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Abstract

In this paper, we develop an optimal family of two-step single root finding methods with order 4.
Furthermore, we modify these numerical schemes to locate all nonlinear real and complex
roots at the same time. The order of convergence is demonstrated using convergence analysis
to be four for a single root-finding technique and for families of parallel computer methods.
Numerical test examples reveal that the developed parallel techniques achieve superior stability
and consistency compared to existing approaches.

Keywords: Polynomial; Simultaneous Methods; Computational Time; Fractal; Convergence;
Percentage Computational Cost.

1. INTRODUCTION

Consider the nonlinear equation

a(ς) = 0, (1)

whose solutions are the n distinct roots ξ1, . . . , ξn.
The solution of (1) is foundational to scientific and
engineering disciplines, offering a powerful frame-
work for modeling and understanding complex
phenomena that cannot be adequately described
by linear systems. Their importance spans across
various fields, from physics and chemistry to biol-
ogy, engineering, and beyond. In science, nonlin-
ear equations are essential for modeling natural
phenomena such as chaotic systems, wave prop-
agation, and pattern formation. They underpin
our understanding of complex systems like weather
patterns,1 ecological dynamics,2 and brain func-
tion,3 where nonlinear interactions drive emergent
behavior and complex dynamics. In engineering,
nonlinear equations are crucial for designing and
analyzing systems ranging from electrical circuits
and mechanical structures to control systems and
communication networks. They allow engineers to
account for nonlinear effects such as saturation, hys-
teresis, and feedback, ensuring the accurate pre-
diction of system behavior and enabling the devel-
opment of robust and efficient technologies.4 Non-
linear equations also play a vital role in optimiza-
tion, enabling the solution of complex problems in
areas such as signal processing, machine learning,
and logistics. Furthermore, they have applications
in quantum physics, where they are used to describe
phenomena such as quantum interference, nonlin-
ear optics, and the behavior of quantum systems

under extreme conditions. Overall, nonlinear equa-
tions are essential to scientific research and tech-
nological advancement because they offer a potent
instrument for delving into the intricacies of the
natural world and creating solutions for the most
difficult issues that confront humanity. In general,
the numerical iterative techniques used to estimate
the roots of (1) can be divided into two primary
categories: Iterative algorithms that calculated one
root at a time, see e.g. Refs. 5–15 and the itera-
tive techniques which find all roots of (1) simultane-
ously. For particulars on simultaneous techniques,
their convergence order, computational cost, C-time
and parallel execution of the iterative algorithm on
computer algebra system can be seen in the work
of Aberth,16 Consnard and Fraigniaud,17 Proinov,18

Mir et al.,19 Kanno et al.,20 Nourein,21 Proinov and
Vasileva,22 Nedzhibov,23 Cholakov24 and references
cited therein. Despite their advancements, classi-
cal parallel schemes still suffer from the following
drawbacks.

— Classical parallel approaches exhibit low conver-
gence rates when applied to the simultaneous
computation of all roots of nonlinear equations.

— Higher-order extensions are often unstable or
require extra function evaluations, reducing effi-
ciency.

— Existing classical schemes can fail to converge
or require high precision.

— On distributed-memory systems, this results in
high latency and limits strong scalability.

— Root approximations in classical parallel scheme
may converge at different rates.
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Unlike existing methods, this study aims to over-
come these limitations by developing efficient
simultaneous iterative algorithms, with particular
emphasis on analyzing their global convergence
behavior when initial values are selected far from
the exact solution.

The remainder of the paper is organized as
follows:

— Section 2 — Development and analysis of new
parallel schemes for simultaneous root compu-
tation.

— Section 3 — Discussion of computational effi-
ciency.

— Section 4 — Validation of consistency and effi-
ciency against existing methods using biomedi-
cal engineering applications.

— Section 5 — Concluding remarks.

2. CONSTRUCTION AND
CONVERGENCE FRAME-
WORK OF NUMERICAL
SCHEME

Newton’s method is a classical approach for finding
single roots of (1):

ς [k+1] = ς [k] − a(ς [k])

a′(ς [k])
, k = 1, 2, . . . (2)

which has second-order convergence with efficiency
index 1.34. Using Weierstrass’ correction22:

w(ς
[k]
i ) =

a(ς
[k]
i )∏n

j=1,j 6=i(ς
[k]
i − ς

[k]
j )

, (3)

we obtain the Weierstrass method for all roots of
(1):

ς
[k+1]
i = ς

[k]
i −

a(ς
[k]
i )∏n

j=1,j 6=i(ς
[k]
i − ς

[k]
j )

. (4)

This method is second-order convergent. Ehrlich’s
third-order scheme16 reads

ς
[k+1]
i = ς

[k]
i −

1
1

N(ς
[k]
i )
−
∑n

j=1,j 6=i
1

ς
[k]
i −ς

[k]
j

, (5)

where

N(ς
[k]
i ) =

a(ς
[k]
i )

a′(ς [k]i )

denotes the Newton correction at the kth iteration.
We propose the following iterative method:

σ[k] = ς [k] − a(ς [k])

a′(ς [k])
,

ς [k+1] = σ[k] − a(ς [k])

a′(ς [k])
[α[1]((a(σ[k]))2

+ (Ĺ(u[k]))2)], (6)

where

u[k] =
a(σ[k])

a(ς [k])
, α[1] ∈ R, and Ĺ(u[k])

is a weight function satisfying certain assumptions
as required by the convergence theorem of the
scheme.

