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APPROXIMATION OF PERIODIC FUNCTIONS IN
WEIGHTED LORENTZ SPACES

YUNUS EMRE YILDIRIR AND AHMET HAMDI AVSAR

ABSTRACT. In the present work, the approximation properties of means
of trigonometric Fourier series in weighted Lorentz spaces with weights
satisfying the so called Muckenhoupt’s A, conditions are investigated.

1. INTRODUCTION AND MAIN RESULTS

Let T := [—m,7]. A measurable 27-periodic function w : T — [0, 00] is
called a weight function if the set w=1({0,00}) has the Lebesgue measure
zero. Given a weight function w and a measurable set e we put

w(e) = /w(x)d:z:. (1.1)

We define the decreasing rearrangement f(¢) of f : T — R with respect
to the Borel measure (1.1) by
fo@@)=inf{r>0:w(@xeT:|f(z)>71)<t}.

w

The weighted Lorentz space LY’ (T) is defined [10, p.20], [1, p.219] as
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where M(T) is the set of 27 periodic measurable functions on T and
t
kk 1 *
70 = 5 [ F2wdu
0

If p=s, LI’ (T) is the weighted Lebesgue space L, (T) [10, p. 20].
By E,(f)zrs we denote the best approximation of f € L{(T) by trigono-
metric polynomials of degree < n, i.e.,

En(f)ijs = lnf ||f - Tka&w ’

where the infimum is taken with respect to all trigonometric polynomials of
degree k < n.

The weight functions w used in the paper belong to the Muckenhoupt
class A,(T) [16] which is defined by

1 1 : p1
sup m/w(x)daﬁ(m/wlp (x)dx) < o0, p = p%l’ 1< p<oo,
I I

where the supremum is taken with respect to all the intervals I with length
< 27 and |I| denotes the length of I.
The modulus of continuity of the function f € LL’(T) is defined [13] as

Q(f,8)ps = sup HAthps’w, d0>0,
|h|<é

where
h
(Anf) @)=, [ U@ +1) = f(a)]de.
0

Whenever w € A,(T), 1 < p,s < oo, the Hardy-Littlewood maximal
function of every f € LE’(T), and therefore the average A, f belong to
L (T) [6, Theorem 3]. Thus Q(f,0)»« makes sense for every w € Ay(T).
The modulus of continuity €2 (f,d) Lps is non-decreasing, non-negative, con-
tinuous function such that

%I_IEE')Q (fv(s)Lf)S = 07 Q(fl +f275)[£)5 S Q(f]_,(S)LgS +Q(f256)LfJS .

The modulus of continuity 2 (f, ) rvs 1s defined in this way, since the space
LY (T) is non-invariant, in general, under the usual shift f (z) — f (z + h).
For 0 < o < 1, it is defined the Lipschitz class Lip (o, L") [9] as

Lip (o, LZ) = {f € LE*(T) : Q(f,0)pps =0(0%), 6> 0}
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and for 7 =1,2,... the classes W}, , Wpiw as
Wisw = {f € LP5(T) : £V is absolutely continuous and f) e LP® }

ps7w

Wwre — { Fewsn,: f7 e Lip(a, L2 }

Since L%’ (T) € L' (T) when w € A,(T), 1 < p, s < oo (see [12, the proof
of Prop. 3.3]), we can define the Fourier series of f € LY’ (T)

ao (f)

HORES

+Z(ak (f) coskx + by, (f)sinkx) (1.2)
k=1

and the conjugate Fourier series

oo
f(z) - Z(ak (f)sinkx — by (f) coskx) .
k=1
Here ao (f),ax (f),bx(f), & = 1,..., are Fourier coefficients of f. Let
Sp(z, f), (n=0,1,2,...) be the nth partial sums of the series (1.2) at the
point x, that is,

Sn(x7 f) = ZAk(f)(x)v
k=0

where
Ao(F)(@) =2, AL(F)(w) = ax (F)coska + by () sinke,  k=1,2,....

Let (pn), be a sequence of positive numbers. We consider two means of
the series (1.2) defined by

Na)@) = 5 S s Sz f)

=0

and .
Ral£)(@) = - pmSi(a £).

