-
order convergence for single-root problems and order 5𝜎 + 1 for the fractional extension. To enhance computational performance, a parallel 
correction scheme was developed, accelerating the convergence rate to 20𝜎 + 8. Key parameter values were optimized using dynamical systems 
analysis and incorporated into a hybrid parallel framework, resulting in significant improvements in solution accuracy, stability, and computational 
efficiency. Theoretical convergence analysis confirmed the effectiveness of the proposed methods, and extensive numerical experiments validated 
their superior performance across a broad range of fractional parameters 𝜎. The fractional schemes SC[𝜎] and A-SC[𝜎] consistently outperformed 
existing approaches, including PM[1] and SS[1]–SS[2]. Moreover, fractal behavior analysis (Table  1 and Figs.  1–5) demonstrated the robustness and 
stability of the proposed methods. When benchmarked against classical techniques, the hybrid ANN-based scheme A-SC[𝜎] achieved lower residual 
errors, faster convergence, and reduced computational cost ( Tables  5–25; Figs.  6–14).

The key contributions of this work are as follows:

• Development of a novel class of high-order fractional iterative schemes that extend classical root-finding methods.
• Design of an efficient hybrid parallel framework that accelerates convergence and improves computational efficiency.
• Optimization of fractional-order parameters through dynamical systems analysis, enhancing stability and reliability.
• Integration of artificial neural networks (ANNs) to improve initial approximations and further increase robustness and accuracy.

Future research directions include:

• Exploring alternative definitions of fractional derivatives to improve accuracy and stability.
• Extending the proposed methods to multidimensional nonlinear systems and fractional differential equations.
• Enhancing adaptability through ANN-driven frameworks that dynamically tune fractional parameters during the iteration process.
• Applying the hybrid parallel approach to large-scale engineering, physics, and data science problems by leveraging high-performance 
computing architectures.

These research directions have the potential to substantially expand the applicability of fractional iterative schemes in addressing complex nonlinear 
problems across a wide range of scientific and engineering disciplines.
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Appendix A

The coefficients of 𝜖[𝑗] were used in the proof of Theorem  2.

𝛬{1} =

⎛

⎜

⎜

⎜

⎝

−12𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+ 16

(

℘′′(𝜉)
2!℘′(𝜉)

)5

+24𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

,

𝛬{2} =

⎛

⎜

⎜

⎜

⎝

28
(

℘′′(𝜉)
2!℘′(𝜉)

)3 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

−

10𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

− 6𝜗[∗]
(

℘′′′(𝜉)
3!℘′(𝜉)

)2

⎞

⎟

⎟

⎟

⎠

,

𝛬{3} =

⎛

⎜

⎜

⎜

⎝

20
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘𝑖𝑣(𝜉)
4!℘′(𝜉)

)

+ 4𝜗[∗]
(

℘𝑣(𝜉)
5!℘′(𝜉)

)

−8
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘𝑣(𝜉)
5!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

,

𝛬{4} = 2

(

−𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)

+ 2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
)

,

𝛬{5} =

⎛

⎜

⎜

⎜

⎝

2𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)2
− 4

(

℘′′(𝜉)
2!℘′(𝜉)

)3
−

2𝜗[∗]
(

℘′′′(𝜉)
3!℘′(𝜉)

)

+ 4
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

,

𝛬{6} =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−5 𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)3
+ 8

(

℘′′(𝜉)
2!℘′(𝜉)

)4

+7𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

−

11
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

− 3 𝜗[∗] ℏ4 + 6
(

℘′′(𝜉)
2!℘′(𝜉)

)

ℏ4

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛬{7} =

⎛

⎜

⎜

⎜

⎝

2𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)2
− 4

(

℘′′(𝜉)
2!℘′(𝜉)

)3
−

2𝜗[∗]
(

℘′′′(𝜉)
3!℘′(𝜉)

)