Theorem 1. Let ξ ∈ I be a root of a sufficiently
differentiable function a : I ⊆ R→ R. If ς0 is suffi-
ciently close to ξ and Ĺ satisfies Ĺ(0) = 1, Ĺ′(0) = 1

and Ĺ′′(0) < ∞, then (6) has fourth-order conver-
gence and the following error equation holds:

ei+1 =

[
4

(
a′′(ξ)
2a′(ξ)

)3

−
(
a′′(ξ)
2a′(ξ)

)(
a′′′(ξ)
6a′(ξ)

)

−
(
a′′(ξ)
2a′(ξ)

)3

Ĺ′′(0)

]
(ei)

4

+O((ei)
3), (7)

where Cj = aj(ξ)
j!a′(ξ) ; j ≥ 2.

Proof. Let ξ be a single root of a and ς [k] = ξ+ ei.
Expanding a around ξ using Taylor series and not-
ing a(ξ) = 0, we have

a(ς [k]) = a′(ξ)(ei + C2e2i + C3e3i + C4e4i ) +O(e5i ),

(8)

a′(ς [k]) = a′(ξ)(1 + 2C2ei + 3C3e2i + 4C4e3i ) +O(e4i ).

(9)

Dividing (8) by (9), we get

a(ς [k])

a′(ς [k])
= ei − C2e2i + (2C2 + 2C3)e3i + · · ·

(10)

and

σ[k] = C2e2i + (−2C22 + 2C3)e3i + · · · ,

a(σ[k]) = C2e2i + (−4C22 + 2C3)e3i + · · · .
(11)

Let

u =
a(σ[k])

a(ς [k])
= C2ei + (−3C22 + 2C3)e2i + · · · (12)

and expand Ĺ(u) about the origin:

Ĺ(u) = Ĺ(0) + Ĺ′(0)u+
1

2
Ĺ′′(0)u2 + · · · . (13)
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Finally, the error for the next iteration is

ei+1 = σ[k] − a(x[k])

a′(x[k])
[α(a(y[k]))3 + (Ĺ(u))3]

= [(−3Ĺ3(0)C2 + C2)e2i + · · ·]. (14)

Setting Ĺ(0) = Ĺ′(0) = 1, we obtain (15), proving
fourth-order convergence:

ei+1 =

[
4

(
a′′(ξ)
2a′(ξ)

)3

−
(
a′′(ξ)
2a′(ξ)

)(
a′′′(ξ)
6a′(ξ)

)

−
(
a′′(ξ)
2a′(ξ)

)3

Ĺ′′(0)

]
(ei)

4

+O((ei)
5). (15)

Hence proves fourth-order convergence.

2.1. The Concrete Fourth-Order
Methods

2.1.1. The concrete fourth-order
methods

Using Ĺ(0) = 1, Ĺ′(0) = 1 and Ĺ′′(0) < ∞, we con-
struct some concrete methods of (6) as:

Method 1 (abbreviated as SMa[1]
): If we choose

Ĺ(u[k]) = 1 +
u[k]

1 + α[2]u[k]

so that Ĺ(0) = 1, Ĺ′(0) = 1, then we have

σ[k] = ς [k] − a(ς [k])

a′(ς [k])
,

ς [k+1] = σ[k] − a(σ[k])

a′(ς [k])

α[1]

(a(σ[k]))2

+

1 +

a(σ[k])

a(ς[k])

1 + α[2] a(σ[k])

a(ς[k])

2

. (16)

The numerical scheme satisfies the following error
equation:

ei+1 =

[
6

(
a′′(ξ)
2a′(ξ)

)3

−
(
a′′(ξ)
2a′(ξ)

)(
a′′′(ξ)
6a′(ξ)

)]
× (ei)

4 +O((ei)
5). (17)

Method 2 (abbreviated as SMa[2]
): If we choose

Ĺ(u[k]) = 1 +
u[k]

1 + u[k] + α[2](u[k])2

so that Ĺ(0) = 1, Ĺ′(0) = 2
3 , then we have

σ[k] = ς [k] − a(ς [k])

a′(ς [k])
,

ς [k+1] = σ[k] − a(ς [k])

a′(ς [k])

α[1]

(a(σ[k]))2

+

1 +

a(σ[k])

a(ς[k])

1 + a(σ[k])

a(ς[k]) + α[2](a(σ
[k])

a(ς[k]) )2

2

.

(18)

The numerical scheme satisfies the following error
equation:

ei+1 =

[
2α[1]

(
a′′(ξ)
2a′(ξ)

)3

+ 4

(
a′′(ξ)
2a′(ξ)

)3

−
(
a′′(ξ)
2a′(ξ)

)(
a′′′(ξ)
6a′(ξ)

)]
(ei)

4 +O((ei)
5).