" m=0

where P, = Y Pm, p—1 = P—1 := 0. In the case p, = 1, n > 0, both of
N, (f)(z) and R, (f)(z) are equal to the Cesaro mean

Tl F)(@) = D Sl )
m=0

The approximation properties of means o, in the Lebesgue spaces were in-
vestigated by several authors [7, 17, 18, 19]. The generalizations of Quade’s
results were studied by Mohapatra and Russell [15], Chandra ( [2, 3, 4, 5])
and Leindler [14]. In [2], Chandra obtained the estimates for || f — Nu(f)]], ,
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where 1 < p < oo. In [3], Chandra gave the estimates for the difference
If = Rn(f)l,- In the paper [5], Chandra gave some conditions on the se-
quence (p,)g° and obtained very satisfactory results about approximation by
the means N,,(f) and R, (f) in the Lebesgue spaces. In [8], similar theorems
were proved in weighted Lebesgue spaces.

In this work, we generalize the results obtained by Chandra in [5] to the
weighted Lorentz spaces for the derivatives of functions. Our main results
are the following.

Theorem 1.1. Let 1 < p,s < 00, w € A,(T), 0 < o« <1, r € N and let
(pn)g° be a monotonic sequence of positive numbers such that

If f € Wi, and fUHD € LP(T) we have

- ()

Theorem 1.2. Let1 <p,s < oo, w € Ay(T), 0 <a <1, reN and let (p,)
be a sequence of positive real numbers satisfying the relation
-1

P,
Z =0 (n - 1) : (1.4)
If f € Wpiw and fU+) e LP(T) the estimate
- (1)

:O(n*a), n=12,....

ps7w

m+1
m+1 m+2

=0(n™%), n=12...

ps9w

holds.
If we take p, = A5 ' (3> 0), where

CICEDY PR Y

AP =1, AP =

)

we have
No (1) @) = B @) = 5 3 AL S, 1)
An m=0
Therefore we can estimate the deviation of f € Wy, from the Cesaro

means o4 (f("). We formulate this estimate in the following corollary.

Corollary 1.3. Let 1 <p,s <oo,w € A,(T),0<a <1, reN, g>0.If
[ € Wy, we have

-2 (4)

=0(n™), n=12,...

ps7w
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2. AUXILIARY RESULTS

Lemma 2.1. Let 1 < p,s < oo, w € A,(T), 0 < a <1, r € N. Then, the

estimate
-5 ()

holds for every f € Wpit, andn=1,2,....

=0 (n7) (2.1)

ps7w

Proof. Let t! (n=0,1,...) be the trigonometric polynomial of the best
approximation to f(") in LP°. Then we have

o

— inf[|£) — ¢,

)

pSs,w pS,w

where the infimum is taken over all trigonometric polynomials t,, of degree
at most n. From Lemma 2.3 of [20], we have

=0 (Q (f(’”), 1/n) Lgs) .

o

Since the partial sums S, (f) is uniform bounded in the space L.’ (T) (see
[12], [11, Th. 6.6.2], [21, Chap. VI]), we obtain

-1

Therefore

=0 (n_o‘) .

ps7w

7= 5. (£, = |57 =], + s = 5 (#)].
=l =l e (- 1),
—0 <Hf(” — p&w) —0(n).
O
Lemma 2.2. Let 1 < p,s < 00, w € Ay(T), r € N. Then, the estimate
5w (£7) = (™) =0 (2.2)

holds for every f € W,fg}w, fOtD e LP(T) and n=1,2,.. ..

Proof. If (") has the Fourier series

FO (@) ~ > A (@),
k=0



54 YUNUS EMRE YILDIRIR AND AHMET HAMDI AVSAR

then the Fourier series of the conjugate function f(+1) (z) is

r+1) ZkAk

On the other hand,

5 (F) @) = on(F) () = S0 A1) @)

P 1n—i—l

_ ?S (f(r+1)) ().

Since the partial sums and the conjugate operator is uniform bounded in
the space LY’ (T) (see [12], [11, Th. 6.6.2], [21, Chap. VI]), we get that

[0 (77) =t = ! [0 (7= g 1747
= Cn 1 Hfml) pow =0 (07)
forn=1,2,.... O

Lemma 2.3 ([5]). Let (p,) be a non-increasing sequence of positive numbers.
Then,

Zn:m*apn_m =0 (n*O‘Pn)

m=1

for0<a < 1.