+ 4
(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

⎞

⎟

⎟

⎟

⎠

2

,

𝛬{8} =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−𝜗[∗]2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
− 𝜗[∗]

(

℘′′(𝜉)
2!℘′(𝜉)

)3
+

4
(

℘′′(𝜉)
2!℘′(𝜉)

)4
+ 7𝜗[∗]

(

℘′′(𝜉)
2!℘′(𝜉)

)(

℘′′′(𝜉)
3!℘′(𝜉)

)

−

11
(

℘′′(𝜉)
2!℘′(𝜉)

)2 ( ℘′′′(𝜉)
3!℘′(𝜉)

)

− 3𝜗[∗]ℏ4 + 6
(

℘′′(𝜉)
2!℘′(𝜉)

)

ℏ4

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛬{9} =

(

−𝜗[∗]
(

℘′′(𝜉)
2!℘′(𝜉)

)

+ 2
(

℘′′(𝜉)
2!℘′(𝜉)

)2
)

𝛬[∗]
1 =

⎛

⎜

⎜

⎜

⎝

−ℏ3 +
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ22

𝛤 (𝜎)𝜎
√

𝜋
+ 1∕2 ℏ3(3𝜎 )3

√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)𝜎

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)

− (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ22

(𝛤 (𝜎))2𝜎2𝜋

⎞

⎟

⎟

⎟

⎠

,

𝛬[∗]
2 = 1∕2

(

𝛬[∗∗]
2 + 𝛬[∗∗]

1

)

(𝛤 (𝜎))2 𝜎2𝜋3∕2 (2𝜎)2 𝛤 (𝜎 + 1∕2)
,

𝛬[∗∗]
1 =

(

+2ℏ3 (𝛤 (𝜎))2 𝜎2𝜋3∕2 (2𝜎 )2 𝛤 (𝜎 + 1∕2)
−ℏ3 (3𝜎 )

3
√

3𝛤 (𝜎 + 1∕3)𝛤 (𝜎 + 2∕3)𝛤 (𝜎) 𝜎 𝜋

)

,

𝛬[∗∗]
2 =

(

2 (2𝜎 )6 (𝛤 (𝜎 + 1∕2))3 ℏ22
√

𝜋−
2 (2𝜎 )4 (𝛤 (𝜎 + 1∕2))2 ℏ22𝛤 (𝜎) 𝜎 𝜋

)

,

𝛬[∗]
3 =

⎛

⎜

⎜

⎜

ℏ23
(

𝛤 (𝜎) 𝜎
√

𝜋 − (2𝜎 )2 𝛤 (𝜎 + 1∕2)
)2

(𝛤 (𝜎))2 𝜎2𝜋

⎞

⎟

⎟

⎟

,

⎝ ⎠
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𝛬[∗]
4 = 2

⎛

⎜

⎜

⎜

⎝

−ℏ3 +
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ22

𝛤 (𝜎)𝜎
√

𝜋
+

1∕2 ℏ3(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)𝜎

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)
− (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ22

(𝛤 (𝜎))2𝜎2𝜋

⎞

⎟

⎟

⎟

⎠

ℏ2,

𝛬[∗]
5 =

⎛

⎜

⎜

⎜

⎝

ℏ22
(

𝛤 (𝜎) 𝜎
√

𝜋 − (2𝜎 )2 𝛤 (𝜎 + 1∕2)
)

𝛬[∗∗]
3

(𝛤 (𝜎))3 𝜎3𝜋2 (2𝜎 )2 𝛤 (𝜎 + 1∕2)

⎞

⎟

⎟

⎟

⎠

,

𝛬[∗∗]
3 =

⎛

⎜

⎜

⎜

⎜

⎝

2 (2𝜎 )6 (𝛤 (𝜎 + 1∕2))3 ℏ22
√

𝜋 − 2 (2𝜎 )4

(𝛤 (𝜎 + 1∕2))2 ℏ22𝛤 (𝜎) 𝜎 𝜋+
2ℏ3 (𝛤 (𝜎))2 𝜎2𝜋3∕2 (2𝜎 )2 𝛤 (𝜎 + 1∕2)