(19)

Method 3 (abbreviated as SMa[3]
): If we choose

Ĺ(u[k]) = u[k] +
1 + α[2](u[k])2

1− α[2](u[k])2

so that Ĺ(0) = 1, Ĺ′(0) = 2
3 , then we have

σ[k] = ς [k] − a(ς [k])

a′(ς [k])
,

ς [k+1] = σ[k] − a(ς [k])

a′(ς [k])

α[1]

(a(σ[k]))2

+

a(σ[k])

a(ς [k])
+

1 + α[2]
(
a(σ[k])

a(ς[k])

)2
1− α[2]

(
a(σ[k])

a(ς[k])

)2


2
.
(20)

The numerical scheme satisfies the following error
equation:

ei+1 =

[
−4α[1]

(
a′′(ξ)
2a′(ξ)

)3

+ 2

(
a′′(ξ)
2a′(ξ)

)3

−
(
a′′(ξ)
2a′(ξ)

)(
a′′′(ξ)
6a′(ξ)

)]
(ei)

4

+O((ei)
5). (21)
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Generalization to Simultaneous Methods

Using (3), we convert (6) into a simultaneous iterative method for approximating all nonlinear equation
roots as follows:

Simultaneous Method 1 (SSMa[1]
): Using the concrete method SMa[1]

, the iterative scheme is given by

σ
[k]
i = ς

[k]
i −

a(ς
[k]
i )∏n

j=1,j 6=i(ς
[k]
i − ς

[k]
j )

,

ς
[k+1]
i = σ

[k]
i −

a(σ
[k]
i )

n∏
j=1,j 6=i

(ς
[k]
i − ς

[k]
j )

[α[1](a(σ
[k]
i ))2 + (1 +A)2], (22)

where

A =

a(σ[k]
i )

a(ς[k]i )

1 + α[2] a(σ
[k]
i )

a(ς[k]i )

.

Simultaneous Method 2 (SSMa[2]
): By choosing the concrete method SMa[2]

, we have

σ
[k]
i = ς

[k]
i −

a(ς
[k]
i )∏n

j=1
j 6=i

(ς
[k]
i − ς

[k]
j )

, (23)

ς
[k+1]
i = σ

[k]
i −

 a(σ
[k]
i )∏n

j=1
j 6=i

(σ
[k]
i − σ

[k]
j )
·

∏n
j=1
j 6=i

(σ
[k]
i − σ

[k]
j )∏n

j=1
j 6=i

(ς
[k]
i − ς

[k]
j )

·
α[1](a(σ

[k]
i ))2 +

1 +

a(σ[k]
i )

a(ς[k]i )

1 +
a(σ[k]

i )

a(ς[k]i )
+ α[2](

a(σ[k]
i )

a(ς[k]i )
)2


2.

(24)

Simultaneous Method 3 (SSMa[3]
): By choosing the concrete method SMa[3]

, we have

σ
[k]
i = ς

[k]
i −

a(ς
[k]
i )∏n

j=1
j 6=i

(ς
[k]
i − ς

[k]
j )

, (25)

ς
[k+1]
i = σ

[k]
i −

 a(σ
[k]
i )∏n

j=1
j 6=i

(σ
[k]
i − σ

[k]
j )
·

∏n
j=1
j 6=i

(σ
[k]
i − σ

[k]
j )∏n

j=1
j 6=i

(ς
[k]
i − ς

[k]
j )

·
α[1](a(σ

[k]
i ))2+

1 +

a(σ[k]
i )

a(ς[k]i )

1 +
a(σ[k]

i )

a(ς[k]i )
+ α[2]

(
a(σ[k]

i )

a(ς[k]i )

)2


2.

(26)

In the following theorem, we prove the con-

vergence order of SSMa[1]
–SSMa[3]

. Thus, we con-
struct three new simultaneous iterative methods
(22)–(26).

Convergence Analysis
Here, we prove convergence order of simultane-

ous methods SSMa[1]−SSMa[3]
using following con-

vergence theorem.

Theorem 2. Let ζ1, . . . , ζσ be simple zero of non-
linear equation and for sufficiently close ini-

tial distinct estimation ς
[0]
1 , . . . , ς

[0]
n of the roots,

respectively, then SSMa[1]−SSMa[3]
has convergence

order 4.

Proof. Let εi=ς
[k]
i −ζi, ε′i=σ

[k]
i −ζi, and ε′′i =ς

[k+1]
i

−ζi be the errors in ri, ui, and zi, respectively.
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From the first step of SSMa[1]
, we have

σ
[k]
i − ζi = ς

[k]
i − ζi −

a(ς
[k]
i )∏n

j=1
j 6=i

(ς
[k]
i − ς

[k]
j )

, (27)

ε′i = εi − ϑ∗i (ς
[k]
i ) = εi − εi

ϑ∗i (ς
[k]
i )

εi
, (28)

ε′i = εi(1−Q[1]
i ), (29)

where

Q
[1]
i =

ϑ∗i (ς
[k]
i )

εi
=

n∏
j=1
j 6=i

[
ς
[k]
i − ζj
ς
[k]
i − ς

[k]
j

]
, (30)

ς
[k]
i − ζj
ς
[k]
i − ς

[k]
j

= 1 +
ς
[k]
j − ζj
ς
[k]
i − ς

[k]
j

+O(|ε|2), (31)

Q
[1]
i =

n∏
j=1
j 6=i

[
ς
[k]
i − ζj
ς
[k]
i − ς

[k]
j

]

= (1 +O(|ε|))n−1

= 1 + (n− 1)O(|ε|)

= 1 +O(|ε|), (32)

Q
[1]
i − 1 = O(|ε|), (33)

thus, we get

ε′i = εiO(|ε|) = O(|ε|2). (34)

Consider the second-step of parallel scheme as

ς
[k+1]
i − ζi = σ

[k]
i − ζi −

 a(σ
[k]
i )∏n

j=1
j 6=i

(σ
[k]
i − σ

[k]
j )

·

∏n
j=1
j 6=i

(σ
[k]
i − σ

[k]
j )∏n

j=1
j 6=i

(ς
[k]
i − ς

[k]
j )