3. PROOF OF THE NEW RESULTS

Proof of Theorem 1.1. Let 0 < a < 1. Since we can write

f(r) P an mf(r) )

we have

FO@) = Ny (£ (@) = 3 pc [190) = 5 (1) @)
"m=0
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From Lemma 2.1, Lemma 2.3 and condition (1.3) we get

1 o 1
= — P,
PnO(n n)+0<n+1>
=0 (n_o‘) .
Now let @ = 1. It is easy to see that

From Abel transform,

S (470 (@) = N (£7) (@) =

_ 1 n Pn — Pnfm Pn - Pnf(m+1) - (r)
_anZ:l( Lo B P (a0

LS A (1) @),

+
n—i—lk:l

and therefore

@\ () 1 Py = Pom  Po— Pamy)
Sn <f ) Nn <f ) pSs,w S an:1 m m + 1
m 1 n
X kAR (f™ +— kAL (f)
R s PR
Since
5 (£0) (@) = o (1) (@0) = — 5 S AU (@),
=1

by Lemma 2.2 we obtain

s 17) <o ()

ps7w

—0(1).

ps7w

> kA7)
k=1

ps,w
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Therefore we have
[ (4©) =3 (57)

n

1
SEZ

ps’w
Py — P, _Pn_Pn—(m—H)

m m+ 1

O(1)+0(n")

Il
i

m
P, — Pn m P, _Pn—(m+1) 1

— 0] . 3.1

~o(7) 2 e[, e

m=
By a simple computation, it can be easy to see that
Py — P, Pn_Pn—(m+1)_
m m—+1 N (m+1) Z Pl = 1tPn—m
k=n—m+1

This equality implies that

Pn - Pn—m>n+1
< m m=1

is non-increasing whenever (p,,) is non-decreasing and non-decreasing when-
ever (p,) is non-increasing. This shows the equality

zn: Pn_Pn—m_Pn_Pn—(m-l-l) _ P, . 1 (P)
— m m+1 "n+ll n+l "
From this and the inequality (3.1), we have
(r) (r) —0(n1).
(1) =2 (1)), =007
Combining the last estimate with (2.1) we get
|7 =N (5| =0,
ps,w

O

Proof of Theorem 1.2. Let 0 < a < 1. Using definition of R, (f"))(z), we
can write

FO@) ~ B (79) @) = 3 [19) = S (77) @)].
" m=0
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By Lemma 2.1, we obtain

| <5 m|

=0 <-Pn) mzz:lpmma + -
1) & o

=0 (Pn> mZ::lpmm : (3.2)

Using Abel transform, we get

0 = Ry (1)

f(r <f(r))

pS,w ps,w

%: 10 _ s, (fm)

n
mem @ ZP —(m+1)" ] +n"“P,
m=1

< —x m —aP
_mz_:lm 7m+1+n s

and
n—1 P n—1 P P . m P n—1
—« m_ m  Lmi e n —a
mz:lm m+ 1 mz:l<m+1 m+2) <kZ:1k >+n+1z:1m
zO(n_aPn)

by condition (1.4). This implies

mem_o‘ =0 (n_aPn) )
m=1

From this and (3.2) we obtain

‘fm “R, (fm)

Now let o« = 1. From Abel transform we get

p87w

R (F0) (2) = 3 [Pu (50 (1) @
" m=0

—Pm+1 (f(r)) (x)> + PoSy, (f(r)> (x)}
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and therefore
n—1
Ro (F0) (@) = 508 @) = = 3" Pudes (77) (@),
" m=0

Using Abel transform again, we get

n—1

:ngAmﬂ (£7) @) = > Lo 1) A (70 (@)
- ;
Z <m+ 1 mm-:;) (kzo(k+ D) Ak (f(T)) (x)>

" P n—1
n r)
Fari DA (£ @)

By considering (2.2) and (1.4) we get

S P (f<”)
m=0

pos
<3 |- Pt > (k1) ) A (£ B

P = 1

— Z: (k+1) Ak:+1( )

= ps,w

n—1
S e Pt e (1) o ()]
R GO RG]
~o0% |- sl o (%),

m=0

This yields

R, <f<r>) s, <f<r)> Lls

- = o nZZP A1 (f(r)>

()=o)

ps7w
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Combining this estimate with (2.1), we get

(1

(9]
[10]
(11]
[12]
(13]
(14]
[15]
[16]
(17]
18]

[19]
20]

21]

=0 (n_l) )

ps7w

- )
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