−ℏ3 (3𝜎 )
3
√

3𝛤 (𝜎 + 1∕3)𝛤 (𝜎 + 2∕3)𝛤 (𝜎) 𝜎 𝜋

⎞

⎟

⎟

⎟

⎟

⎠

,

𝛬[∗]
6 = 6

(

−ℏ2 +
(2𝜎 )2 𝛤 (𝜎 + 1∕2)ℏ2

𝛤 (𝜎) 𝜎
√

𝜋

)

⎛

⎜

⎜

⎜

⎝

−ℏ3 +
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ22

𝛤 (𝜎)𝜎
√

𝜋
+

1∕2 ℏ3(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)𝜎

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)
− (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ22

(𝛤 (𝜎))2𝜎2𝜋

⎞

⎟

⎟

⎟

⎠

ℏ3,

𝛬[∗]
7 = 3

⎛

⎜

⎜

⎜

⎝

−ℏ3 +
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ22

𝛤 (𝜎)𝜎
√

𝜋
+

1∕2 ℏ3(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)𝜎

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)
− (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ22

(𝛤 (𝜎))2𝜎2𝜋

⎞

⎟

⎟

⎟

⎠

2

ℏ3,

𝛬[∗]
8 =

⎛

⎜

⎜

⎜

⎜

⎝

−3
(

−ℏ2 +
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ2

𝛤 (𝜎)𝜎
√

𝜋

)2
ℏ3−

4
ℏ23

(

𝛤 (𝜎)𝜎
√

𝜋−(2𝜎 )2𝛤 (𝜎+1∕2)
)

𝛤 (𝜎)𝜎
√

𝜋

(

−ℏ2 +
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ2

𝛤 (𝜎)𝜎
√

𝜋

)

⎞

⎟

⎟

⎟

⎟

⎠

,

𝛬[∗]
9 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−6
(

−ℏ2 +
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ2

𝛤 (𝜎)𝜎
√

𝜋

)

𝛬[∗∗]
4 ℏ3

−4
ℏ23

(

𝛤 (𝜎)𝜎
√

𝜋−(2𝜎 )2𝛤 (𝜎+1∕2)
)

𝛤 (𝜎)𝜎
√

𝜋
𝛬[∗∗]
5

−2
𝛬[∗∗]
6 ℏ22

(𝛤 (𝜎))2𝜎2𝜋3∕2(2𝜎 )2𝛤 (𝜎+1∕2)
(

−ℏ2 +
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ2

𝛤 (𝜎)𝜎
√

𝜋

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛬[∗∗]
4 =

⎛

⎜

⎜

⎜

⎝

−ℏ3 +
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ22

𝛤 (𝜎)𝜎
√

𝜋
+

1∕2 ℏ3(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)𝜎

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)
− (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ22

(𝛤 (𝜎))2𝜎2𝜋

⎞

⎟

⎟

⎟

⎠

,

𝛬[∗∗]
5 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−ℏ3 +
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ22

𝛤 (𝜎)𝜎
√

𝜋
+

1∕2 ℏ3(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)𝜎

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)

− (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ22

(𝛤 (𝜎))2𝜎2𝜋

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛬[∗∗]
6 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

2 (2𝜎 )6 (𝛤 (𝜎 + 1∕2))3 ℏ22
√

𝜋−
2 (2𝜎 )4 (𝛤 (𝜎 + 1∕2))2 ℏ22𝛤 (𝜎) 𝜎 𝜋

+2ℏ3 (𝛤 (𝜎))2 𝜎2𝜋3∕2 (2𝜎 )2

𝛤 (𝜎 + 1∕2) − ℏ3 (3𝜎 )
3

√

3𝛤 (𝜎 + 1∕3)𝛤 (𝜎 + 2∕3)𝛤 (𝜎) 𝜎 𝜋

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛬[∗]
10 = −2

⎛

⎜

⎜

⎜

⎝

−ℏ3 +
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ22

𝛤 (𝜎)𝜎
√

𝜋
+ 1∕2 ℏ3(3𝜎 )3

√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)𝜎

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)

− (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ22

(𝛤 (𝜎))2𝜎2𝜋

⎞

⎟

⎟

⎟

⎠

ℏ2.