·[α[1](σ
[k]
i )2 + (1 +B

[∗]
1 )2]

, (35)

where B
[∗]
1 =

a(σ[k]
i )/a(ς[k]i )

1+α[2](a(σ[k]
i )/a(ς[k]i ))+(a(σ[k]

i )/a(ς[k]i ))2
,

ε′′i = ε′i − ϑ∗i (σ
[k]
i ) (36)

= ε′i − ε′i
ϑ∗i (σ

[k]
i )

ε′i
·

∏n
j=1
j 6=i

(σ
[k]
i − σ

[k]
j )∏n

j=1
j 6=i

(ς
[k]
i − ς

[k]
j )

(37)

·

α[1](σ
[k]
i )2 +

1 +

a(σ[k]
i )

a(ς[k]i )

1 +B
[∗]
2


2

= ε′i(1−Q
[2]
i ), (38)

where

B
[∗]
2 = α[2]a(σ

[k]
i )

a(ς
[k]
i )

+

(
a(σ

[k]
i )

a(ς
[k]
i )

)2

,

Q
[2]
i =

ϑ∗i (σ
[k]
i )

ε′i
=

n∏
j=1

j 6=i

 σ
[k]
i − ζj

σ
[k]
i −

∗
σ
[k]

j

, (39)

σ
[k]
i − ζj

σ
[k]
i − σ

[k]
j

= 1 +
σ
[k]
j − ζj

σ
[k]
i − σ

[k]
j

= 1 +O(|ε2|), (40)

Q
[2]
i =

n∏
j=1
j 6=i

[
σ
[k]
i − ζj

σ
[k]
i − σ

[k]
j

]

= 1 +O(|ε′|), (41)

Q
[2]
i − 1 = O(|ε′|). (42)

Assume |εi| = |εj | = |ε|, then, we get

ε′′i = ε′iO(|ε′|)

= O(|ε′|2)

= O(|ε|4), (43)

a(ς
[k]
i ) = (ς

[k]
1 − ζ1) · · · (ς

[k]
i − ζi)

= εi

n∏
j=1
j 6=i

(ς
[k]
i − ζj), (44)

a(σ
[k]
i ) = (σ

[k]
1 − ζ1) · · · (σ

[k]
i − ζi),

= ε′i

n∏
j=1
j 6=i

(σ
[k]
i − ζj),
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a′(σ[k]i )

a′(z[k]i )
=

a(σ
[k]
i )a(z

[k]
i )

a(σ
[k]
i )a(z

[k]
i )
·
n∏
j=1
j 6=i

[
σ
[k]
i − ζj
z
[k]
i − ζj

]

= 1,

a(σ
[k]
i )

a(ς
[k]
i )

=
ε′i
εi

n∏
j=1
j 6=i

σ
[k]
i − ζj
ς
[k]
i − ζj

=
εi(1−Q[1]

i )

εi

n∏
j=1
j 6=i

ς
[k]
i − ϑ∗i (ς

[k]
i )− ζj

ς
[k]
i − ζj

= (1−Q[1]
i )

n∏
j=1
j 6=i

[
1−

ϑ∗i (ς
[k]
i )

ς
[k]
i − ζj

]

= (1−Q[1]
i )

n∏
j=1
j 6=i

1−
εi
∏n
j=1
j 6=i

ς
[k]
i −ζj

ς
[k]
i −ς

[k]
j

ς
[k]
i − ζj


= (1−Q[1]

i )
n∏
j=1
j 6=i

×

1− εi
n∏
j=1
j 6=i

ς
[k]
i − ζj

(ς
[k]
i − ς

[k]
j )(ς

[k]
i − ζj)

,
(45)

thus

a(σ
[k]
i )

a(ς
[k]
i )

=
ε′i
εi

(1−Q[1]
i )(1 +O(|ε|))n−1

=
ε′i
εi

(1−Q[1]
i )(1 + (n− 1)O(|ε|))

=
ε′i
εi

(1−Q[1]
i )(1 +O(|ε|)). (46)

Thus, we get

ε′′i = ε′i − ε′i
ϑ∗i (σ

[k]
i )

ε′i
·

α[1]

ε′i n∏
j=1
j 6=i

(σ
[k]
i − ζj)


2

+

1 +

ε′i
εi

(1−Q[1]
i )(1 +O(|ε|))

1 + α[2] ε
′
i
εi

(1−Q[1]
i )(1 +O(|ε|))

2
,

(47)

ε′′i = ε′i − ε′i(1 +O(|ε′|))

·

α[1]

ε′i n∏
j=1
j 6=i

(σ
[k]
i − ζj)


2

+

1 + 2

ε′i
εi

(1−Q[1]
i )(1 +O(|ε|))

1 + α[2] ε
′
i
εi

(1−Q[1]
i )(1 +O(|ε|))

+

ε′i
εi

(1−Q[1]
i )(1 +O(|ε|))

1 + α[2] ε
′
i
εi

(1−Q[1]
i )(1 +O(|ε|))

+ · · ·


,
(48)

ε′′i = ε′i − ε′i(1 +O(|ε′|))

·

α[1]

ε′i n∏
j=1
j 6=i

(σ
[k]
i − ζj)


2

+

2

ε′i
εi

(1−Q[1]
i )(1 +O(|ε|))

1 + α[2] ε
′
i
εi

(1−Q[1]
i )(1 +O(|ε|))

+

ε′i
εi

(1−Q[1]
i )(1 +O(|ε|))

1 + α[2] ε
′
i
εi

(1−Q[1]
i )(1 +O(|ε|))

+ · · ·

,
(49)

ε′′i = ε′i − ε′i + ε′iO(|ε′|) ·

1 + 2B
[∗]
3

+B
[∗]
4 + α[1]

ε′i n∏
j=1
j 6=i

(σ
[k]
i − ζj)


2,

(50)

where

B
[∗]
3 =

ε′i
εi

(1−Q[1]
i )(1 +O(|ε|))

1 + α[2] ε
′
i
εi

(1−Q[1]
i )(1 +O(|ε|))

,

B
[∗]
4 =

ε′i
εi

(1−Q[1]
i )(1 +O(|ε|))

1 + α[2] ε
′
i
εi

(1−Q[1]
i )(1 +O(|ε|))

,
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ε′′i = O(|ε′|2)

1 + 2B
[∗]
3 +B

[∗]
4 + · · ·+ α[1]

×

ε′i n∏
j=1
j 6=i

(σ
[k]
i − ζj)


2, (51)

ε′′i = O(|ε2|2) = O(|ε|)4. (52)

Hence prove the theorem.

3. COMPUTATIONAL ASPECT

The percentage computational efficiency provides
a quantitative measure of how effectively a par-
allel scheme utilizes computational resources rela-
tive to its convergence order. It enables direct com-
parison between different iterative methods, high-
lighting which schemes achieve faster convergence
with fewer arithmetic operations. This metric is cru-
cial for optimizing performance in high-dimensional
problems, ensuring both accuracy and minimal
computational cost. We compare the percentage
cost of computation of Midrog Petković method25

and the new methods SSMa[1]−SSMa[3]
. As pre-

sented in Ref. 25, the efficiency index (Λ[∗](m)) is
computed as

Λ[∗](m) =
logu

D
, (53)

where D25 is computational cost and u is conver-

gence order of SSMa[1]−SSMa[3]
, respectively. Using

(53) and Table 1, the percentage computational cost
is

ϑ(SSMa[1] − SSMa[3]
, SSMa[∗]

)

=
Λ[∗](SSMa[1] − SSMa[3]

)

Λ[∗](SSMa[∗]
)

− 1(%), (54)

Table 1 Number of ±,×,÷.

Schemes SSMa[1]

SSMa[2]

SSMa[3]

SSMa[∗]

± 6ϑ[∗∗] 7ϑ[∗∗] 9ϑ[∗∗] 8ϑ[∗∗]

× 1ϑ[∗∗] 1ϑ[∗∗] 1ϑ[∗∗] 6ϑ[∗∗]

÷ 2ϑ[∗∗] 1ϑ[∗∗] 2ϑ[∗∗] 2ϑ[∗∗]

Note: ϑ[∗∗] = m2+O(m).

where SSMa[∗]
is Petković method25 of order 6.

Figures 1a–1f graphically clarify these percentage
proficiencies. It is obvious from Figs. 1a–1c that

SSMa[1]−SSMa[3]
are more efficient as compared to

SSMa[∗]
.

4. NUMERICAL RESULTS

Using CAS Maple 2022 with 64-digit floating-point
arithmetic for all numerical calculations with stop-
ping criteria is as follows:

e
[k]
i = ‖ς [k+1]

i − ς [k]i ‖2 <∈= 10−30,

where e
[k]
i represents the absolute error of norm-2

Numerical tests problems from Refs. 12, 26–30
are provided in Tables 2–4. The implementation is
carried out in Maple 2022 on the following compu-
tational environment:

— Processor: Intel Core™ i7-8700 CPU @ 3.20
GHz

— RAM: 16 GB DDR4
— Operating System: Windows 11 Pro, 64-bit
— Maple Version: 2022 (64-bit)
— Toolboxes: Symbolic Math Toolbox, Parallel

Computing Toolbox

Here, we solve some standard nonlinear polyno-
mial having engineering application.

Example 1. The fractional conversion problem
in the synthesis of ammonia from nitrogen and
hydrogen involves understanding the equilibrium of
the reaction and how it relates to the extent of the
reaction. The synthesis of ammonia, known as the
Haber process, is represented by the following bal-
anced chemical equation:

N
[g]
2 + 3H

[g]
2 
 2NH

[g]
3 .

This equation indicates that one mole of nitrogen
gas reacts with three moles of hydrogen gas to pro-
duce two moles of ammonia gas. The fractional con-
version problem arises from the fact that the reac-
tion does not proceed to completion; instead, it
reaches an equilibrium where both reactants and
products are present. The degree of conversion,
denoted by ς, represents the ratio of the moles of
reactant that have been converted to product to the
total moles of reactant present initially. At equilib-
rium, the ratio of the concentrations of the products
to the concentrations of the reactants is constant,
defined by the equilibrium constant (K). For the
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(a) (b)

(c) (d)

(e) (f)

Fig. 1 (a)–(f) show the percentage computational efficiency of SSMa[1]

−SSMa[3]

and SSMa[∗]
with respect to each other.

Haber process, the equilibrium constant expression
is

K =
[NH

[g]
3 ]2

[N
[g]
2 ][H

[g]
2 ]3

,

where

[NH
[g]
3 ] := the concentration of ammonia gas,

[N
[g]
2 ] := the concentration of nitrogen gas,

[H
[g]
2 ] := the concentration of hydrogen gas.