𝛬[∗]
11 =

(

−ℏ2 +
(2𝜎 )2 𝛤 (𝜎 + 1∕2)ℏ2

𝛤 (𝜎) 𝜎
√

𝜋

)

,

𝛬[∗]
12 =

⎛

⎜

⎜

⎜

−ℏ3 +
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ22

𝛤 (𝜎)𝜎
√

𝜋
+ 1∕2 ℏ3(3𝜎 )3

√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)𝜎

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)

− (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ22
2

⎞

⎟

⎟

⎟

,

⎝
(𝛤 (𝜎)) 𝜎2𝜋

⎠
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𝛬[∗]
13 =

(

−ℏ23 −
(2𝜎 )4 (𝛤 (𝜎 + 1∕2))2 ℏ23

(𝛤 (𝜎))2 𝜎2𝜋
+ 2

ℏ23 (2𝜎 )
2 𝛤 (𝜎 + 1∕2)

𝛤 (𝜎) 𝜎
√

𝜋

)

,

𝛬[∗]
14 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−4 ℏ24(2𝜎 )4(𝛤 (𝜎+1∕2))2

(𝛤 (𝜎))2𝜎2𝜋
+ 2 ℏ24(2𝜎 )2𝛤 (𝜎+1∕2)

𝛤 (𝜎)𝜎
√

𝜋

+2 ℏ24(2𝜎 )6(𝛤 (𝜎+1∕2))3

(𝛤 (𝜎))3𝜎3𝜋3∕2

− ℏ22ℏ3(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
(𝛤 (𝜎))2𝜎2𝜋

−

2ℏ22ℏ3 + 2 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ22ℏ3
𝛤 (𝜎)𝜎

√

𝜋

+ ℏ22ℏ3(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)𝜎

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛬[∗]
15 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

5 (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ23ℏ3
(𝛤 (𝜎))2𝜎2𝜋

+ 3ℏ23ℏ3−

5 ℏ23(2𝜎 )2𝛤 (𝜎+1∕2)ℏ3
𝛤 (𝜎)𝜎

√

𝜋
− 2ℏ2ℏ32 + 6 (2𝜎 )6(𝛤 (𝜎+1∕2))3ℏ25

(𝛤 (𝜎))3𝜎3𝜋3∕2

−2 (3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)ℏ23ℏ3
(𝛤 (𝜎))2𝜎2𝜋

−

3∕2 (3𝜎 )6(𝛤 (𝜎+1∕3))2(𝛤 (𝜎+2∕3))2ℏ2ℏ32

(𝛤 (𝜎))2𝜎2𝜋 (2𝜎 )4(𝛤 (𝜎+1∕2))2
− 2 (2𝜎 )8(𝛤 (𝜎+1∕2))4ℏ25

(𝛤 (𝜎))4𝜎4𝜋2
−

8 (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ25

(𝛤 (𝜎))2𝜎2𝜋
− 2ℏ25 + 6 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ25

𝛤 (𝜎)𝜎
√

𝜋

+2 (2𝜎 )2𝛤 (𝜎+1∕2)(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)ℏ23ℏ3
(𝛤 (𝜎))3𝜎3𝜋3∕2

+2 (3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)ℏ2ℏ32

𝛤 (𝜎)𝜎
√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)
− 3 ℏ23(2𝜎 )6(𝛤 (𝜎+1∕2))3ℏ3