To solve the fractional conversion problem, you
need to find the equilibrium concentrations of each
species and then use them to calculate the extent of
the reaction (ς) from the following nonlinear equa-
tions:

a(ς) =
8(4− ς)2ς2

(6− 3ς)2(2− ς)
− 0.186. (55)

2640014-9

Fr
ac

ta
ls

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 B
A

L
IK

E
SI

R
 U

N
IV

E
R

SI
T

Y
 o

n 
06

/1
0/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



4th Reading

March 19, 2026 14:4 0218-348X 2640014

M. Shams et al.

Table 2 Numerical Outcomes for Example 1.

Method C-time e
(4)
1 e

(4)
2 e

(4)
3 e

(4)
4

SSMa[∗]
0.0671 6.9e−22 1.3e−33 0.6e−22 7.7e−22

SSMa[1]

0.0261 4.48e−45 4.9e−74 0.0 0.0

SSMa[2]

0.0163 0.98e−55 1.92e−54 0.0 0.0

SSMa[3]

0.0162 0.89e−45 0.92e−34 0.0 0.0

Residual errors for finding all multiple roots

SSMa[∗]
0.0232 2.1e−35 6.8e−55 4.1e−33 0.0

SSMa[1]

0.0233 0.0 0.0 4.1e−33 0.0

SSMa[2]

0.0313 0.0 0.0 4.1e−33 0.0

SSMa[3]

0.0323 0.0 0.0 0.0 0.0

The exact roots of the following nonlinear equations
are

ξ1,2 = 3.9± 0.31i, ξ3 = −0.384094,

ξ4 = 0.27775

and we choose the following initial guess values
to approximate all roots of (55) using scheme

SSMa[1]−SSMa[3]
, SSMa[∗]

as[
ς
(0)
1 = −0.1 + 0.2i, ς

(0)
2 = −0.1− 0.2i,

ς
(0)
3 = 3.5 + 3.2i, ς

(0)
4 = 3.9− 3.2i

]
.

The outcomes of the problems using numer-
ical schemes are shown in Table 2. Table 2
clearly presents the dominance convergence rate of

the scheme SSMa[1]−SSMa[3]
over existing method

SSMa[∗]
.

Example 2. The solution of eigenvalue problems
obtained from matrices of dimensions greater than
5 holds immense importance across numerous dis-
ciplines. In fields such as structural engineering,
understanding the vibrational modes of complex
structures like bridges and buildings is crucial
for ensuring their stability and safety. Quantum
mechanics relies heavily on eigenvalue solutions to
determine energy levels and wave functions of quan-
tum systems, offering insights into the behavior of
particles at the atomic and subatomic levels. In
summary, the solution of eigenvalue problems from
matrices of dimension greater than 5 plays a pivotal
role in advancing knowledge, solving complex prob-
lems, and driving innovation across a wide range of
fields. Here we consider the characteristic equations
for the matrix

Λ =
1

16

[
Λ11 Λ12

Λ21 Λ22

]
.

The submatrices are

Λ11 =



−24 0 0 38 −38

−128 0 0 −48 48

−32 0 0 8 −8

80 0 0 −20 100

−8 0 0 −2 82

,

Λ12 =



152 −38 36 874

128 −16 64 752

32 −8 16 184

80 4 40 484

8 2 4 50

,

Λ21 =


80 0 0 36 −36

−168 0 0 −58 58

32 0 0 −8 8

0 0 0 0 0

,

Λ22 =


208 −36 40 924

168 42 84 1002

−32 8 32 −184

0 0 0 48

.
The corresponding characteristic polynomial is

a(ς) = ς9 − 29ς8 + 349ς7 − 2261ς6

+ 8455ς5 − 17663ς4 + 15927ς3 + 6993ς2

− 24732ς + 12960. (56)

Using a linear algebra approach to find the roots
of such higher order characteristic equations is com-
plicated. Consequently, using numerical approaches
is one of the best alternatives. The exact root of the
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Table 3 Numerical Outcomes for Example 2.

Method C-time e
(4)
1 e

(4)
2 e

(4)
3 e

(4)
4 e

(4)
5 e

(4)
6 e

(4)
7 e

(4)
8 e

(4)
9

SSMa[∗]
0.057 6.2e−22 1.3e−33 0.6e−22 7.7e−22 2.9e−22 6.9e−22 1.3e−33 0.6e−22 7.7e−22

SSMa[1]

0.016 4.8e−55 7.9e−64 0.0 0.0 2.8e−55 0.0 4.9e−24 0.0 0.0

SSMa[2]

0.016 2.2e−55 7.9e−64 0.0 0.0 2.6e−55 0.0 2.9e−74 0.0 0.0

SSMa[3]

0.016 6.8e−55 7.9e−64 0.0 0.0 2.5e−55 0.0 7.4e−44 0.0 0.0

Residual errors for finding all multiple roots

SSMa[∗]
0.033 2.1e−35 5.8e−35 4.1e−23 0.0 6.9e−42 6.9e−62 1.3e−33 0.6e−22 7.7e−22

SSMa[1]

0.033 2.1e−35 5.58e−71 4.1e−43 0.0 4.8e−65 4.8e−65 7.9e−64 0.0 0.0

SSMa[2]

0.033 2.1e−35 5.8e−41 4.1e−43 0.0 4.8e−65 4.8e−65 7.9e−64 0.0 0.0

SSMa[3]

0.033 7.3e−84 5.8e−53 0.0 0.0 4.8e−75 4.8e−65 7.9e−64 0.0 0.0

following nonlinear equations isξ1 = 1, ξ2 = 4, ξ3 = 5,

ξ4 = 8, ξ5 = −1,

ξ6,7,8,9 = 3.0


and we choose the following initial guess values
to approximate all roots of (56) using scheme

SSMa[1]−SSMa[3]
,SSMa[∗]

as

(0)
ς1 = −0.1,

(0)
ς2 = 3.1,

(0)
ς 3 = 5.2,

(0)
ς 4 = 7.9,

(0)
ς5 = −0.1,

(0)
ς6 = 3.1,

(0)
ς 7 = 6.7,

(0)
ς 8 = 1.5,

(0)
ς 9 = 2.9



.