(𝛤 (𝜎))3𝜎3𝜋3∕2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛬[∗]
16 =

(

ℏ2
3 +

(2𝜎 )4 (𝛤 (𝜎 + 1∕2))2 ℏ23

(𝛤 (𝜎))2 𝜎2𝜋
− 2

ℏ23 (2𝜎 )
2 𝛤 (𝜎 + 1∕2)

𝛤 (𝜎) 𝜎
√

𝜋

)

,

𝛬[∗]
17 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

4 ℏ24(2𝜎 )4(𝛤 (𝜎+1∕2))2

(𝛤 (𝜎))2𝜎2𝜋
− 2 ℏ24(2𝜎 )2𝛤 (𝜎+1∕2)

𝛤 (𝜎)𝜎
√

𝜋
−

2 ℏ24(2𝜎 )6(𝛤 (𝜎+1∕2))3

(𝛤 (𝜎))3𝜎3𝜋3∕2
+ ℏ22ℏ3(3𝜎 )3

√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
(𝛤 (𝜎))2𝜎2𝜋

+

2ℏ22ℏ3 − 2 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ22ℏ3
𝛤 (𝜎)𝜎

√

𝜋
− ℏ22ℏ3(3𝜎 )3

√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)𝜎

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛬[∗]
18 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−5 (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ23ℏ3
(𝛤 (𝜎))2𝜎2𝜋

− 3ℏ23ℏ3+

5 ℏ23(2𝜎 )2𝛤 (𝜎+1∕2)ℏ3
𝛤 (𝜎)𝜎

√

𝜋
+ 2ℏ2ℏ32−

6 (2𝜎 )6(𝛤 (𝜎+1∕2))3ℏ25

(𝛤 (𝜎))3𝜎3𝜋3∕2
+

2 (3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)ℏ23ℏ3
(𝛤 (𝜎))2𝜎2𝜋

+3∕2 (3𝜎 )6(𝛤 (𝜎+1∕3))2(𝛤 (𝜎+2∕3))2ℏ2ℏ32

(𝛤 (𝜎))2𝜎2𝜋 (2𝜎 )4(𝛤 (𝜎+1∕2))2
+

2 (2𝜎 )8(𝛤 (𝜎+1∕2))4ℏ25

(𝛤 (𝜎))4𝜎4𝜋2
+ 8 (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ25

(𝛤 (𝜎))2𝜎2𝜋

+2ℏ25 − 6 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ25

𝛤 (𝜎)𝜎
√

𝜋
−

2 (2𝜎 )2𝛤 (𝜎+1∕2)(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)ℏ23ℏ3
(𝛤 (𝜎))3𝜎3𝜋3∕2

−2 (3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)ℏ2ℏ32

𝛤 (𝜎)𝜎
√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)
+ 3 ℏ23(2𝜎 )6(𝛤 (𝜎+1∕2))3ℏ3

(𝛤 (𝜎))3𝜎3𝜋3∕2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛬[∗]
19 = ℏ2

3
(

√

𝜋 (2𝜎 )4 (𝛤 (𝜎 + 1∕2))2 + (𝛤 (𝜎))2 𝜎2𝜋3∕2 − 2𝛤 (𝜎) (2𝜎 )2 𝛤 (𝜎 + 1∕2)𝜋 𝜎
)

,

𝛬[∗]
20 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

4𝛤 (𝜎)𝜋3∕2 (2𝜎 )6 (𝛤 (𝜎 + 1∕2))3 𝜎 ℏ22

−2 (𝛤 (𝜎))2 𝜋2 (2𝜎 )4

(𝛤 (𝜎 + 1∕2))2 𝜎2ℏ22+
√

3𝛤 (𝜎)𝜋3∕2 (2𝜎 )2 𝛤 (𝜎 + 1∕2)
(3𝜎 )3 𝛤 (𝜎 + 1∕3)𝛤 (𝜎 + 2∕3) 𝜎 ℏ3 − 2

(2𝜎 )8 (𝛤 (𝜎 + 1∕2))4 𝜋 ℏ22

+2 (𝛤 (𝜎))3 𝜋5∕2 (2𝜎 )2 𝛤 (𝜎 + 1∕2) 𝜎3ℏ3
−2 (𝛤 (𝜎))2 𝜋2 (2𝜎 )4 (𝛤 (𝜎 + 1∕2))2 𝜎2ℏ3

−
√

3 (𝛤 (𝜎))2 𝜋2 (3𝜎 )3 𝛤 (𝜎 + 1∕3)𝛤 (𝜎 + 2∕3) 𝜎2ℏ3

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛥[1] =

⎛

⎜

⎜

⎜

⎜

⎜

4 (2𝜎 )12 (𝛤 (𝜎 + 1∕2))6 ℏ24𝜋3∕2+
16 (2𝜎 )8 (𝛤 (𝜎 + 1∕2))4 ℏ24 (𝛤 (𝜎))2 𝜎2𝜋5∕2

+4ℏ24 (𝛤 (𝜎))4 𝜎4𝜋7∕2 (2𝜎 )4 (𝛤 (𝜎 + 1∕2))2 −
12 (2𝜎 )6 (𝛤 (𝜎 + 1∕2))3 ℏ24 (𝛤 (𝜎))3 𝜎3𝜋3

𝜎 8 4 2 2 2 5∕2

⎞

⎟

⎟

⎟

⎟

⎟

,

⎝ −10 (2 ) (𝛤 (𝜎 + 1∕2)) ℏ2 ℏ3 (𝛤 (𝜎)) 𝜎 𝜋 + ⎠
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𝛥[2] =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

4 (3𝜎 )3
√

3𝛤 (𝜎 + 1∕3)𝛤 (𝜎 + 2∕3)ℏ22ℏ3
(𝛤 (𝜎))2 𝜎2𝜋5∕2 (2𝜎 )4 (𝛤 (𝜎 + 1∕2))2

−12 (2𝜎 )10 (𝛤 (𝜎 + 1∕2))5 ℏ24𝛤 (𝜎) 𝜎 𝜋2

−6ℏ22ℏ3 (𝛤 (𝜎))4 𝜎4𝜋7∕2 (2𝜎 )4 (𝛤 (𝜎 + 1∕2))2

+10 (2𝜎 )6 (𝛤 (𝜎 + 1∕2))3 ℏ22ℏ3 (𝛤 (𝜎))3 𝜎3𝜋3

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛥[3] =

⎛

⎜

⎜

⎜

⎜

⎝

+6 (2𝜎)10 (𝛤 (𝜎 + 1∕2))5 ℏ22ℏ3𝛤 (𝜎) 𝜎 𝜋2

−4 (2𝜎 )6 (𝛤 (𝜎 + 1∕2))3 (3𝜎 )3
√

3𝛤 (𝜎 + 1∕3)
𝛤 (𝜎 + 2∕3)ℏ22ℏ3𝛤 (𝜎) 𝜎 𝜋2+

4ℏ32 (𝛤 (𝜎))4 𝜎4𝜋7∕2 (2𝜎 )4 (𝛤 (𝜎 + 1∕2))2 −

⎞

⎟

⎟

⎟

⎟

⎠

,

𝛥[4] =

⎛

⎜

⎜

⎜

⎜

⎝

ℏ2

⎛

⎜

⎜

⎜

⎜

⎝

4 (3𝜎 )3
√

3𝛤 (𝜎 + 1∕3)𝛤 (𝜎 + 2∕3)
ℏ32 (𝛤 (𝜎))3 𝜎3𝜋3 (2𝜎 )2 𝛤 (𝜎 + 1∕2)