The outcomes of the problems using numerical
schemes are shown in Table 3. Table 3 clearly
presents the dominance convergence rate of the

scheme SSMa[1]−SSMa[3]
over existing method

SSMa[∗]
.

Example 3. The Lenard–Jones potential represents
one of the most fundamental models in molecu-
lar dynamics and computational chemistry, playing
a significant role in understanding inter-molecular

interactions and the behavior of condensed mat-
ter systems. The potential describes the interaction
energy between a pair of neutral atoms or molecules
as a function of their separation distance. It consists
of two terms: a repulsive term that accounts for the
Pauli exclusion principle and prevents the atoms
from overlapping, and an attractive term arising
from dispersion forces.

The importance of solving problems related to
the Lenard–Jones potential lies in its widespread
applicability across various scientific domains. In
physics, it is used to model the behavior of gases,
liquids, and solids, providing insights into phase
transitions, viscosity, and thermal conductivity. In
chemistry, the potential is crucial for understanding
molecular bonding, crystal structures, and reaction
kinetics. Additionally, in material science, it helps
in predicting properties such as elasticity, strength,
and adhesion of materials. The problem investigates
the interaction in atomic physics and physical chem-
istry between two neutral atoms or molecules, which
is described as

ϑ(ς) = Θ0

((
σ

ς

)12

−
(
σ

ς

)6
)
,

where σ is the place where the inter-particle inter-
action zeroes out, ς is the separation between the
two particles and Θ0 is the depth of the poten-
tial. We compute the shortest distance between the
molecules as ϑ′(ς) = 0 = a(ς) , where

a(ς) = −12

(
σ12

ς13

)
+ 6

(
σ6

ς7

)
.
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Table 4 Numerical Outcomes for Example 3.

Method C-time e
(4)
1 e

(4)
2 e

(4)
3 e

(4)
4 e

(4)
5 e

(4)
6

SSMΓ[∗]
0.0572 6.39e−22 3.32e−33 3.64e−22 3.73e−22 2.7e−22 5.75e−22

SSMΓ[1]

0.0146 3.38e−35 0.92e−64 0.0 0.0 0.0 0.0

SSMΓ[2]

0.0124 3.48e−55 3.94e−44 0.0 0.0 0.0 0.0

SSMΓ[3]

0.0162 2.85e−55 4.94e−64 0.0 0.0 0.0 0.0

By choosing σ = 2, the exact root up to four decimal
places is given as

ξ1 = 2 ∗ 2
1
6 ,

ξ2 = 2

(
1

2
+

1

2

√
3i

)
2

1
6 ,

ξ3 = 2

(
−1

2
+

1

2

√
3i

)
2

1
6 ,

ξ4 = 2

(
−1

2
− 1

2

√
3i

)
2

1
6 ,

ξ3 = 2

(
1

2
− 1

2

√
3i

)
2

1
6 ,

ξ4 = −2 ∗ 2
1
6


and we choose the following initial guess values
to approximate all roots of (56) using scheme

SSMa[1]−SSMa[3]
, SSMa[∗]

as

(0)
ς1 = −0.1− 0.1i,

(0)
ς2 = 3.1 + 0.2i,

(0)
ς 3 = 5.2,

(0)
ς 4 = 7.9− 3.1i,

(0)
ς5 = −0.1 + 0.3i,

(0)
ς6 = 3.1


.

The outcomes of the problems using numer-
ical schemes are shown in Table 4. Table 4
clearly presents the dominance convergence rate of

the scheme SSMa[1]−SSMa[3]
over existing method

SSMa[∗]
.

Example 4. Consider

a(ς) =



(
(ς + 1)3

(ς + 2)2

)
(
ς − 1.0

−1.0 ∗ i

)3

(
ς−

1.0 + i

)3



with exact real and complex roots:


ξ1 = −1, ξ2 = −2,

ξ3 = 1.0 + i,

ξ4 = 1.0− 1.0i


having the following multiplicity:σ1 = 3, σ2 = 2,

σ3 = 3, σ4 = 3


and we choose the following initial guess values
to approximate all roots of (56) using scheme

Table 5 Numerical Outcomes for Example 4.

Method C-time e
(4)
1 e

(4)
2 e

(4)
3 e

(4)
4

SSMa[∗]
0.057 6.9e−22 1.3e−33 0.6e−22 0.0

SSMa[1]

0.016 2.0e−55 0.0 0.0 0.0

SSMa[2]

0.016 4.2e−65 0.0 0.0 0.0

SSMa[3]

0.016 5.5e−63 0.0 0.0 0.0

Residual errors for finding all multiple roots

SSMa[∗]
0.033 2.1e−35 6.8e−55 4.51e−33 0.0

SSMa[1]

0.03 1.41e−35 0.0 0.31e−33 0.0

SSMa[2]

0.01 1.51e−35 0.0 1.15e−33 0.0

SSMa[3]

0.02 7.3e−84 0.0 0.0 0.0

Table 6 Numerical Outcomes for Example 5.