+3 (3𝜎 )6 (𝛤 (𝜎 + 1∕3))2 (𝛤 (𝜎 + 2∕3))2

ℏ32 (𝛤 (𝜎))2 𝜎2𝜋5∕2

⎞

⎟

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎟

⎠

,

𝛬[∗]
22 =

⎛

⎜

⎜

⎜

⎝

𝜎 ℏ2 + 2 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ22

𝛤 (𝜎)𝜎
√

𝜋

−2ℏ22 −
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ2

𝛤 (𝜎)
√

𝜋

⎞

⎟

⎟

⎟

⎠

,

𝛬[∗]
23 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝜎 ℏ3 + 2 ℏ23(2𝜎 )2𝛤 (𝜎+1∕2)
𝛤 (𝜎)𝜎

√

𝜋
− 2 (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ23

(𝛤 (𝜎))2𝜎2𝜋

−1∕2 ℏ3(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)
+

ℏ3(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)ℏ2
𝛤 (𝜎)𝜎

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)
−

2ℏ2ℏ3 −
(2𝜎 )2𝛤 (𝜎+1∕2)ℏ22

𝛤 (𝜎)
√

𝜋
+ (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ22

(𝛤 (𝜎))2𝜎 𝜋

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛬[∗]
24 =

⎛

⎜

⎜

⎜

⎝

−𝜎 ℏ23 − 6 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ22ℏ3
𝛤 (𝜎)𝜎

√

𝜋
+ 3 ℏ3(2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ22

(𝛤 (𝜎))2𝜎2𝜋
+

3ℏ22ℏ3 + 2 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ23

𝛤 (𝜎)
√

𝜋
− (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ23

(𝛤 (𝜎))2𝜎 𝜋

⎞

⎟

⎟

⎟

⎠

,

𝛬[∗]
25 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−2 𝜎 ℏ22ℏ3 + 3 ℏ2ℏ32(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
(𝛤 (𝜎))2𝜎2𝜋

−

ℏ22ℏ3(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
(𝛤 (𝜎))2𝜎 𝜋

+

ℏ22ℏ3(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)

−6 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ23ℏ3
𝛤 (𝜎)𝜎

√

𝜋
+ 12 (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ23ℏ3

(𝛤 (𝜎))2𝜎2𝜋

−6 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ2ℏ32

𝛤 (𝜎)𝜎
√

𝜋
− 6 (2𝜎 )6(𝛤 (𝜎+1∕2))3ℏ23ℏ3

(𝛤 (𝜎))3𝜎3𝜋3∕2

−3 ℏ2ℏ32(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)𝜎

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)
+

6ℏ2ℏ32 + 2 ℏ24(2𝜎 )2𝛤 (𝜎+1∕2)
𝛤 (𝜎)

√

𝜋

−4 ℏ24(2𝜎 )4(𝛤 (𝜎+1∕2))2

(𝛤 (𝜎))2𝜎 𝜋
+

2 ℏ24(2𝜎 )6(𝛤 (𝜎+1∕2))3

(𝛤 (𝜎))3𝜎2𝜋3∕2
+ 2 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ22ℏ3

𝛤 (𝜎)
√

𝜋

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛬[∗]
26 =

(

−𝜎 ℏ2 − 2
(2𝜎 )2 𝛤 (𝜎 + 1∕2)ℏ22

𝛤 (𝜎) 𝜎
√

𝜋
+ 2ℏ22 +

(2𝜎 )2 𝛤 (𝜎 + 1∕2)ℏ2
𝛤 (𝜎)

√

𝜋

)

,

𝛬[∗]
27 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−𝜎 ℏ3 − 2 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ23

𝛤 (𝜎)𝜎
√

𝜋
+ 2 (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ23

(𝛤 (𝜎))2𝜎2𝜋
+

1∕2 ℏ3(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)
−

ℏ2ℏ3(3𝜎 )3
√

3𝛤 (𝜎+1∕3)𝛤 (𝜎+2∕3)
𝛤 (𝜎)𝜎

√

𝜋(2𝜎 )2𝛤 (𝜎+1∕2)
+ 2ℏ2ℏ3

+ (2𝜎 )2𝛤 (𝜎+1∕2)ℏ22

𝛤 (𝜎)
√

𝜋
− (2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ22

(𝛤 (𝜎))2𝜎 𝜋

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝛬[∗]
28 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