Method CPU e
(4)
1 e

(4)
2 e

(4)
3

SSMa[∗]
0.031 3.5e−21 5.5e−20 2.2e−20

SSMa[1]

0.031 3.5e−21 5.5e−20 2.2e−20

SSMa[2]

0.031 3.5e−21 5.5e−20 2.2e−20

SSMa[3]

0.015 0.0 0.0 0.0
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Table 7 Numerical Outcomes for Example 6.

Method C-time e
(4)
1 e

(4)
2 e

(4)
3 e

(4)
4 e

(4)
5 e

(4)
6

SSMΓ[∗]
0.0573 6.9e-22 1.3e-33 0.6e-22 7.7e-22 — —

SSMΓ[1]

0.0162 0.0 7.9e-64 0.0 0.0 0.0 0.0

SSMΓ[2]

0.0132 0.0 7.9e-64 0.0 0.0 0.0 0.0

SSMΓ[3]

0.0143 0.0 7.9e-64 0.0 0.0 0.0 0.0
Residual errors for finding all multiple roots

SSMΓ[∗]
0.0633 2.1e-35 6.8e-55 4.1e-33 0.0 0.0 0.0

SSMΓ[1]

0.0323 0.0 0.0 4.1e-33 0.0 0.0 0.0

SSMΓ[2]

0.0333 0.0 0.0 4.1e-33 0.0 0.0 0.0

SSMΓ[3]

0.0323 0.0 0.0 0.0 0.0 0.0 0.0

SSMa[1]−SSMa[3]
, SSMa[∗]

as

(0)
ς1 = −1.1 + 0.2i,

(0)
ς2 = −2.1− 0.2i,

(0)
ς 3 = 0.8 + 1.2i,

(0)
ς 4 = 0.9− 1.2i


.

For distinct root

a∗(ς) =

(ς + 1)(ς + 2)

(ς − 1− i)
(ς − 1 + i)

.
The outcomes of the problems using numer-

ical schemes are shown in Table 5. Table 5
clearly presents the dominance convergence rate of

the scheme SSMa[1]−SSMa[3]
over existing method

SSMa[∗]
.

Example 5. Consider a problem of beam position-
ing, resulting a nonlinear polynomial equation given
as

a3(ς) =
ς3 + 2.87s2 − 10.28

4.62
− ς. (57)

The exact roots of (57) are ξ1 = 2.0021, ξ2 =
−3.3304, ξ3 = −1.5417.

The initial estimates for a3(ς) are (0)
ς1,2 = 2.5,

(0)
ς3 = −7.4641,

(0)
ς 4 = −0.5359

.
The outcomes of the problems using numer-

ical schemes are shown in Table 6. Table 6
clearly presents the dominance convergence rate of

the scheme SSMa[1]−SSMa[3]
over existing method

SSMa[∗]
.

Example 6. Consider

a(ς) =


sin3

(
ς − 1

2

)
sin3

(
ς − 2

2

)
sin3

(
ς − 2.5

2

)
 (58)

with exact roots ξ1 = 1, ξ2 = 2, ξ3 = 2.5,
and we choose the following initial guess values
to approximate all roots of (56) using scheme

SSMa[1]−SSMa[3]
, SSMa[∗]

as

(0)
ς1 = −0.2,

(0)
ς2 = 1.7,

(0)
ς 3 = 3.

For distinct roots,

a(ς) =


sin

(
ς − 1

2

)
sin

(
ς − 2

2

)
sin

(
ς − 2.5

2

)
. (59)

The outcomes of the problems using numer-
ical schemes are shown in Table 7. Table 7
clearly presents the dominance convergence rate of

the scheme SSMa[1]−SSMa[3]
over existing method

SSMa[∗]
.

5. CONCLUSION

In this study, we developed a family of single-root
finding methods and extended them into efficient
two-step parallel simultaneous schemes for comput-
ing all roots of nonlinear equations. The percent-
age computational efficiency curves (Figs. 1a–1d)
and the count of basic operations (Table 1) demon-

strate that the proposed methods SSMa[1]
–SSMa[3]
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outperform the existing method SSMa[∗]
. Perfor-

mance evaluation across various engineering prob-
lems shows that the new methods achieve lower
residual errors, fewer iterations, and reduced CPU

time compared to SSMa[∗]
(Tables 2–7), confirming

their effectiveness and consistency.

Limitations

— This study focuses primarily on nonlinear equa-
tions with well-separated roots; performance
with highly clustered or nearly multiple roots
requires further investigation.

— The methods have been tested mainly for low to
moderate-dimensional problems; scalability for
very large-scale systems is not yet assessed.

— Fractional-order and stochastic differential
equations have not been considered in the cur-
rent framework.

Future Work

— Higher-order parallel approaches will be devel-
oped to further increase convergence rates and
computation efficiency.

— Extension of the proposed methods to handle
clustered, nearly multiple, or complex-root sys-
tems.

— Application of the schemes to fractional,
stochastic, and high-dimensional nonlinear
problems in engineering and biomedical models.

— Integration with GPU-based or parallel comput-
ing architectures for large-scale simulations.
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