𝜎 ℏ23 + 6 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ22ℏ3
𝛤 (𝜎)𝜎

√

𝜋
−

3 ℏ3(2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ22

(𝛤 (𝜎))2𝜎2𝜋
− 3ℏ22ℏ3 − 2 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ23

𝛤 (𝜎)
√

𝜋
+

(2𝜎 )4(𝛤 (𝜎+1∕2))2ℏ23

(𝛤 (𝜎))2𝜎 𝜋
+

ℏ2
(

𝛤 (𝜎)
√

𝜋𝜎2−2𝛤 (𝜎)
√

𝜋𝜎 ℏ2−(2𝜎 )2𝛤 (𝜎+1∕2)𝜎+2 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ2
)

𝛤 (𝜎)𝜎
√

𝜋
(

𝜎 ℏ2 + 2 (2𝜎 )2𝛤 (𝜎+1∕2)ℏ22
√ − 2ℏ22 −

(2𝜎 )2𝛤 (𝜎+1∕2)ℏ2
√

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

,

⎝ 𝛤 (𝜎)𝜎 𝜋 𝛤 (𝜎) 𝜋 ⎠
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Table B.1
Randomly generated initial guesses.
 𝐱[0] [𝑥[0]1 𝑥[0]2 𝑥[0]3 𝑥[0]4 𝑥[0]5 𝑥[0]6 ]  
 𝐱[0] [0.13 0.65 0.19 0.82 0.54 0.64] 
 𝐱[0] [0.44 0.09 0.26 0.87 0.76 0.26] 
 𝐱[0] [0.93 0.45 0.27 0.19 0.86 0.98] 

Table B.2
Randomly generated initial guesses.
 𝐱[0] [𝑥[0]1 𝑥[0]2 𝑥[0]3 𝑥[0]4 𝑥[0]5 ⋯ 𝑥[0]13 ]   𝐱[0] [0.97 0.75 0.18 0.43 0.54 ⋯ 0.02] 
 𝐱[0] [0.12 0.09 0.40 0.09 0.76 ⋯ 0.77] 
 𝐱[0] [0.98 0.05 0.11 0.69 0.86 ⋯ 0.93] 

Table C.1
The head of the output data set used to learn the real and imaginary roots of Applications 1–2.
 𝜁 [0] 𝜁0 𝜁1 𝜁2 𝜁3 [⋯ ,…] 𝜁13
 [Re, Im] [Re, Im] [Re, Im] [Re, Im] [⋯ ,…] [Re, Im]
 𝜁 [0]1 [0.95, 0.56] [0.12, 0.23] [0.42, 0.63] [0.52, 0.36] [⋯ ,…] [0.02, 0.45]
 𝜁 [0]2 [0.13, 0.93] [0.54, 0.74] [0.37, 0.85] [0.37, 0.65] [⋯ ,…] [0.02, 0.43]
 𝜁 [0]3 [0.82, 0.52] [0.13, 0.79] [0.66, 0.48] [0.36, 0.35] [⋯ ,…] [0.02, 0.57]
 ⋮ [⋮, ⋮] [⋮, ⋮] [⋮, ⋮] [⋮, ⋮] [⋯ ,…] [⋮, ⋮]
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Appendix B

Table  B.1 lists the randomly generated initial guesses used in the numerical experiments for Nonlinear Engineering Application 1.
Table  B.2 lists the randomly generated initial guesses used in the numerical experiments for Nonlinear Engineering Application 2.

Appendix C

To determine the real and complex roots of the polynomial equations in Engineering Applications 1 and 2, the artificial neural network (ANN) 
is trained on the output dataset using the CAS-MATLAB® 2012b environment (see Table  C.1).

Data availability

No data was used for the research described in the article.
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